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Taylor’s law, also known as fluctuation scaling in physics and the power-law variance
function in statistics, is an empirical pattern widely observed across fields including
ecology, physics, finance, and epidemiology. It states that the variance of a sample
scales as some power of the mean of the sample. We study generalizations of Taylor’s
law in the context of heavy-tailed distributions with infinite mean and variance. We
establish the probabilistic limit and analyze the associated convergence rates. Our results
extend the existing literature by relaxing the assumption that the observed random
variables are independently and identically distributed to accommodate dependence
and heterogeneity among them. This generalization enables application of Taylor’s
law to dependent time series and network-structured data. We support the theoretical
developments by extensive simulations, and the practical relevance through applications
to real network data.

heavy-tailed distribution | dependence | infinite mean | network data

Introduction

The study of heavy-tailed distributions has gained significant attention in various
fields of research, including finance, economics, operational risk management, network
analysis, disaster analysis, and extreme event modeling. For example, ref. 1 provided
a comprehensive introduction to heavy-tailed distributions in finance; ref. 2 explored
methods for computing portfolio Value-at-Risk when underlying risk factors have heavy-
tailed distributions; ref. 3 modeled heavy-tailed loss processes in operational risk; ref. 4
discussed the consequences of the heavy-tailed behavior of flood peak distributions;
ref. 5 studied estimation methods for the tail degree in large-scale social networks.
ref. 6 considered operational risk management under such heavy-tailed models, and
ref. 7 used heavy-tailed distributions to model disasters. These distributions exhibit rare,
extreme events that occur more frequently than in normal distributions and have practical
applications.

Taylor’s law (8), also known as fluctuation scaling in physics, and as a power-law
variance function in statistics, is an empirical pattern observed in various fields such as
ecology, physics, finance, and epidemiology. Taylor’s law states that the variance of a
sample is proportional to a power of the sample mean. For a random variable X with
mean px > 0 and variance Vary > 0, Taylor’s law postulates that, as X ranges over a
set of two or more random variables considered to be somehow comparable,

Vary = auf(, (1]

where 2 > 0 and & are real constants, the same for all random variables in the set. Most
applications have & > 0. In its logarithmic form, Taylor’s law becomes

log(Vary) = log(a) + 6log(ux), [2]

where the slope 4 in Eq. 2 is the exponent & in the power-law variance—mean relationship
Eq. 1. Equivalently,

log(Vary) log()
= + 0.
log(ux)  log(mx)

Replacing the population variance Vary by the sample variance and replacing the
population mean py by the sample mean yields a sample version of Taylor’s law even
when the population quantities Vary, gy may be infinite.

Ref. 9 reviewed many applications of Taylor’s law. Ref. 10 discussed the general
applicability of the scaling relationship of Taylor’s law, reviewed literature, and presented
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new empirical data and model calculations; (11) showed that
monthly crime reports in the United Kingdom followed Taylor’s
law relationships approximately; (12) extended Taylor’s law to
higher moments and gave conditions on the ratio of sample size
per random variable and the number of random variables under
which estimates of the slope reflect underlying distributions
or are artifactual; (13) showed that human demographic data
from Norway follow Taylor’s law and proposed a simple model
of some features of the results. These references focused on
light-tailed data where the population mean and variance exist.
Ref. 14 introduced a dynamic Taylor’s law for dependent
samples using self-normalized expressions involving Bernstein
blocks. They discussed variations of Taylor’s law under de-
pendence, considering ergodic behaviors and stationary time
series of light-tailed random variables under weak dependence
and strong mixing assumptions of a strictly stationary time
series.

Taylor’s law is also related to the Tweedie—Bar-Lev—Enis
family of exponential dispersion models (15-18), for which the

variance functions have the power form Vary = d),uf(, where
¢ > 0 is a dispersion parameter. This connection has been
studied in the context of Taylor’s ecological power law and
fluctuation scaling (19-21). These works provide one particular
distributional framework for Taylor’s law when the population
mean and variance are finite. The present article studies a
complementary heavy-tailed setting in which the population
mean and variance are infinite; in this setting, Taylor’s law is
formulated in terms of sample moments and established through
convergence in probability.

We now review Taylor’s law for heavy-tailed distributions with
infinite mean and therefore also infinite variance. To the best of
our knowledge, ref. 22 were the first to extend Taylor’s law to
distributions with infinite mean and variance. They showed that
a modified version of Taylor’s law remains valid for a-stable
distributions with tail index @ € (0,1). Ref. 23 showed that
heavy-tailed distributions can overwhelm the dependence among
random variables; that under certain conditions, the sample
correlation of regularly varying random variables converges to
a random limit; and that the sample kurtosis converges in
distribution. They discussed Taylor’s law for heterogeneous
and correlated heavy-tailed data, instead of focusing solely on
independently and identically distributed (henceforth i.i.d.) data.
Ref. 24 extended the work of ref. 22 by analyzing the asymptotic
behavior of the sample (local) upper and lower semivariances,
higher sample moments, skewness, and kurtosis. They applied
their results to various financial ratios, including the Sharpe ratio,
the Sortino ratio, the Omega index, the upside potential ratio,
and the Farinelli-Tibiletti ratio, when returns have a nonnegative
heavy-tailed distribution.

Ref. 25 considered Taylor’s law when the tail index satisfies
a € (1,2), so that the random variable has finite mean and
infinite variance. They argued that this setting for heavy-tailed
random variables is more relevant to some real data. They were
also the first to consider an array of heavy-tailed random variables
and investigated the patterns of COVID-19 cases and deaths in
the United States using Taylor’s law.

We concentrate on establishing limits in probability E), rather
than weak distributional limits, for several generalizations of
Taylor’s law. Inspired by ref. 26, we use Karamata’s theorem
(27, page 26, Proposition 1.5.8) to establish the moments of
truncated heavy-tailed random variables and to approximate
heavy-tailed random variables with infinite moments. This
approach accommodates dependence through Condition A(p), a
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covariance-type weak-dependence condition on shifted truncated
powers of the observations.

The rest of this article is organized as follows. Section 1
presents Taylor’s law for i.i.d. infinite-mean heavy-tailed data and
introduces the truncation scheme used throughout the paper.
Section 2 extends the results to dependent heavy-tailed data
through Condition A(p), verifies this condition under standard
weak-dependence assumptions, and treats central moments and
correlated heavy-tailed data. Section 3 considers finite-cluster
heterogeneous data and network-indexed data. We explain why
the same logarithmic exponent appears in all three settings: The
leading logarithmic exponent is governed by the dominant tail
index; under our assumptions, dependence and finite-cluster
heterogeneity affect terms that are negligible on the logarithmic
scale.

Since our primary condition for establishing these laws is based
on the covariances of truncated random variables, our results
apply to a collection of random variables such as those on a
network graph. Section 4 illustrates Taylor’s law for heavy-tailed
network data using three real-world datasets on network graphs.
Our results might be applicable in many real-life situations such
as social network data.

Section 5 summarizes the article and discusses possible future
work. While our main text considers higher moments and higher
central moments, SI Appendix gives extensions of these results to
semivariances, rate refinements under additional conditions on
tail regularity, proofs of the mathematical claims made in the
main text, supplementary empirical analyses, and simulations
illustrating the convergence discussed in the main text.

1. Taylor's Law for i.i.d. Infinite-Mean
Heavy-Tailed Data

1.1. Setting and Notation. Unless otherwise specified, in
Sections 1 and 2 we assume that the random variables X1, ..., X,
have a common cumulative distribution function Fx with finite
lower endpoint xz := inf{x : Fx(x) > 0} > —o0. Let

Y, =X, — xf.

Standing marginal assumption: We assume that the survival
function of Y satisfies

F(x) :=P(Y; > x) = x “(x), x>0, (3]
where @ > 0 and / is slowly varying at infinity. Examples of
slowly varying functions include log(x), (log(x))? for p € R,
log(log(x)), and the constant function. Refs. 27-29 give more
details about slowly varying functions. We refer to Eq. 3,
together with the common distribution and finite lower endpoint
assumption above, as the standing marginal assumption.

It is well known that F(x) = x~%/(x) for some slowly varying
function / if and only if F belongs to the maximum domain
of attraction of the Fréchet distribution, which has cumulative
distribution function ®4(x) = exp{—x"*} forx > O anda > 0
(30, Theorem 3.3.7). This class of distributions contains, for
example, the Pareto and the a-stable distributions.

Let{a,} and {4,} be deterministic sequences with 4,, # 0 forall
sufficiently large n. We write @, ~ b, if a,/b, — 1 as n — oo.
For two positive sequences {a,,} and {6,}, we write a,, < b, if
there exist constants 0 < ¢ < C < 0o such that cb,, < 4, < Cb,
for all sufficiently large 7. Let {r,} be a positive deterministic
sequence. We write 2, = O(r,) if there exist constants C < 00
and N such that |4,| < Cr, for all # > N, and 4, = o(r,)
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if 2,/r, — 0. For random variables {Z,}, we write Z, = O,(r,)
if, for every € > 0, there exist constants M < 00 and N such
that sup .y P(1Z,| > Mr,) < €, and we write Z, = 0,(r,) if,
for every € > 0, P(|.Z,| > €r,) — 0. For {Z,}, we say its rate of
convergence to 0 is 7, if 7,2, = Oy(1) and (r,Z,) ™" = O,(1).
We let Zz‘;‘_—j denote Zz’,j:l ’’’’’ e

For p > 0, denote the shifted pth sample moment by MZ » =
1
5 2=l
M}Zp‘ For p € N, define the raw integer sample moment MZP =
% Zle XZP For /, b > a, where a is the tail index of X and Y,

define

Yf . When no confusion can arise, we write M, , for

h—a

k—a’

which is the limit of the ratio of the logarithm of the Ath to
the 4th moments in various Taylor’s laws considered here, e.g.,
Theorem 1.3.

The notation introduced in this subsection will also be used
in later sections, where independence is relaxed.

1o(h, k) :=

1.2. Truncation Scheme and Truncated Moments. When a €
(0,1), the mean and variance of F are infinite (31, 32). More
generally, for any p > «a, the population moment E(Y?) is
infinite. Thus, although A7, , is finite for any fixed sample size, it
does not estimate a finite population moment. The usual finite-
moment laws of large numbers and central limit theorems do not
describe the relevant asymptotic behavior.

We first explain the idea used to address this difficulty.
Consider the truncated pth moment 4,,, := E(Y?1(Y < 1)),
which is finite for each 7 because #, < o0. Here ¢, is a
deterministic sequence diverging to infinity. The goal is to choose
{#,} so that d,,, provides the appropriate deterministic scale for
M. Let ¢, — 00 with log ¢, = o(log 7). When the truncation
level #, is chosen so that

1
nP(Y >¢,)~——>0,
Cn
we can show that M,, , /d,, , = O,(1). To establish a lower bound
for M, ,/dy p, we introduce another truncation level v, chosen
so that
nP(Y > v,) ~ ¢, > o0.

Together, these two truncation levels allow us to show that
log(M,y/dyp) = Oy(loge,). This bound, together with the
growth order of 4,,, is the main ingredient in proving the
probability limits for the various generalizations of Taylor’s law
considered below.

The following lemma gives the growth rate of truncated
moments for an arbitrary sequence 2, — 00.

Lemma 1.1 (Truncated moment asymptotics). Suppose that
Y > 0 has a survival function F(x) = x~%I(x) for « > 0.
Let Y, = Y1(Y < ay,), where a, — 00 as n — 00. Then, for
p > @, asn — 00, we have

(a) o
o —a
E7]] ~ )
®) 3
log E[Y7] B
—logan —p—a.
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The next lemma shows that the two truncation levels z,, v,
described above can be chosen for any slowly varying function /.

Lemma 1.2 (Existence of truncation levels). Fixa > 0. Let {c,}
be a positive sequence such that c, — 00 andlogc, = o(logn). For
any positive slowly varying function [, there exist sequences t,, — 00
and v, — 00 such that

[(z, 1
12 ¢
and o)
ni(v,
7 ~ Cpn. [5]

Consequently, any such choice of t, and v, satisfies

log #, 1
ﬂ—)— and

log v,, 1
k=R —
log a log n a

[6]

Hereafter we take {c,} to be a positive sequence such that
¢, — 00 and logc, = o(logn). Such a positive sequence ¢,
exists: For example, ¢, := 1 4 log(n) for every positive integer
n. We take {#,} and {v,} to satisfy Eqs. 4 and 5, respectively.

For notational simplicity, define

_loge, + |log/(1,)]

. (71
log n

A,

By Eq. 6, the slow variation of /, and the assumption log ¢, =
o(log7), we have A,, — 0. Throughout the sequel, deterministic
error terms of order O(A,,) are absorbed into O,(4,,).

1.3. The i.i.d. Taylor's Law. Taylor’s law holds empirically when
the sample variance scales approximately in direct proportion
to a power of the sample mean. When the scaling of higher-
order moments or higher centered moments is of interest, we
may replace the variance or the mean or both in Eq. 2 with
higher (centered) moments (or semimoments). Ref. 12 applied
the generalized Taylor’s law for higher sample moments to tree
abundance across plots in the Black Rock Forest and abundances
of carabid beetles in different sites in the Netherlands. Refs. 12
and 24 gave more examples and discussion.

The variance and higher-moment Taylor’s laws in Refs. 22
and 24 that are most directly comparable to ours are established
for i.i.d. nonnegative observations with stable or approximately
stable distributions. In these cases, the survival function satisfies
Fx(x) ~ Cyx™* for some constant Cy > 0 (33, p. 448). Our
results allow a more general regularly varying tail: After shifting
by the finite lower endpoint xf, the variables ¥; = X; — xF satisfy
Fy(x) = x~*/(x), where / is a general slowly varying function
and need not converge to a positive constant.

Theorem 1.3 (i.i.d. Taylor’slaw). Lez X1, X5, . . . bei.i.d. random
variables satisfying the standing marginal assumption with a > 0
[not necessarily in (0,1)]. Let b1, by > a. Then

—logMn’bl i) la(/ﬂl,bz).
log M,, 5,

Ifa € (0,1), then the sample variance V,, := 137 (X; —
]W,fl)2 obeys
logV, P

—=— — 1,(2,1).
log | M, | a(2.1)
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2. Taylor’s Law for Dependent Heavy-Tailed
Data

2.1. Condition A(p): Weak Dependence of Truncated Powers.
To establish the probability limits of Taylor’s law for dependent
data, we impose Condition A(p), a covariance-type condition on
the shifted truncated random variables ¥; := Y 1(Y; < v,).
We view Condition A(p) as a weak-dependence assumption,
since it is satisfied under the sufficient conditions developed in
Section 2.3 for several standard weak-dependence settings,
including m-dependent sequences, mixing sequences, and auto-
regressive processes.

Condition A(p): Here and below where noted, assume that the

shifted truncated random variables ¥; satisfy

Z Cov(f/f, Iu/}P) = 0(1/,21])[;%). [8]
i#j

2.2. Higher-Moment Taylor's Law Under Condition A(p).
Lemma 2.1 (Log-moment expansion under Condition A(p)).
Assume the standing marginal assumption with « > 0 [not
necessarily in (0, 1)). If Condition A(p] holds for p > a, then
log M, —
0og np E) p (X.
log a

9]

More precisely,

logM,, p—a
log n a

+0,(A,).

Theorem 2.2 (Higher-moment Taylor’s law under Condition
A(p)). Assume the standing marginal assumption with a > 0 [not
necessarily in (0,1)]. Let b1, by > a and by # hy. Suppose that
Condition A(p) holds for p = by and p = hy. Then

(a)

log M,
g Mah P ta(b1, ).
log M, ;,
(b) More precisely,
hm o lOgMﬂ,/Jl

mhi,hy T lOgMn /72 - ld(}]hé?) = OP (An) . [10]
Remark 2.3. Part (a) is the main Taylor’s law for higher
moments of the shifted random variables ¥; = X; — xr. In
particular, for @ € (0,1) and # € N,

logM,;, p k—a
—
log M, 1

l1—a

Part (b) gives a general upper bound on the rate of convergence
in part (a), and may be viewed as a quantitative refinement of the
convergence in probability in (a).

Additional rate refinements for this and related Taylor’s law
limits, under further regularity assumptions on the slowly varying
factor /, are given in SI Appendix, section D.

Theorem 2.2 is formulated for the shifted moments of V; =
X; — xp. For integer powers, the corresponding logarithmic
conclusions also hold for the raw moments of the original
variables X, because the finite shift contributes only lower-order
terms on the logarithmic scale. The absolute values below account
for possible finite-sample sign changes of raw odd moments when
xp < 0.
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Corollary 2.4 (Raw integer moments). Under the assumptions
of Theorem 2.2, let by, by be positive integers such that hy, by > a.
Then

log |MX, |
— nA —> 1 (/71 /12)
X a >
log |Mn)/]2|
More precisely,

log [M%, |
— o —1 (/}1,/}2) =0 (A )
log|M¥, | P

The same finite-shift argument also applies to the correspond-
ing higher-moment results in the conditionally weak-dependent
and heterogeneous settings, with the appropriate notation for the
sample moments. To avoid repetition, we state the corollary only
for Theorem 2.2; analogous logarithmic limits and upper bounds
for raw integer moments are omitted.

2.3. Verifying Condition A(p). Condition A(p) is a verifiable
weak-dependence condition in several standard settings. We now
give sufficient conditions for Condition A(p).

An m-dependent random sequence is a random sequence such
that there exists a nonnegative integer 7 and for every positive
integer k, {X;};<4 is independent of {X;};>4+m+1. A 0-dependent
random sequence is independent.

Theorem 2.5 (m-dependent sequences). Assume the standing
marginal assumption with « > 0 [not necessarily in (0,1)]. If
{Xi, i = 1} is an m-dependent sequence, then Condition A(p) holds

Jorany p > a.

Now we show that Condition A(p) holds under some
commonly used mixing conditions. Let Z := (Z;,k € Z) be
a sequence of random variables on a given probability space

(Q,F,P). Let F/ := 6(Z},j < k < r) be the o-field generated
by Z,...,Z. For any o-field A C F, let L} (A) denote the

space of square-integrable, A-measurable (real-valued) random
variables. For any two o-fields A and B C F, define the following

measures of dependence:

a(A,B) == sup |P(ANB)—PAP(B),
AeA,BeB
d(A B) = sup |P(BlA) — P(B)|,
Ae A,BeEB,P(4)>0
P(AN B)
v(AB) = sup —_— 1' ,
Ae A BeBP(A)=0p(8)=0 | P(A)P(B)
p(A B) = sup |Corr(f, )]
fe‘cf{eal(A)’ge‘C}Z{eal(B)

7]
B(A,B) :=sup % Z Z ’P(Ai N B;) — P(4;)P(5))

=1 j=1

>

where the last supremum is taken over all pairs of (finite)
partitions {A1,...,Ar} and {Bi, ..., B;} of Q such that 4; € A
for each 7 and B; € B for each j. For any positive integer 7, the
strong mixing coefficient is defined as

a(n) = supa(F o, F2,).
jez

Other types of mixing coefficients can be defined similarly by
replacing a with their respective Greek letters.

pnas.org
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The random sequence Z is then said to be strongly mixing
or a-mixing if a(n) — 0 as n — 00, and similarly, ¢-mixing
if ¢(n) — 0 as » — 00. The same applies to all the other
types of mixing above. These mixing conditions are commonly
considered (34-36). Ref. 14, who considered Taylor’s law for a
time series of light-tailed random variables with finite moments,
also introduced strong mixing conditions and the corresponding
mixing rates.

Theorem 2.6 (Strong-mixing criterion for Condition A(p)).
Assume the standing marginal assumption with a > 0. Ler
X1,X0, ... be a strictly stationary sequence of random variables
with common finite lower endpoint xp. Suppose that {X; : i > 1} is
strongly mixing with strong mixing coefficient a(k). Assume that
there exists a sequence of positive integers r, — 00 such that
rn = o(c,) and

n—1
n
5 > a(k)—o. [11]
7 b=r,+1

Then Condition A(p) holds for every p > a.

The conditions in Theorem 2.6 are easy to verify when the
strong mixing coefficients decay geometrically; the following
corollary considers this important special case.

Corollary 2.7 (Geometric strong mixing). Assume the conditions
of Theorem 2.6, and suppose that the strong mixing coefficients satisfy
a(k) < Cpk, k> 1, for some constants C > 0 and p € (0,1). If
in addition, ¢,/ logn — 00, then Condition A(p) holds for every
p > a. In particular, one may take c, = (logn)? foranyy > 1.

The strong mixing condition is among the weakest of the com-
monly used mixing conditions. For example, ¢-mixing implies
a-mixing, and analogous coefficient inequalities relate y-, p-,
and f-mixing to strong mixing. These relationships are reviewed
in ref. 37. The following corollary gives convenient sufficient
conditions for Condition A(p) under these stronger mixing
notions. The rate assumptions stated in the corollary ensure,

through the standard inequalities between mixing coefficients,
that Eq. 11 in Theorem 2.6 holds.

Corollary 2.8 (Other mixing criteria for Condition A(p)).
Assume the standing marginal assumption with a > 0. Ler
X1, X0, ... be a strictly stationary sequence of random variables
with common finite lower endpoint xp. If there exists a sequence of
positive integers 1, — 00 such that r, = o(c,) and {X;;i > 1} is
any one of the following:

1. y-mixing with lim,_, o 5 o Zk ol w(k) =0;
2. p-mixing with lim,_, oo 5 o Z/e r+1¢>( ) =0
3. p-mixing with lim,_, o 5 o Z/« il p(k) = 0;
4. P-mixing with lim, s 5 z Zk_r —Hﬂ( ) =0,

>

then Condition A(p) holds for any p > a.

We next demonstrate that a first-order autoregressive model
known as AR(1) satisfies Condition A(p) for any p > @ under
certain regularity conditions.

Theorem 2.9 (AR(1) criterion for Condition A(p)). Fixxr € R
and Py € (0,1). Let {&; : t € Z} be i.i.d. nonnegative random
variables with survival function P(e; > y) = y~%4:(y), y > 0,
wherea > 0 and L, is slowly varying. Assume that €1 has a bounded

PNAS 2026 Vol. 123 No.40 e2611888123

density fe, and that there exists a finite partition of R into intervals
such that, on each interval, f; is monotone. Let {Y; : t € Z} be the
strictly stationary solution of

Yi=pY, 1 +e&,

and put X, = xp + Y;. If ¢,/ logn — oo, then {X, :
satisfies Condition A(p) for every p > a.

re”Z,

r > 1}

The density condition in Theorem 2.9 is used only as a
sufficient regularity condition for verifying the weak-dependence
requirement in Condition A(p); see ref. 38.

2.4. Central Moments and the Variance-Mean Taylor's Law.
For each integer £ > 2, define the kth sample central moment

as M[’X = 12; 1(Xi — MX) 3ndM[’Y = %Z?:l(yi -
MY) Since ¥; = X; — xp, we have Mcf —M;Z

Theorem 2.10 (Central-moment Taylor’s law). Assume the
standing marginal assumption with a € (0, 1).

(a) Let k > 2 be an integer. If Condition A(p) holds for p = 1 and
P =k, then

log | M| p
g— E el 1),
log |M), |
More precisely,
1og|M“X|
Rl = =2 1 (k1) = O, (Ay).
log | M}, |

(b) Let by, by > 2 be distinct integers. If Condition A(p) holds for
p=h1andp = by, then

log IM |
- (/-71) /72)
log IM |
More precisely,
log |27 |
%,th = —;ZXI —ta(h1,h2) = O, (A,).
lo og |Mn /Jz'

Remark 2.11. Taking k = 2 in Theorem 2.10(a) gives the
variance—mean form of Taylor’s law:
log V,,
log | M) |

P 22—« [12]

l—a’

where V, = M[2 is the sample variance. This special case
corresponds to the sample variance—sample mean form studied
in refs. 22, Section 6 and 24, Eq. (10).

2.5. Conditionally Weak Dependence and Correlated Data. In
Section 2.2, we assumed weak dependence, Condition A(p),
among the shifted truncated random variables. Here, in the spirit
of ref. 25, Theorems 1 and 2, we allow all the random variables to
be highly correlated, provided that after conditioning on a o-field
G, the shifted truncated variables have weak enough dependence
and their conditional truncated mean is not asymptotically
negligible. Of course, a special case is that the random variables
are conditionally independent given G.

The next theorem gives the higher-moment Taylor’s law for
correlated heavy-tailed data. Corresponding statements for higher
central moments, analogous to Theorem 2.10, are similar.

https://doi.org/10.1073/pnas.2611888123
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Theorem 2.12 (Taylor’s law with correlated heavy-tailed
data). Assume the standing marginal assumption with a > 0.
Suppose that G is a o-field. For p = b, by > a, assume that

E )Zz’;ﬁj COV(K'P> f/jp | g)‘

2,
vnp c%

=o(1), [13]

and that

lim lim sup P (Z [E(}V’Z‘D |G) < nﬂ[E()u/lP)> =0. [14]

10 p—o00 .
i=1

Then
logMY/J P
— B . (b1, ).
log]%{lj2 a(h, o)
More precisely,
log[\/[Y,,7
Corr ::i—l b,/? -0 An.
b1, 1OgMZh2 06( 1 2) p( )

Examples satisfying the assumptions of Theorem 2.12, together
with their verifications, are given in S/ Appendix, section
B.5. These examples include two conditionally independent
constructions adapted from refs. 23 and 25, and a conditionally 1-
dependent construction showing that conditional independence
is not necessary.

Our results go beyond the results of refs. 23 and 25 in two
ways: We allow the random variables to remain weakly dependent
after conditioning on a o-field G, and, under Eqs. 13 and 14,
we establish Taylor’s law not only for the variance but also for
higher moments.

3. Dependent, Heterogeneous, and
Network-Indexed Heavy-Tailed Data

The preceding section considered dependent observations with
a common marginal tail. We now consider two extensions
motivated by complex systems, where observations are often
neither identically distributed nor naturally arranged in a linear
or temporal order, but may instead form an arbitrary finite
collection with interactions encoded by a graph or network. First,
we consider finite-cluster heterogeneity, where one cluster has an
asymptotically dominant right tail. Second, we consider obser-
vations indexed by an arbitrary finite set, with network-indexed
data as an important example. In both settings, dependence is
controlled through covariance conditions on truncated powers,
and the same logarithmic limit holds under the assumptions
below.

3.1. Finite-Cluster Heterogeneity with One Dominant Tail. In
this section, we consider a heterogeneous setting in which the
observations come from a fixed finite number of clusters. The
clusters may have different distributions, but one cluster has
an asymptotically dominant right tail. Ref. 23 considered a
related two-cluster setting for Taylor’s law, focusing on the
scaling relationship between the sample mean and the sample
variance. We extend their results to multiple clusters and higher
moments, and relax their assumption of independence among
random variables.

6 of 12 https://doi.org/10.1073/pnas.2611888123

Let/ > 2 be fixed. For each n,let Z,, 1, . . . , Z,,; be a partition
of {1,...,n}, and write n,, := |Z,,| and #,, := n,,/n for
r=1,...,/. Assume that

Tpy — Ty, r=1,...,/, [15]
where 7, > 0 and Z{:l 7, = 1. Without loss of generality, we
label the dominant cluster as cluster 1 and assume

m > 0. (16]

Fori € 7,,, the random variable X, ; has the same distribution
as the other observations in cluster 7. Let xr, be the finite
lower endpoint of the distribution in cluster . Since J is fixed,
xF := minj<,<jxp, > —00. Define the shifted nonnegative
observations Y,,; := X,,; —xp,i = 1,...,n Fori € T,,, let
F,(x) denote the cluster-» survival function after the common
shift. We assume that cluster 1 has tail

Fi(x) = x %I(x), x> xp, [17]

for some xp > 0, where & € (0, 1) and / is slowly varying. The
other clusters are asymptotically lighter-tailed than cluster 1:

lim =
x—> 00 Fl (x)

:0, 7':2,...,]. [18]

As in Section 1, let {¢,} be a positive sequence such that
¢n — 00 and log ¢, = o(log 7). Choose {#,} and {v,} according
to the dominant tail:

(¢ 1 /
o) Lo el [19]

ty Cp Vg
For p > 0, define the shifted pth sample moment
y 1%
Myy==3" 3 Vi

n
=1ieL,,

Define the truncated shifted variables Iu/,,,,» = Y, 1(Y,,; <
Z/n),i: 1,...,n

Remark 3.1. Condition Eq. 18 includes the case in which
r=1,..../,

where /. is slowly varying and a; < a, for every » > 2. It
also allows clusters with the same power index as the dominant
cluster, provided their slowly varying factors are asymptotically
smaller, i.e. /.(x)/4 (x) — 0.

F(x) ~ x"% (),

Theorem 3.2 (Finite cluster heterogeneity). Assume Eqgps.
15-19. Let by, by > a. Suppose that, for p = hy and p = by,

> Cov(V, 7)) = (s 2). [20]
i
Then v
log M P
= 2 s (b h). 21
log 17, a(h1,h2) (21]
n,m
More precisely,
8y 0. 122
mhi by T y ~ ta\P1,72) = UpAn
172 logMn’b2
pnas.org
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3.2. Network-Indexed Data and Local Dependence. Although
we have stated the generalizations of Taylor’s law for a denumer-
able set of random variables {X1, X5, ..., X,, ...} with a common
finite lower endpoint xr, the results clearly also hold for a set of
random variables {X; : 7 € Z,,} with an arbitrary nonempty index
set Z,, of cardinality 7, after putting ¥; = X; — xr, and modifying
the notation in the corresponding conditions accordingly. For
example, for Taylor’s law for higher moments in Theorem 2.2,
Condition A(p) becomes

Z Cov( }v’f, Zp) = a(vipci). [23]
ijeT it

Here is an example where Eq. 23 is satisfied in a network

graph.

Example 3.3. For a natural number n, let G, = (V,, E,;) be an
undirected or directed graph, where V,, = {v1, ..., v,} is a set of n
vertices and E,, is a nonempty set of edges. Define [n] := {1,. .., n}
and let d(v;, v;) be the shortest unweighted distance between v; and
v; according to E,, with d (v, vj) = 00 if no such path exists. For a
directed graph, d(v;, z/j) is computed after ignoring edge directions.
Let U, be the subset of S,y = {(i,) : i,j € [n]} such that the

unweighted distance between two nodes is b:
Un,;, = {(l,]) € Sn : d(l/,’, 1/]‘) = /7}

U, describes a specific network structure.

Suppose that each node v; is associated with a random variable X;,
that X, . . ., Xy, have a common finite lower endpoint xr, and define
Y; = Xi — xp. Assume that Y1, ..., Y, have a common survival

Sfunction F(x) = x~%/(x), where [ is slowly varying and a > 0.
Assume further that, for the p > a under consideration,

(i) Cov(Y?, IV/JP) = 0 if d(vi,v;) > M, where M is a fixed
nonnegative integer;
(ii) foralli € [n), |{j : (3.j) € Un1}| < K, where K is a fixed
positive integer. (In graph-theoretic language, the degree of every
vertex does not exceed K .)

Condition (i) is satisfied, for example, if X; and X; are independent
whenever d(v,v;) > M, since independence is preserved under
deterministic transformations; hence Y! and )?P are independent

whenever d(v;, vj) > M.
Then the network version of Condition A(p), namely Eq. 23,
holds. SI Appendix, section 4 gives the proof.

3.3. Why the Same Logarithmic Limit Appears. The main results
in thei.i.d., dependent, and heterogeneous settings yield the same
asymptotic relationship:

log M, —
og M, , LF;/?l a [24]

Ry =

log M, ), h—a

Under the respective assumptions, Taylor’s law is invariant
with respect to the dependence and heterogeneity considered.
Such insensitivity may not be too surprising, given that the result
is on a logarithmic scale. Indeed, in the homogeneous cases,
we have log M, , = logd,) + O,(logc,) and by Lemma 1.1,
logd,, ), = /%a log n+ O(log c,) + O(] log {(#,)]). Since log ¢, =
o(log7) and log /(#,) = o(log n), these error terms are negligible
when we consider ratios of logarithmic sample moments, leading
to the same limit depending only on a. The same type of
asymptotic expansion holds in the heterogeneous case when one
cluster has a dominant tail.

PNAS 2026 Vol. 123 No.40 e2611888123

3.4. Estimation and Application. When Eq. 24 holds, solving for
a and applying the continuous mapping theorem gives consistent
estimators of a:

}71 - /)ZRn,hl N

& ’h ’/7 =
o L — Ry py by

Ref. 24, section 6A gave the analogous variance-based estima-
tor for by = 2, h, = 1 corresponding to Eq. 12,

log V,,

iy =(2- — / TR A BROY)
log |ll/[n)1 | log |Mn,1 |

In the sample version of Taylor’s law with infinite-mean data,
the quantity &, := (log V,,)/(log Mffl) can be interpreted as an
estimate of the Taylor’s law exponent 4, where & is defined in

Eq. 2. In the setting considered here, Eq. 12 gives by Ep=
2—a)/(1—a).Ifa € (0,1), then

a

b—2= > 0.

1l—«a

Thus, for sufficiently large sample sizes, the estimated Taylor’s

law exponent b, exceeds 2 with high probability.

4. Network Data lllustration

In this section, we illustrate Taylor’s law for network data, as
introduced in Section 3.2, using three real-world datasets. To
the best of our knowledge, these examples are the first to explore
the application of Taylor’s law in network data.

For each dataset, we estimate the heavy-tail index @ using
the stabilizing region of the alternative Hill plot (39). For each
dataset, the Hill estimate, based on the stabilizing region of the
alternative Hill plot, gives a heavy-tail index a less than 1. We
also compare this estimate with the Taylor’s law estimator Eq. 25.
We find that the two estimates generally agree closely.

To illustrate Taylor’s law for each dataset, we construct
subsamples of varying sizes from the full dataset and, for each
subsample, we plot log-variance on the vertical axis against log-
mean on the horizontal axis. All the plots reveal a clear linear
relationship, consistent with Taylor’s law for network data.
Except when we explicitly state otherwise, we use the natural
logarithm, base e.

The empirical analyses below should be interpreted as finite-
sample tail diagnostics for node-associated values in finite net-
works. They are not formal tests that the underlying distribution
of any network-generating mechanism has infinite mean. The
Hill, Pareto, Taylor’s law, and generalized Pareto distribution
estimates summarize different aspects of the observed upper tail
and are used here descriptively, because the node-associated
observations are heterogeneous and network-derived rather
than independent observations from a common population
distribution.

4.1. Wikipedia Talk Dataset. Wikipedia is a free encyclopedia
collaboratively written by volunteers worldwide. Each registered
user has a talk page that serves as a space for communication
and coordination. Both the user and others can edit this page
to exchange messages or discuss edits to articles. The Wikipedia
Talk dataset captures all user interactions via talk page edits
from the inception of Wikipedia through January 2008 (40).
This network represents the communication structure within the

https://doi.org/10.1073/pnas.2611888123
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Wikipedia Talk Alternative Hill plot
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Tail Index
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Fig. 1. Alternative Hill plot and tail index estimates implied by Taylor's law
for Wikipedia talk dataset. The Hill and smoothed Hill estimates are plotted
against the threshold parameter 9, shown on the bottom x-axis. The Taylor's
law estimate based on subsamples of the full dataset has sample sizes
indicated on the top x-axis. The Hill estimate at 6 = 0.85 is 0.563 (99% ClI:
0.554 to 0.572).

Wikipedia community. Each node corresponds to a user, and a
directed edge from user A to user B indicates that user A edited the
talk page of user B. For each user, the total number of edits they
made to other users’ talk pages is treated as a node attribute. We
use these values to illustrate Taylor’s law. Talk-page edit counts
may exhibit a heavy tail because participation and coordination
in a collaborative online community are highly uneven: A few
highly active users may edit many users’ talk pages, while most
active users make relatively few such edits. The dataset contains
2,394,385 users in total. We removed users who never interacted
with others, as they are not active participants. The remaining
dataset consists of 147,602 users. The maximum number of edits
by a single user is 100,022, while the average is 34 and the sample
variance is 160,858.

In Fig. 1, the alternative Hill plot displays estimates of the tail
index as a function of the threshold parameter 6 € [0, 1], where
the number of upper order statistics used in the Hill estimate
is [7%]. This rescaling facilitates interpretation and improves
accuracy (39). In the figure, the black solid line represents the
Hill estimate and the red dashed line represents its smoothed
version as proposed in ref. 39, computed as the simple average
of the subsequent 771 Hill estimates. The figure shows that
the Hill estimate stabilizes for 6 € [0.8,0.9]. Following ref.
41, we construct a 99% asymptotic CI for 1/a using the
normal approximation. We then obtain a CI for @ by taking
the reciprocals of the two endpoints in reverse order. The tail
index inferred from this stabilization region closely aligns with
that implied by Taylor’s law using the full dataset (blue dash-dot
horizontal line), and is between 0 and 1.

Fig. 1 also plots the estimates Eq. 25 from Taylor’s law using
increasingly large random subsamples of the full dataset (purple
dotted line, slightly fluctuating), with the corresponding sample
sizes indicated on the top x-axis. While the Hill plot is constructed
using varying numbers of upper order statistics from the full
dataset, the Taylor’s law estimates are computed from fixed-size
subsamples. Tail index estimates from Eq. 25 converge toward
and align with the estimate obtained from the Hill plot.

To demonstrate Taylor’s law, we generate a sequence of
samples of increasing sizes, evenly spaced on a logarithmic scale,
drawn from the full dataset. The sequence is created by taking
uniform increments from log,;,(500) to log,,(V), where N is
the total number of samples. Each value is then transformed
using the base-10 exponential function and rounded to the
nearest integer. This approach results in denser sampling at
smaller sizes and sparser sampling at larger sizes, minimizing
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redundancy where estimates stabilize. For each subsample, we
compute the corresponding log-mean and log-variance. Fig. 2
plots the log-variances versus the log-means of these subsamples.
A linear fit approximated the points, in rough agreement with
Taylor’s law with slope 4.0, greater than 2 as expected. We
constructed two-sided nominal 95% and 99% Student #-based
ClIs for the intercept and the slope. Because the log-mean and
log-variance pairs are computed from overlapping subsamples of
the same dataset, the reported intervals should be interpreted as
approximate model-based measures of uncertainty rather than
intervals with exact finite-sample coverage.

4.2. Epinions Dataset. The Epinions dataset is a bipartite rating
network from Epinions, an online platform for product reviews
(42). Nodes represent users and products. Edges connect users
to the products they have rated; see refs. 43 and 44 for more
details. We use the number of edges connected to each product
node (i.e., the number of reviews received by each product) to
illustrate a network Taylor’s law. Product-review counts may
exhibit tail heaviness because attention is highly uneven across
products. For example, visibility, age, category, and demand can
cause some products to accumulate many more reviews than
others, and existing reviews may further attract future reviews.
The dataset includes 635,268 user nodes and 120,492 product
nodes. The maximum number of edges connected to a product
node is 162,202, with an average of 113.4 edges per product, and
a sample variance of 1,129,884. We apply the same methods as
used for the Wikipedia talk dataset.

In Fig. 3, the Hill estimate appears to stabilize around 0 €
[0.75,0.85]. Although there is a slight discrepancy between the
tail index inferred from Taylor’s law and that estimated from the
Hill plot, both indicate that the tail index is less than 1. Fig. 4
shows a clear linear relationship between the log-variances and
log-means of the subsamples, consistent with Taylor’s law with
slope 3.1, greater than 2 as expected.

4.3. DBpedia Dataset. The DBpedia dataset includes a bipartite
network representing affiliations between notable individuals and

Wikipedia Talk Dataset

log-variance = 4.027(log-mean) + (-2.659)
Adjusted R? = 0.617 .

log-variance

3.25 3.50 375
log-mean

Fig. 2. Log-variance versus log-mean across subsamples for Wikipedia
talk dataset. The analysis includes 100 pairs (log-mean, log-variance). The
regression line was fitted using ordinary least squares. The 95% and 99% Cls
for the intercept are (—4.864,—0.455) and (—5.577,0.258) respectively. For
the slope, the 95% Cl is (3.396,4.658), while the 99% Cl is (3.191,4.863). The
adjusted R? value of the regression model is 0.617.
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Epinions Alternative Hill plot
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Fig. 3. Alternative Hill plot and tail index estimates implied by Taylor's law
for Epinions dataset. The Hill and smoothed Hill estimates are plotted against
the threshold parameter 9, shown on the bottom x-axis. The Taylor's law
estimate based on subsamples of the full dataset has sample sizes indicated
on the top x-axis. The Hill estimate at & = 0.8 is 0.539 (99% Cl: 0.535 to 0.543).

countries worldwide, extracted from Wikipedia through the DB-
pedia project (45). The set of “countries” in this dataset includes
not only current nations but also former states, empires, king-
doms, and certain country-like entities; (46) gives more details.
We use the number of edges connected to each country node
(i.e., the number of entities affiliated with each country) to
illustrate a network Taylor’s law. The number of entities affiliated
with each country may exhibit a heavy upper tail because country
nodes are highly heterogeneous aggregation units. Countries
differ greatly in population size, historical duration, geopolitical
prominence, and coverage in Wikipedia and DBpedia. Since the
dataset also includes former countries, empires, kingdoms, and
some country-like entities, a few country nodes can accumulate
affiliations across many periods and domains, while most have
relatively few affiliated entities. The dataset contains 590,112
entity nodes and 2,302 country nodes. On average, each country
node is connected to 276.8 edges, with a maximum of 111,132
edges and a sample variance of 9,700,633. We again apply the
same analysis as before. The only difference is that, because this
graph has fewer nodes, we generate the log-variance versus log-

Epinion Dataset

log-variance = 3.145(log-mean) + (-1.11) &
Adjusted R? = 0.674

log-variance

4.25 4.50 4.75 5.00 5.25
log-mean

Fig. 4. Log-variance versus log-mean across subsamples for Epinions
dataset. The analysis includes 100 pairs (log-mean, log-variance). The regres-
sion line was fitted using ordinary least squares. The 95% and 99% Cls for the
intercept are (—3.166,0.945) and (—3.831,1.610) respectively. For the slope,
the 95% Cl is (2.709,3.580), while the 99% Cl is (2.568,3.721). The adjusted

RZ value of the regression model is 0.674.
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DBpedia Alternative Hill plot
Sample Size

5 23 105 490 2302
I I I I I
— Hill estimate
-~~~ Smoothed Hill estimate

- Taylor's law estimate (full dataset)
@ 4 Taylor's law estimate

B

02 0.4 06 08 1.0

Tail Index
5

Fig. 5. Alternative Hill plot and tail index estimates implied by Taylor's law
for DBpedia dataset. The Hill and smoothed Hill estimates are plotted against
the threshold parameter 9, shown on the bottom x-axis. The Taylor's law
estimate based on subsamples of the full dataset has sample sizes indicated
on the top x-axis. The Hill estimate at & = 0.8 is 0.409 (99% Cl: 0.366 to 0.463).

mean plot by progressively sampling the data starting from 10
nodes instead of 500 nodes in the logarithmic sequence.

In Fig. 5, the Hill estimate appears to stabilize around 0 €
[0.75,0.85]. The corresponding tail index aligns closely with
the estimate inferred from Taylor’s law; both suggest that the
tail index is less than 1. Fig. 6 reveals a clear approximately
linear relationship between the log-variances and log-means of
the subsamples, approximately consistent with Taylor’s law with
slope 2.8, greater than 2 as expected.

4.4. Further Empirical Analysis and Remarks.

4.4.1. Hill and Taylor’s law diagnostics. The fact that the Hill plots
for the three datasets stabilize in similar regions around 6 = 0.8
is noteworthy, but it should not be interpreted as a universal
numerical rule. In the alternative Hill plot, 8 determines the
number # = [#%] of upper order statistics used in the Hill
estimate; it is not itself a tail-index estimate or a fixed fraction of
the data. For i.i.d. regularly varying data, the usual consistency
theory for the Hill estimator requires only # — oo and #/n — 0,
and the practical choice of # is well known to be delicate (39).

DBpedia Dataset

log-variance = 2.767(log-mean) + (-0.12)
Adjusted R? = 0.904

o

log-variance

4 5 6 7
log-mean

Fig. 6. Log-variance versus log-mean across subsamples for DBpedia
dataset. A total of 100 pairs of (log-mean, log-variance) were included in
the analysis. The regression line was fitted using ordinary least squares. The
95% and 99% Cls for the intercept are (—1.091,0.850) and (—1.405,1.164)
respectively. For the slope, the 95% Cl is (2.587,2.946), while the 99% Cl is
(2.528,3.005). The adjusted R? value of the regression model is 0.904.
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Formal optimal choices of 4, and hence of 6, depend on the
assumed tail model and loss criterion; they can be derived
under additional second-order tail assumptions, and adaptive
procedures for estimating such choices have been proposed
(47, 48). However, these consistency and optimality results need
not apply directly to dependent and heterogeneous network-
derived observations.

In all three examples (Figs. 2, 4, and 6), the lower bounds

of the 99% Cls for the estimated slopes in the log sample
variance versus log sample mean plots exceed 2, as expected
from Section 3.4. These estimated slopes are consistent with
considerable heterogeneity in activity or affiliation: Most nodes
have few connections or interactions, while a small number of
nodes have very many.
4.4.2. Negative binomial and Pareto fits. To sce directly whether
the data are better approximated by an overdispersed (variance >
mean) light-tailed distribution or a heavy-tailed distribution, we
fitted both the negative binomial distribution and the Pareto
distribution to the node-associated values for the three data
examples (Fig. 7). We fitted the negative binomial distribution
using fitdist () from the fitdistrplus package in R, which
estimates parameters by maximum likelihood. We fitted the
Pareto distribution by least squares using epareto() from the
VGAM package in R; see ref. 49 for additional discussion of least-
squares fitting for the Pareto distribution.

To compare the data with the fitted models visually, we plotted
the log of the estimated survival function based on the empirical
distribution function and overlaid the corresponding functions
from the fitted Pareto and negative binomial distributions.
We log-transformed the horizontal axis so that the Pareto
distribution’s survival function would appear as a straight line.

In all three datasets, the Pareto distribution fit the empirical
data substantially better than the negative binomial distribution
for moderate values of x, but the data exhibit lighter tails than
those implied by the fitted Pareto distribution. The discrepancies
between the empirical upper tails and the fitted Pareto upper
tails, though of uncertain origin, are more likely to be due to
heterogeneity and dependence in the network data than to the
absence of a slowly varying factor from the Pareto distribution. In
a regularly varying function, as we assume here, a slowly varying
factor would be more influential for low to moderate values of
the random variable and asymptotically negligible in affecting
the slope for large values of the random variable. Despite this
uncertainty about the origin of the deviations from a Pareto
distribution, it is clear that the Pareto distribution approximates
the data better than the negative binomial distribution.

In addition, the tail indices from the Hill estimator and

those from the Pareto distribution fitted by least squares do not
differ substantially. The estimates are reported in the captions of
Figs. 1, 3, 5, and 7.
4.4.3. Generalized Pareto fit and threshold choice. To describe
the upper tail of the data better, we also applied the peaks-over-
threshold approach and fitted a generalized Pareto distribution via
maximum likelihood estimation using the fitgpd() function
from the POT package in R. Threshold selection remains a
difficult problem in peaks-over-threshold analysis (50). The
thresholds here were selected diagnostically rather than by
applying a universally optimal rule. We selected thresholds
using graphical diagnostics by jointly considering threshold-
stability plots for the fitted GPD shape and modified-scale
parameters, visual agreement between the ficted GPD survival
curve and the empirical upper-tail survival curve (51); the
corresponding threshold-stability plots and DBpedia threshold-
comparison plots are provided in S/ Appendix, section H.
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Empirical and Fitted Tail Survival Plot for Wiki Talk Dataset
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Empirical and Fitted Tail Survival Plot for Epinions Dataset
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Empirical and Fitted Tail Survival Plot for DBpedia Dataset
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Fig. 7. Plots of log(1 — Fn), where F, denotes the empirical distribution
function or one of the fitted distributions (negative binomial, Pareto, or
generalized Pareto). For the Wiki Talk, Epinions, and DBpedia datasets, the
estimated tail indices with 99% nonparametric bootstrap Cls based on the
least-squares Pareto fits are 0.661 (0.655 to 0.667), 0.539 (0.535 to 0.543), and
0.471 (0.443 to 0.512), respectively. The corresponding Pareto-equivalent tail-
index estimates agpp = 1/¢ based on maximum-likelihood GPD fits are 2.231
(1.748t02.675),5.869(3.571 to 16.472), and 0.899 (0.637 to 1.238), respectively;
the reported GPD intervals are 99% likelihood-based Cls computed by the
POT package and transformed from the corresponding intervals for the GPD
shape parameter ¢. The corresponding thresholds used in fitting the gener-
alized Pareto distribution are 6.39, 8.16, and 4.55 on the log scale.

For the Wiki Talk and Epinions datasets, these diagnostics
gave broadly consistent choices: The selected thresholds were
near the lower end of regions where the fitted quantities were
comparatively stable and the fitted GPD survival curves agreed
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reasonably well with the empirical upper tails. For the DBpedia
dataset, the threshold-stability diagnostics were less decisive
because the sample is smaller and high thresholds leave relatively
few exceedances. We therefore placed more weight on the fitted
upper-tail survival curve and chose a threshold that provided
better agreement with the empirical tail while retaining enough
exceedances.

The corresponding estimated survival functions for values
above the selected thresholds are plotted in Fig. 7. The generalized
Pareto distribution generally provides a better description of the
far upper tail than a single Pareto distribution fitted over a broader
range. For the GPD fits, we report the Pareto-equivalent tail index
agpp = 1/&, where € is the usual GPD shape parameter. Under
the fitted GPD model, agpp > 1 corresponds to a finite mean
and agpp > 2 corresponds to a finite variance.

The GPD estimates should not be expected to agree exactly
with the Hill, least-squares Pareto, or Taylor-law estimates,
because the different estimates summarize different aspects of
the data. The Hill estimates near & ~ 0.8 use the # = [#7]
largest observations and therefore summarize a relatively broad
portion of the upper tail. The least-squares Pareto estimates
provide global approximations to the empirical survival curves,
while the Taylor-law estimates are inferred from variance-mean
scaling across broad subsamples of the full datasets. Neither is a
high-threshold tail-only fit. By contrast, the peaks-over-threshold
GPD fits use only exceedances above selected high thresholds.
For Wiki Talk and Epinions, in particular, the selected
thresholds leave only about 1.1% and 0.7% of the observations,
respectively, as exceedances, so the corresponding GPD estimates
are based on the most extreme observed tail portions. One
possible finite-sample explanation for the discrepancy between
the GPD estimates and the other estimates is that the farthest
observed tail may appear lighter, with the empirical log-survival
curve steepening at the largest observations relative to the
broader upper-tail behavior captured by the Hill, Pareto, and
Taylor-law estimates. Such apparent steepening could arise from
finite-sample effects, finite observation windows, heterogeneity,
dependence, or clustering of the largest observations. This
behavior can lead to a smaller ficted GPD shape parameter
£ and hence to a larger Pareto-equivalent tail-index estimate
acgep = 1/&. SI Appendix, section H.2 includes a simulation
study illustrating how such a discrepancy can arise.

4.4.4. Interpretation and implications for network data. The ob-
served scaling may provide a way to detect heterogeneity across
subgraphs: If the log-variance versus log-mean relationship in a
subset deviates notably from the overall trend, it may indicate
a distinct structural pattern. Additionally, the scaling exponent
may serve as a diagnostic tool for evaluating generative models of
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A. Proofs for Section 2

We first state two results that are well-known in probability theory.

Lemma A.1. LetY >0 be a nonnegative random variable and p > 0. Then E(Y?) = fooo py? TIP(Y > y)dy.
For a proof of Lemma A.1, see (1) or (2).

Proposition A.2 (Karamata’s Theorem, e.g., Proposition 1.5.8 in (3)). If the function 1 is slowly varying and 1 is locally
bounded on [co,0) and if a > —1, then

z o ZEQ+1
/CO £1()dt ~ (@),

Proof of Lemma 2.1. For notational simplicity, throughout this proof we write ¥ = V.

(a) The survival function of ¥ for any z > 0 is

PY >z)=Px <Y <a,)l(z <an) = [F(x) - F(an)] 1(z < an).

Thus, by Lemma A.1,
E[Y?] = p/ooo YR > y)dy =p /Oa (""" F(y) — " Flan))dy
= p/an Yy F(y)dy — al Fan).
0
Since F(y) =y~ *I(y),
B = [y — o i)
0
Fix ¢ > 0. By Proposition A.2, for p — 1 — a > —1, or equivalently, p > «,

an p—a
/ P (y)dy ~ %7“&”), as m — oo.
p—a

co

Since

an an, €0 an
/ yp*l*“l(y)dyé/ yp’lfo‘l(y)dy:/ yp*l*”‘l(y)dwa/ yP T % (y)dy,

co 0 0 co

co co co
/ yP T N (y)dy = / y* T F(y)dy < / yPldy =
0 0 0

Since af, “l(an) — oo because af,”“l(an) is regularly varying with positive index p — «, we have

an pfal "
/ P T (y)dy ~ w, as m — oo.
0 p—a

and

S S

Thus, as n — oo,

E(Y?P) P o

a l(an) P« p—a’

(b) Part (a) implies that

log E[Y?] — log { aﬁal(an)] — 0, asn— oco.

p—o
Thus, as n — oo,
1 P
logBYY]
log an

as ellan) _, . also see Proposition 1.3.6 (i) in (3). O

logan
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Proof of Lemma 2.2. We first consider the case when [ is continuous. Let

Ioc

g(z) = @

Since [ is slowly varying and positive, g(z) — oo as x — co. Fix a > 0. Since ¢, — oo, for each sufficiently large n, we have

g(a) < nep.
Since g(x) — oo, there exists b > a such that
g(b) > nep.
By continuity, there exists ¢, € (a,b) such that g(t,) = nc,. Equivalently,
nl(tn) _ 1
t cn

Moreover, t, — co. Indeed, if a subsequence of ¢, were bounded, then, since ¢, > a, the corresponding values g(¢,) would be
bounded, contradicting g(t») = ne, — oo.

The proof for v, is identical, using g(v,) = n/c,. Since logc, = o(logn), we have ¢, = n°?, and hence n/c, — oo. Thus,
for all sufficiently large n, there exists v, — oo such that

n
g(vn) = P
Equivalently,
l(vn
n (Z ) _ o
Un

Now consider a general positive slowly varying function . By Proposition 1.3.4 in (3), there exists a continuous positive
slowly varying function Iy such that
I(z) ~ lo(x), T — 0o.

Applying the continuous case to ly, there exist sequences t, — co and v, — 0o such that

nlo(tn) . i
e cn
and ;
n O(i)n) = e,
Un
Since t,, — oo and v, — 00, we have
{(tn) -1, H(vn) —1
lo(tn) lo(’l)n)

Therefore,
nl(tn)  nlo(tn) U(tn) 1
te e lo(te) e’

and similarly,
nl(vn) _ nlo(ve) U(vn)

= ~ Cp.

vg vy lo(vn)

It remains to prove the logarithmic convergence statements in Eq. (6). From Eq. (4), we have
alogt, =logn + logc, + logl(tn) + o(1).
Since ¢, — oo and [ is slowly varying, Proposition 1.3.6 (i) in (3) gives

logl(ty
an 1= 08An) (tn) — 0.
logty,
Then
alogt, =logn + logcn + an logt, + o(1).
Dividing by logn, we obtain
logt, 1 log cn

— Qn, 1).
(a—a )logn logn +o(1)
Since a, — 0 and log ¢, = o(logn), it follows that
logty 1
— —.
logn o
The proof for the statement for v,, is similar and is therefore omitted. O

Proof of Theorem 2.3. When the random variables are i.i.d., Condition A(p) is satisfied for any p > «. Indeed, % Cov(Y?, }V/Jp) =
0. Therefore, the claims follow from Theorem 3.2 and Theorem 3.10. O
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B. Proofs and examples for Section 3

B.1. Proofs for Subsection 3.2. We introduce Lemmas B.1-B.3 before proving Lemma 3.1 and Theorem 3.2. Recall that ¢,
satisfies Eq. (4) and that ¢, satisfies ¢, — co and log ¢, = o(logn).

Fori=1,...,n,let Y; = Y;1(Y; < tn). For p > «, denote the pth truncated sample moment ]\;In,p = % ?:1 f’f and its
corresponding population moment dy, , := E(Y?). The following lemma provides an upper bound for the ratio M, ,/dn,, by

truncating Y; at t,,.

Lemma B.1 (Upper bound for My p/dn ). Let Yi,...,Ys,... be a sequence of nonnegative random variables with a common
survival function F(z) = z~%(z), where l is slowly varying and o > 0 (not necessarily in (0,1)). For p > a, we have

My p

dn,p = Op(1)~

Proof of Lemma B.1. Let € > 0. Choose a constant C' > 0 such that 1/C < /2. By Eq. (4), there exists N such that for all
n> N, nl(tn)/ty <e/2. Then

P <M"’P > c> =P <M“’P >C, Mp, = Mn,p) +P <]C\l4” >C, M, # Mn,p)

mn,p n,p ,p

<P <M’”’ > c) +P(Myp # Myp). [S.1]

n,p

For the first term in Eq. (S.1), since My, p/dn,p is non-negative, by Markov’s inequality,

p( e < Alnp/Anp) _ 2 €
( dnp C) =T ¢ c <2
For the second term in Eq. (S.1),
~ n nl(t,) €
P(Mn,p # Mnyp) < P(UZ{Y: > tn}) <nP(Y > t,) = e O

Next, Lemma B.2 proxjides a lower bognd for ]X/In,p/dn,p,v Consider the truncated term Y/Z :=Y;1(Y; < wn). Recall that v,
satisfies Eq. (5). Define M, , := = 3" Y and dy,, := E(YY).

Lemma B.2 (Lower Bound for M, ,/dn ). Let Yi,...,Y,,... be a sequence of nonnegative random variables with a common
survival function F(z) = 2~ %l(z), where [ is slowly varying and o > 0 (not necessarily in (0,1)). If Condition A(p) holds for
p > «a, then

Mn,p N Cp,a,s (1 +0p(1))

’
dn,p CéL

for any &' > 2(p/a—1) > 0 and ¢, 4,6 > 0 is some constant depending only on p,,d’.

Proof of Lemma B.2. Write

o v v

nMp p > (nMy,p — ndn,p) + ndn p. [S.2]
For any p > «, by Lemma 2.1 and Eq. (5),
] <ol %l(v
TLd;L,p ~ Pz - ( ") ~Cn 6 . [83}
Un Un p—«

For any = > 0, by Markov’s inequality,

P <|n]\v4n,p — ndy | - m) < Var(nM, , — ndn.p)

vhen v2Pe2 12
n? Var(M,, ,)
V2P 2 p2
ndn,op + .., Cov(YP,YF)
< " 0, [S.4]
vl e x?

where the last convergence follows from Eq. (S.3), with p replaced by 2p, so that ndun,gp/vff”ciar2 — 0, the fact that ¢, — c©
and Eq. (8). In view of Eq. (S.2)-Eq. (S.4),

nMp p «
vhen _Op()+p—a
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Then

P P
Mnp _ nMnp Upcn > <0p (1) + «a ) Ur,Cn

dn,p vhen  ndpp p—a) ndn,
By Lemma 2.1,
VnCn VnCn _p-a_th | (UJ)P p-ap. (@)P
ndyp mg’;az(tn)p%_ a nl(t,) " \tn a "\t,/)
Therefore,
M, Un \?
2> (1+o,(0)eh (1)
dn,p tn

The preceding lower bound together with My, ,,/dn,, = Op(1) in Lemma B.1 imply that
p
& (fl) = o(1).

Indeed, otherwise a subsequence along which ¢2 vy, /t, )P — oo would force M, ,/dn , — oo in probability, contradicting Lemma
B.1. Hence

;L" = 0(c; %Py = o(1).

In particular, v, < t, for all sufficiently large n.

By the definitions of v, and t,,
(32) nl) 1\ (1 )\ [5.5)
tn Cn neal(tn) T\ U(tn) ' .

By Potter’s Theorem (see Theorem 1.5.6 in (3)), for any 0 < 6 < «, there exists N such that for all n > N,

o2 )

Since vy, < t,, for all sufficiently large n, we have

~

) _ (Ln)‘;. [S.6]

Un \ P 1\ P/ 1 vy, \ 0P/
(&) =0 (z)" 55 ()

n

Then Eq. (S.5) and Eq. (S.6) give

Therefore

Thus

5 (Un)\? o (1 \a5  1+o(l) (1 a7t
(i) e ()" =20 (3)7
The claim follows as given any ¢’ > 2(p/a — 1), we can choose 0 < § < a such that 2(p/(a — §) — 1) = §’, and the constant
Cp,a,s’ Can be chosen as m. O

Lemma B.3. Under the conditions in Lemma B.2,

My
log =2 = O, (log c,).
dn,p

Proof of Lemma B.3. Fix € € (0,1). By Lemmas B.1 and B.2, with probability greater than 1 — g, for all large n, there exists
some C > 0 such that

Cpad Mn,p <C

20(7;1, - dn,p
Therefore, for all sufficiently large n,
1 Mn,p !
g < |log C| + |log(cp,a,s'/2)| + ¢ logcn. O
n,p
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Proof of Lemma 3.1. We write:

M, dn,
log —=% = log 7 L+ log —=%
n o« n,p n «
By Lemma 2.1 and Eq. (4),
dip %5 U) | FEU)e) T o e
~ ~ = cn‘l n)o
np;a np(_xa np;a p—«
Thus, by Lemma B.3,
log M. p—a log % log d;j; logc |log I(tn)]
o = “P 4 L2 =0 )+ 0| 2= ) = 0,(A).
logn « logn logn logn logn
Finally, Eq. (9) follows as
logl(tn) _ logl(tn) logtn 0. 1 0,
logn log t, logn «
where the convergence follows from the fact that [ is slowly varying, t, — oo, and Eq. (6). O

Now we are ready to prove Theorem 3.2.

Proof of Theorem 8.2. Tt suffices to prove part (b) as Part (a) follows immediately because log ¢, = o(logn) and log(t,)/logn —
0.

We write
Mn,hl _ Mn,hl dn,hl d"7h2
fos M’La}f’llvhw a dn,hy *loe dlafb’mhw +ta(h1, ha) log My 5
n,ha n,h2
By Lemma B.3,
My, dn
log =" = 0, (log ¢,) and log —="2 = O, (log c,).
n,hq Mn,hz
Also
a h1—a
iy N hl—atnl l(tn) _ ( « ) ( a )—m(h1,h2) l(t )(h27h1)/<h27(1)
dioh™) [t U(tn)eCke) A\ —a) \ha —a ’ '
Thus J
n,h
10g W = 0(1) + Cl + C2 logl(tn)7 [Ss}
n,ho

where C1, C> are some constants depending only on «, h1, he. Combining Eq. (S.7)-Eq. (S.8), we obtain

Mn,hl
M1u<h1,h2)

n,ha

log =log My h, — ta(h1, h2)log My, hy, = Op(logen) + O(| logl(tn)])- [S.9]

Dividing both sides of Eq. (S.9) by log M,, n, gives

log M, n, log cn, |log l(ty)]
———= —1q(h1,h2) = Op | —— O\ —=—" -
log My, —'*(P1:h2) = O» (10g Mors ) 79 g M n,
The claim in Eq. (10) then follows since log My, 1,/ logn 5 h2-¢ a5 shown in Lemma 3.1. O

Proof of Corollary 3.4. Fix p € N. Since X; = Y; + z, the binomial expansion gives

p—1
X p —-r
My = Mup+ Y (r) 2" Mo,
=0

where My,0 = 1. We first show that My /My 50 for every 0 < r < p. Indeed, for any a >0 and y > 0, y" < a" +a" PyP.

Applying this inequality with y = Y;, summing over ¢ = 1,...,n, and rearranging the terms, we obtain
Mn,'r S ar + a?‘*p.
Mnp = Mnp

By Lemma 3.1, M, ,, — oo in probability, since p > . Thus the first term on the right converges to 0 in probability for each
fixed a, and then letting a — oo gives My /My p g 0.
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It follows that
MX X
L =10, log| M| = log May -+ 0y(1).

Applying this relation with p = hy and p = ha, write

10g|M’r§hj| = log anhj +Any, Anj = Op(l)a J=12

Hence

log |M;¥ | _ logMuny _ 1og Mapy +Ani 108 Muny _ Ani10g Mong = Anzlog My _ 1
log [MX, | logMnn, logMpn, +Anz2  log My, log M., (log My ny + Ap,2) i ’

logn
where the last step follows from Lemma 3.1. Thus

lOg ‘Mri(,h1|
log |[MX

n,h2|

hm 1
_M%mﬁ—&mm+%(Mm)

The claimed upper bound of the rate follows from Theorem 3.2 and ¢, — o0, since 0,(1/logn) is absorbed into O, (log ¢,/ log n).
The probability limit follows immediately. O

B.2. Proofs for Subsection 3.3.

Proof of Theorem 3.5. Fix p > «. Since Y; = X; — zp is a deterministic transformation of X;, the sequence {Y;} is also
m-dependent. Therefore, Cov(Y;",Y;”) = 0 whenever |i — j| > m. For any i, j,

|Cov(VF,YP)| < y/Var(YP) Var(Y}) = Var(YF) < E(Y,).

Hence,

VP VP . o
‘Ziij Cov(Y?", Y; )’ < 2nmE(Y;F) Qnmgpoiavip I(vn) _ 2ma nl(vn)

2 = 2 2 = 2
vilc2 vaPc2 viPc2 2p — a vicn

— 0,

where the asymptotic equivalence follows from Lemma 2.1 and the last convergence follows from Eq. (5) and ¢, — oo. Therefore,
Condition A(p) is satisfied. O

Proof of Theorem 3.6. Fix p > a. Since Y; = X; — zr is a deterministic transformation of X;, the sequence {Y; : ¢ > 1} is also
strongly mixing with the same strong mixing coefficient. We split the covariance sum into nearby and far-apart pairs:

D Cov(VP V)= Y QoY)+ Y Cov(VL V).
1A 0<]i—j|<rn l[i—j|>rn
We first control the nearby pairs. As in the proof of Theorem 3.5, we have
|Cov(YP,YT)| <E(Y?P).

Since the number of ordered pairs satisfying 0 < |¢ — j| < 7, is at most 2nr,, we have

3 Cov(V7.¥P)| < 2nra E(VY),

0<|i=jl<Tn

By Lemma 2.1 and the choice of v,,, we obtain

2nr, E(YP) 2a rpnl(vy) 2a Ty (1)
~ ~ — =0
P2 2p—a vick 2p — a ¢y ’

where the last equality follows from r, = o(cx).
We next control the far-apart pairs. Since Y? < %, Lemma 1.2 in (4) gives, for i # j,

|Cov(§u/ip,§u/f)| < dopPa(fi - j]).

Hence
n—1 n—1
Y Cov@P VP <avr D ali- ) =80 Y (n—k)a(k) < 8nv” Y alk).
li—g|>rn li—g|>rn k=rp+1 k=r,+1
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Therefore, by Eq. (11),

’Z|Z*J|>Tn COV(Y;p’Yjp) . 8n — i 0
o <z > alk) —o.
k=r,+1

Combining the nearby and far-apart bounds gives

> Cov(VP,YP) = o(viPch).
i#£]

Thus Condition A(p) holds. O

Proof of Corollary 3.7. Choose a constant K > 1/|log p| and set r,, := [K logn]. Then r, — oo, and since ¢, /logn — co, we
have r, /¢, — 0. It remains to verify Eq. (11). Since 0 < p < 1,

n—1 oo A1
k_CP ! Ty 1 —K]|logp|
D asC o =<0 <Cn ,
k=rn+1 k=rn+1
where C’ > 0 is a constant. Therefore,
n-l 1—-K|log p|
LN ameot L,
" k=rnt1 "

because K|logp| > 1 and ¢, — 0o. The conclusion follows from Theorem 3.6. O

Proof of Corollary 3.8. By (5), for any two o-fields A, B C F,

20(A, B) < B(A,B) < (A, B) <
40(A, B) < p(A, B) < (A, B).

1
§¢(A»B%

Hence the same inequalities hold for the corresponding sequence coefficients. Thus each of the four assumptions implies strong
mixing and, for some constant C' < oo depending only on the type of mixing, a(k) < Cn(k), where n denotes the corresponding
-, ¢-, p-, or B-mixing coefficient. Therefore

n—1 n—1
n n
Z D el <Cm D7 k) =0
k=rn+1 k=r,+1
Theorem 3.6 now implies Condition A(p). O

Proof of Theorem 8.9. Choose ¢ € (0, ). Since ¢; is regularly varying with tail index «, we have Ele1|? < oo. Since 81 € (0, 1),
the strictly stationary solution of the AR(1) recursion admits the causal representation

oo
Yi=> Blewy, teL
j=0

By the tail asymptotics for infinite weighted sums of i.i.d. regularly varying random variables (6, Lemma 3.4), applied with
P = ﬂ{ and Z; = €;—;, we know that Y; is regularly varying with tail index a.

Under the conditions for e;, by Theorems 1 and 2 and the remark following Theorem 2 in (7), {Y;} is a strong mixing
process, and there exist constants Cp > 0 and an integer so > 1 such that the strong mixing coefficient of {Y;} satisfies

a(k) < CE(Y)(BD*, k> so,

where E(Y,?) < co. Since a(k) <1 for 1 < k < so, after increasing the constant if necessary, there exist constants C > 0 and
p € (0,1) such that

alk) <Cp*, k>1.

Since ¢,/ logn — oo, Corollary 3.7 implies that Condition A(p) holds for every p > a. O
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B.3. Proofs for Subsection 3.4. We will use Lemma B.4(b) in the proof of Lemma B.5 and Lemma B.4(a) in the proof of
Lemma G.1.

Lemma B.4. Let o € (0,1) and suppose that Y; = X; — xr have common survival function F(y) = y~*(y), where | is slowly
varying. Then the following statements hold.
MY )" 1
Ot (1
dn,h (nen)h—t

(a) For every h > 1,

(b) For every integer k > 2,

where M}:O := 1, satisfies

Proof of Lemma B.4. (a) By Lemma 2.1, for every p > a,

Since tn ~ nepl(tyn), for every h > a,

dr th(=dy (g, )P 1)\ 1
—_— ~ o — = o ~ a0 T 1
dn,n T (8 ¢ 2 Cn, (nen)h—1 [S-10]

where Cj, is a positive constant depending only on h and . If h > 1, by Lemma B.1, MY, /dn,1 = Op(1). Hence

A" (MY b 1
dn,h N dn,l dn,h TP (ncn)h_l '

(b) The term in R, i corresponding to 7 = 0 is handled by part (a) with h = k:

(Mgfl)k _ 1 _ ( 1
.k =0 (ncy)*—1 =0 ncn>'

For 1 < j <k—1,since a € (0,1), both j > « and 1 > «. Therefore Lemma B.1 gives

M, MY,
I = 0,(1 o = 0O,(1).
L0, =0,
Moreover, by Lemma 2.1 and ¢, ~ ncal(tn),
dnyjdfzjlj . tzl—al(tn)tgll—a)(k’—j)l(tn)kfj
dn ke = (t,)

()T 1
-one () -0 ()

where C 1, is a positive constant depending only on j, k and «. Hence, for 1 <j <k —1,

My (May)*™7 My, (Mny,l)kj dn.jdy, 7’ -0 (1 )
=0 (1

dn,k dn,j dn,l dn,k ncn)k7]

Since j < k — 1, we have k£ — j > 1, and therefore

0, (W) _o, (%) .

Summing over the finitely many indices j = 0,...,k — 1 gives
Rp i 1
-0.() D
dn,k P\ ney,

To prove Theorem 3.10, we introduce Lemma B.5, which is analogous to Lemma B.3.
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Lemma B.5. Let a € (0,1) and let k > 2 be an integer. Suppose that Y; = X; — xr have common
F(y) =y “U(y), where l is slowly varying. If Condition A(k) holds, then

| c, X
n,k

log = Op(logcn).

n,k
Proof of Lemma B.5. Fix k > 2. Since central moments are invariant under shifts,
. . 1+
¢, X __ Y Y \k
My = My =~ > =My
i=1
Expanding the right-hand side gives
s g
=0
where My{o := 1. Hence

where

(]

k—1
k .
Rk = (,)M,L(M,’;l)’“ ..
- J
7=0
In view of Eq. (S.11), Lemma B.4, and Lemma B.1, we obtain

ML, W
dn,k P '
It remains to obtain a lower bound. From the same expansion, we have
M3 > Mk = R g

Hence, by Lemma B.2 and Lemma B.4, for any fixed §' > 2(k/a — 1),

M S eraar (L0, (1) (L)
o ().

!
dn,k C% Nncn

\Y]

Since log ¢, = o(logn), we have 1/(nc,) = o(c;‘s/). Thus, with probability tending to one,

|MTCL:2(| Ck,a,8’
ok — 20
The upper bound Eq. (S.12) and the lower bound Eq. (S.13) imply
| c, X
log —*~ = O, (log ¢).
dn,k‘

survival function

[S.11]

[S.12]

[S.13]

O

Proof of Theorem 3.10. (a) Since Condition A(1) holds and « € (0,1), Lemma B.2 with p = 1 implies M, ; — oo in

probability. Since M,fl = M};l + zr, we have |M,)fl|/M$/1 S Thus, by Lemma B.3

| M| | My MY,
1 il d log —— = O, (1 .
og — == =log MY +log = »(log cn)
For k > 2, write
| ’,Cva | :f dn k dn 1
log ‘Mf,ﬂ“‘(k’l) = log Do + log dz‘*fk’m + ta(k, 1) log |M7)f1|

[S.14]

With Lemma B.5 and Eq. (S.14), the rest of the proof follows the same argument as in the proof of Theorem 3.2 and we

therefore omit the details.

(b) For hl, hz Z 2 with h1 75 hz, write

|M'rcl’i1(1| |M7C7’2(1| dn h dn h
g T =1 “21- + log =+ 1a(h1, h2) log .
|M;:h2|7fa<hlvh2) dn,h, ::’:}(121’ 2) | ;h2|

With Lemma B.5, the rest of the proof follows the same argument as in the proof of Theorem 3.2 and we therefore omit

the details.

O
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B.4. Proof for Subsection 3.5.
Proof of Theorem 3.12. It suffices to prove that, for each p € {h1, ha},

M,
log ( ’p> = Op(logecy). [S.15)
dn,p
Indeed, once Eq. (S.15) is established, the rest of the proof is similar to the proof of Theorem 3.2.
Fix p € {h1, h2}. The upper bound
MY
— = 0,(1) [S.16]
n,p
follows from the same argument as in Lemma B.1, applied to the shifted variables Y;.
It remains to prove the corresponding lower bound. Let

n
— E VP
Sn,p T Y; )
=1

and define ;
Hnp(G) =Y E(YP | Q).
i=1

We first show that
Sn.p — Nn,p(g)

vy
vhen
For any = > 0, by Markov’s inequality and the tower property,

P <|Sn,p — tinp(G)] > a:) < E{Var(Sn,p | g)}

= 0p(1). [S.17]

D — 2
UnCn z2v:Pc2

Moreover,

Var(Snp | G) < Y E(V7 | G) +

i=1

> Cov(VP, VP | g)‘ :
i
Taking expectations and using Lemma 2.1, we obtain

o \yP VP

E{Var(Su, | 9)}

vaPc2 = vPed e
a  nl(vp)
= (1 1 1
(14 o(1) %= 20 o)
=0(c, ') +o(1) = o(1).
where the last line uses Eq. (5) and Eq. (13). This proves Eq. (S.17).
Next, by Lemma 2.1 and Eq. (5),

dpp = nE(YP) ~ ——olc,,. S.18
ndn p :=nE(YY") p—av"C [ ]

By Eq. (14), for every £ > 0 there exists n > 0 such that, for all sufficiently large n,
P (pinp(G) = mndnp) > 1 —e.
Combining this with Eq. (S.17) and Eq. (S.18), we have, for some constant C; , > 0,
Snp > Ceptincn [S.19]

with probability at least 1 — 2¢ for all sufficiently large n.

Since nM, , > Sn,p, Eq. (S.19) gives
Y

MYy o

dnp = Podn,
with probability at least 1 — 2¢ for all sufficiently large n. By the same deterministic Potter-bound comparison used in the
proof of Lemma B.2, for any ' > 2(p/a — 1) there is a constant C}, s+ > 0 such that

vPen

p
UnCn -5
2 Cp,é/cn

ndy p
for all sufficiently large n. Therefore,
My, s
= >0l sien’ [S.20]
n,p
with probability at least 1 — 2¢ for all sufficiently large n.

Combining Eq. (S.16) and Eq. (S.20) gives Eq. (S.15). O
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B.5. Examples for the conditionally weak-dependent extension. Three examples illustrate this framework. In the first two
examples, the variables become conditionally independent after conditioning on a suitable o-field; hence Eq. (13) follows
immediately, while Eq. (14) follows from a direct conditional-tail calculation and Karamata’s theorem. The third example is
included to show that conditional independence is not required. We give the detailed verification for this third example; the
verification for the first two examples is similar and simpler.

Example B.6. This ezample is considered in (8, Section 3(c)). Let No, Nu,... be i.i.d. standard normal random variables
and let 0 < p < 1. Let Z; := \/pNo++/1 — pN; fori=1,...,n. Then each Z; is a standard normal with Cov(Z;, Z;) = p when
i #j. Fora € (0,1), define Yi := 1/(Z2)" 3. Then Y; is reqularly varying. Conditional on G := o(No), Z;’s are independent.
Thus Y;’s are also independent conditional on o(No). Fiz xr € R, let X; =Y; + xp. In this ezample, Conditions Eq. (13) and
Eq. (14) hold, so our Taylor’s law holds.

Example B.7. This ezample is considered in (9, Theorem 2). Let {G;} be a stationary Gaussian sequence with mean 0
and covariance function y(-,-), i.e., Cov(Gs, Gj) = v(4,j). Let Z;’s be i.i.d. Pareto-distributed with tail index oo € (0,1). Let
Y; := Z;e%i. ThenY; are identically distributed and regularly varying with index o. Conditioning on G := o(Gi,1 € N), Y;’s are
independent. Fix xr € R, let X; =Y; + xp. In this example, Conditions Eq. (13) and Eq. (14) hold, so our Taylor’s law holds.

Example B.8. Let a > 0. Let {U; : i € Z} be i.i.d. nonnegative random variables with survival function
H(u) :=PU; >u) = (1+u)"°, u > 0.
Let A be independent of {U; : i € Z}, with P(A =1) =P(A =2) =1/2, and let G := o(A). Fiz xr € R. Define
Z; == max(Ui—1, U;), Y; = AZ;, Xi=zr+Y.

Then X; has finite lower endpoint xr, and Y; = X; — xF is reqularly varying with tail index o.
Conditional on G, the sequence {Y;} is 1-dependent but not independent, since Y; and Yiy1 both depend on the common
innovation U;. In the following, we verify that Eq. (13) and Eq. (14) hold for every p > a. Therefore Theorem 3.12 applies.

Verification of Example B.8. First, we verify the tail behavior. Since
PU; >u)=(14u)" u >0,

we have, for z > 0,
]P’(ZZ > Z) =1- ]P’(U1‘71 < Z,Ui < Z)

=1-(1-(1+2)7)
=2(142)"% = (14 2)7%.

Hence
P(Z; > z) ~ 2277, z = o0.

Since A is independent of {U; : ¢ € Z} and takes only the values 1 and 2,
P(Y; >m):E[]P’(Z¢ >%‘A)}
—E|2 (1+5)_a - (1+£)_2a
N A A
~2E(A%)z .
Thus Y; is regularly varying with tail index «. In particular, if
I(z) := z°P(Y; > x),

then [ is slowly varying and
I(z) — 2E(A™).

We now verify Eq. (13). Conditional on G, the sequence {Y;} is 1-dependent because Y; is a function of A, U;—1,U;. Therefore,
Cov(?;-p,)j'jp |G)=0 whenever [i — j| > 1.
For |i — j| =1,
NI 9 . 1/2
|Cov(V2, V7| §)] < {Var(¥? | G) Var(v? | G)}/

S E(?fp ‘ g)7

12 of 64 Pok Him Cheng, Joel E. Cohen, Hok Kan Ling, and Sheung Chi Phillip Yam



where the last inequality uses the fact that, conditional on G, the variables Y; are identically distributed. There are at most 2n

ordered pairs with |i — j| = 1. Thus, by Lemma 2.1, the definition of v, and the fact that ¢, — 0, we have

P P o
Zi;&j Cov(Y; Y | G) < QnIE(Y12p) 2a nl(vn) 2a 1
v2Pc2 = e 2p — a vick 2p — ey

Hence Eq. (13) holds.

It remains to verify Eq. (14). Since the variables are conditionally identically distributed given G,

1inp(G) = nE(Y? | G).

Moreover,

Since P(Z1 > z) ~ 227 %, Karamata’s theorem gives, for p > «,

p—a
slons (e )] 525 ()
p—«

Because A takes only the two values 1 and 2, the preceding asymptotic is uniform over the possible values of A. Hence

E(V? | G) ~ —22_ poyr—e,
p (6%

On the other hand, applying Lemma 2.1 to Y7 gives

dup = B() ~ &t U (on) ~ pQ_aaE(AD‘)vg*a.
Therefore, 5
n E(Y? P A®
et S
Since A € {1, 2},
A~ > 1 >0

Thus, for every sufficiently small n > 0,
P M <n)—0,
ndn,p
which implies y
lim lim sup P (,un,p(g) < nndn,p) =0.

70 nsoo

Therefore, Eq. (14) also holds. Since both conditions hold for every p > a, Theorem 3.12 applies.

C. Proofs for Section 4

C.1. Proofs for Subsection 4.1. To prove Theorem 4.2, we establish Lemmas C.1-C

Lemma C.1. Assume Eq. (15), Eq. (16), Eq. (17), and Eq. (18). For p > « and an — o0, define

drp(an) :=E[YPL(Y, < an)], r=1,...

where Y, denotes a generic shifted random variable from cluster r, and define

J
1
Dyp(an) == nrndrp(an).
r=1

n
Then
Dy p(an) ~ m ab " l(an).
Consequently,
@ _
Dn,p(tn) ~ Wlp — atﬁ al(tn)
and
nDn p(vn) a
5 ~ T .
UnCn p—«
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Proof of Lemma C.1. For the dominant cluster, the same argument as in the proof of Lemma 2.1 gives

(%

dip(an) ~ ab “l(an).

For r > 2, we have
drp(an) = o (ah™*l(an)) . [S.24]

Indeed, by Eq. (18), for every € > 0, there exists A < oo such that
Fi(y) <eFi(y), y>A

Thus

A an
< p/ y? T P (y) dy + €p/ y? T Fa(y) dy.
0 A

The first term is O(1), and Karamata’s theorem gives

/ y* T F(y) dy ~
A

Since € > 0 is arbitrary, Eq. (S.24) follows. Combining Eq. (S.24) with Eq. (15) and Eq. (16) proves Eq. (S.21). Taking a,, = t,
gives Eq. (S.22). Taking a, = v, and using Eq. (19) gives Eq. (S.23). O

ab~%*l(an)

p—«

Lemma C.2. Assume the conditions of Lemma C.1. Fiz p > a and suppose that

Z Cov (Y/f’i, )V’;f’j) =0 (vffci) . [S.25]
i#]
Let Dy p := Dy p(tn). Then
MY
log Dn’p = Op(log cn). [S.26]
n,p

Proof of Lemma C.2. The upper bound follows by the same truncation argument used in Lemma B.1. Let

n

Yoo o= Yol (Yos <tn), M), ::1217731..

For any C > 0,

r=1
By Eq. (17)-Eq. (19),
J
> nenFr(tn) = o(1).
r=1
Hence v
M;, ,
— = 1). 2
B2 = 0y(1) 8.27

By Markov’s inequality,

o [S.28]

P
UnCn Un Cnmz

v n o2 53
p <|nM3L/’p —nDy p(vs)| S x) < Do E(YVE) + Z#]- Cov(Yy),, Yf’j).
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By Lemma C.1 with 2p in place of p,
&2

P
viPc2 Cn

) =o(1),
and the covariance term is o(1) after normalization by Eq. (S.25). Therefore, by Eq. (S.23) and Eq. (S.28),

nMY
S —+0p(1). [S.29]

P
UnCn p—

Since MY, > M) ,, Eq. (S.29), Eq. (S.22), and Eq. (19) imply

Mrll/ Un \ P
Doz (1 on(1)e, (g) .

The Potter-bound calculation used in Lemma B.2 gives, for every §' > 2(p/a — 1),

2 (Un\P -8
Cn (T) 2 Ca,p,ts’cn

n

for some constant Cy, , 5+ > 0. Hence

M, ,
P > Copsrn® (1+0p(1)). [S.30]
n,p
Combining Eq. (S.27) and Eq. (S.30) proves Eq. (S.26). O

Lemma C.3. Assume the conditions of Lemma C.1. Fiz p > o and suppose that Eq. (S.25) holds. Then

1 M’BL/ - n n
logn « logn logn

Proof of Lemma C.3. By Lemma C.2,
log M), = log Dy, + Oy (log cp). [S.32]

By Eq. (S.22),
log Dyp = (p — ) logty + logl(tn) + O(1).

Since tn ~ nepl(tn),

log Dy, p _pr-a log ¢, L0 [log I(ty)] . 19.33]
logn «@ logn logn
Combining Eq. (S.32) and Eq. (S.33) proves Eq. (S.31). O

Proof of Theorem 4.2. The theorem assumes Eq. (20) for p = h1 and p = ha. Hence the fixed-p condition Eq. (S.25) holds for
each p = hi, he. Applying Lemma C.3 with p = h; and p = ha gives, for j = 1,2,

hjfa

logMZhj == logn + Op(logcn) + O(]log(tn)]).
Therefore,
log MY ), — ’,Z ~%log MY, = Oy(logex) + O log(t)]). 19.34]
Moreover,
log Moy, o h2—a [S.35]
logn «
Dividing Eq. (S.34) by log M:{hz and using Eq. (S.35) gives Eq. (22), and hence Eq. (21). O
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C.2. Proofs for Subsection 4.2. In this section, we provide the details of Example 4.3. Fix p > « and k € [n]. By Conditions (i)
and (ii),

M
<Y e

m=1j:(k,j)E€EUn,m

D Cov(Y7,V7)

J:g#k

M
< Z K™ Var(Y}?)
m=1

< ClE(?pr)’

where C := Zle K™. The first inequality follows from Condition (i), which removes all terms with network distance larger
than M. The second inequality follows from Condition (ii), since the number of vertices at distance m from a fixed vertex is at

most K™. Therefore,

3 Cov(V7,¥7)| < nCE(V).

i#]

As a result,

VP yP - « —a
Zi#a‘ Cov(¥, ¥} )’ < CinE(Y7?) Cin vnP % l(vn) _ Cia nl(vn)

2o -0
2 = 2 2 = 2 )
vilc2 viPc2 viPc2 2p — a vicen

where the asymptotic equivalence follows from Lemma 2.1 applied to Y, and the last convergence follows from Eq. (5) and
¢n — 00. Therefore, Eq. (23) is satisfied.

D. Rate refinements under additional tail regularity

log Iun,hl

In addition to establishing the limit in probability, we may also obtain the rate of convergence of —2a(h1, h2) under

some conditions on the slowly varying function ! in Theorem 3.2. Let o > 0. For some § € (0, &), we define

log]\/ln_ﬁ2

1/«

lin = | 2max{l(n),I(n)"",1} sup I(x) ,

1/
lon = ! inf l
wi=|g  inf (z) ,
natd <g<na—9

g = [0 20, ),
|log(sup,¢;, , 1(z))]
Sin,l = )
logn
|log(infeer, , U(z))]
San,l ‘= .
logn

In view of Eq. (10), a two-sided rate statement requires an additional calibration of the sequence ¢, to the slowly varying
factor 1.

Theorem D.1 (Rate refinements under tail regularity). Assume the standing marginal assumption with o > 0 (not necessarily
in (0,1)). Let h1,h2 > a and h1 # ha. Throughout this theorem, Condition A(p) is understood with the sequence cy specified in
the corresponding case below and its associated truncation level vy.

(a) Suppose that limz o0 I(z) = 00. Let cn — 00 be such that 1 < ¢, <1(n), logc, = o(logn), and

log(infzer, , I(x))

— OQ.
log cn,

Suppose that Condition A(p) holds for p=hy and p = ha. Then R\ . = Op(siny) and (R, 4,) 7" = Op(s;nl’l).

(b) Suppose that lim, o0 I(z) = 0. Let cn — 00 be such that 1 < ¢, <1(n)™%, logcn, = o(logn), and

log(supcr,,, U]
log cp,

Suppose that Condition A(p) holds for p=hy and p = ha. Then R, = Op(s2n,) and (R, 4,) 7" = Op(sl_;l).
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Analogous rate refinements to those in Theorem D.1 also hold for Theorems 3.10, 3.12, 4.2, F.3, and F.5.
In view of the results in Theorem D.1, the following remark gives sufficient conditions on the slowly varying function such

that the rate of convergence of Rﬁfﬁhhz can be established.

Remark D.2. Suppose that either limgz— o0 I(z) = 00 or limz— oo I(z) = 0. If

log | sup I(x)
x€ly |
hm

then the rate of convergence of R, 5, may be taken to be r, := ﬁ. Equivalently, by Eq. (S.36), r, <
og supmeln,l x

~

log ( inf l(x)) ' , [S.36]

z€l,

logn
|log(infm6[n L l(L))‘

Several examples of slowly varying functions illustrate the results on the rate of convergence in Theorem D.1 and the
discussion in Remark D.2.

Example D.3. (a) Suppose that I(x) = exp((logz)?) for some S € (0,1), which is known to be slowly varying (3, p. 16).

Then, l(z) — oo and
log | sup I(x)
z€ly |

Hence the rate of convergence may be taken to satisfy rn < (log n)l_*g.

—

log < inf l(m))‘ = (logn)”.

z€l,

(b) Suppose that I(z) = exp(—(logz)?) for some 8 € (0,1). It can be shown that | is slowly varying, similar to the function
z — exp((logz)?). Then, I(z) = 0 and

log ( sup l(ac))
x€ly

Hence the rate of convergence may be taken to satisfy rn < (logn

=

1 inf = (1 B
og (xg}w l(ft))‘ (logn)
) e

(¢) Suppose that l(x) = log(z) f(x) where 0 < a < f(x) < b < oo, and suppose that 1 is slowly varying. Then, I(x) — oo and

log ( sup l(a:))
€1y

Hence the rate of convergence may be taken to satisfy rn <

=

log ( inf l(x)) ’ = log logn.

z€ly,

logn
loglogn *

Verification of Eq. (S.36) in Example D.3
We verify Eq. (S.36) for the three slowly varying functions in Example D.3. Let

Ay o= [0/ @40 p(40)/(@=D)]
(a) Suppose that I(z) = exp((logz)?) for some § € (0,1). For € A,, we have logz = logn, and hence logl(z) =
O((logn)?) = o(logn). Since I(n) — oo, the definitions of l1, and lz, imply
log i, = O((logn)”) = o(logn), log l2n = O((logn)?) = o(logn).
Therefore, for i = 1,2,
log(n'/“li) = 1 logn + o(log n).
o

Since [ is increasing, the infimum and supremum of ! over I, ; are attained at the left and right endpoints of I,
respectively. Thus

log < inf l(x))‘ = (log(nl/alzn))ﬁ ~ a P (logn)?,

z€l,

log ( sup l(x)) ‘ = (log(nl/o‘lln))ﬁ ~a P (logn)”.

xz€l, |

Hence Eq. (S.36) holds, and both sides are of order (logn)®.
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(b) Suppose that I(z) = exp(—(log z)?) for some 8 € (0,1). For = € A,, we have |logi(z)| = O((logn)?) = o(logn). Since
l(n) — 0, the definitions of /i, and l2, imply

log 1, = O((logn)?) = o(logn), log l2n, = O((logn)?) = o(log n).

Therefore, for i = 1,2,

1
log(n'/*lin) = S logn + o(logn).

Since [ is decreasing, the supremum and infimum of [ over I, ; are attained at the left and right endpoints of I,
respectively. Thus

log ( sup l(w)) ’ = (log(nl/alzn))ﬂ ~ a P (logn)?,

z€ly |

log ( inf l(m)) ’ = (log(nl/alm))ﬁ ~ a P (logn)”.

z€ln
Hence Eq. (S.36) holds, and both sides are of order (logn)”.

(¢) Suppose that I(z) = log(x)f(x), where 0 < a < f(z) < b < oo, and suppose that [ is slowly varying. For z € A,,, we have
log x < log n, and hence {(z) < logn uniformly over A,. Since also I(n) =< logn, the definitions of l1,, and l2, imply

loglin, = O(loglogn), log l2n, = O(loglogn).

Consequently, uniformly for z € I, ,

1
logz = > logn + O(loglogn).

Thus I(x) = log(z) f(z) < logn uniformly over I,,;. Therefore,

10g< inf l(m)) =loglogn + O(1), log ( sup l(x)) =loglogn + O(1).

z€lp z€l,

Hence Eq. (S.36) holds, and both sides are of order loglogn.

The next example shows that when I(z) does not diverge to infinity or go to 0, the upper bound obtained in Theorem 3.2(b)
can be arbitrarily close to the true rate.

Example D.4. Let X1,...,X, be i.i.d. Pareto random variables with survival function P(X; > x) =z~ fori=1,...,n and
0<a<1forx>1. In this case, the slowly varying function is l(x) = 1. From Theorem 3.2(b), for any hi,h2 > «, we have
Eq. (10). Since l(x) =1, logl(tn) =logl = 0 and thus the second summand on the right side of Eq. (10) is 0. As a result, the

log ]\4n,h1

upper bound of the convergence rate of Tog 7. re ta(h1, h2) to 0 is
n,ha

1 . . . .
m=on - indeed, log cn, can be chosen to diverge arbitrarily
ogn
1

logn*

slowly, and the upper bound of the convergence rate can be arbitrarily close to

e, X
This result coincides with that of (8). Define Mflg( =n! Z:zl(Xi — M,1)?> and b = f:—g and W, = &712)1) From

Section 3(a) of (8), we have that W, 4 Say2/Sk, where S, is a stable random variable with index a € (0,2) and shape
parameter 8 = 1, which implies that

log My 5 — blog My,.1 - log (Sa/2/Sh) - S.37]

From Eq. (S.37), we obtain

log M1 (log My o d b
logn ( log n (logMn,1 b — log (Sa/g/Sa) .

Thus, the convergence rate of log(My ) _ 2-a is —=
: ’ & log(Mp, 1) 11—« logn
1

the convergence rate is arbitrarily close to g Thus the two results coincide, despite the fact that we are interested in finding
the probability limit with its convergence rate while (8) specified a distributional limit without giving a rate of convergence.

By Lemma 3.1, . Our results in this article imply that

log My, 1 P 1_«
logn a
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E. Proofs for Subsection D

Lemma E.1. Assume the assumptions used in Theorem D.1.

(a) If l(x) — oo, then t,, € I, for all sufficently large n and

z€ln

log ¢, + | logi(ty,)] < C'log < sup l(a:)) )

(b) If l(z) — 0, then t, € In, for all sufficently large n and

log cn + |logl(tn)| < Clog < inf l(x)) .

z€ly,

Proof of Lemma E.1. (a) As l(z) — co and t, — oo, we have [(t,) > 1 and I(z) > 1 for all sufficiently large n and x. Recall
that ¢, — oo is such that 1 < ¢, <lI(n) and

log(inf,;gnyl I(z))

Tog o — 00. [S.38]

From nl(t,)/tS ~ 1/cn, we have t& < 2nc,l(t,) for all sufficiently large n. As I(z)/z%/? — 0 and ¢, < I(n), we have for
all sufficiently large n,

_ I(tn) I(tn) I(tn)
a—s 1+6/2 145
tn < 2ncn s < 2nl(n) i <2n y <n "%

Thus, t, < nT9/(@=9) for a1l sufficiently large n. On the other hand, as ¢, > 1,

nl(ty) N 1 <1

tq Cn

and so for all sufficiently large n,
1
ot > 5m&il(tn) > ntd/2(tn).

As t)/%1(t,) — oo by Proposition 1.3.6 (v) in (3), we have t27° > n and so t, > n'/(**® for all large n. From
pt/(etd) <y < p(A+0)/(a=0) 34 ty ~ canl(ts), we have

1
-n inf I(z) <ty <2(n)n sup l(x).
2 n1/(a+d) cogn(146)/(a=0) " nl/(@+8) <g<n(1+6)/(a—6)

Thus t,, € I,,;. Then, in view of Eq. (S.38), for all large n,

x€ly |

log cn + |logl(tn)] < 2log ( sup l(x)) .

(b) As i(z) — 0 and ¢, — oo, we have [(¢,) < 1 and I(z) < 1 for all large n and z. Recall that ¢, — oo is such that
1<cy, <I(n)™! and
|log(sup,cy, , 1(z))]
log cn,

— 00. [S.39]

Using the same argument as in the proof of (b)(i), we have ¢, € I, for all sufficiently large n. Thus, by Eq. (S.39), for

all sufficiently large n,
log ¢, + |logl(tn)| < 2 |log ( ir}f l(x)) ' .
xz€ly

Proof of Theorem D.1.

(a) In view of Theorem 3.2 (b) and Lemma E.1(a), we have R?LI,I;H,M = Op(S1n,1).

For the reciprocal bound, let
Ly,— = log( inf l(at)) .
€l
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Since I(z) — oo and t,, € I,,,; for all sufficiently large n, we have L, _ — oo and logl(t,) > Ln,—. Also, by Eq. (S.38),
log ¢n = 0(Ln,—). From Eq. (S.8),
dn
log —"_ — 5(1) + Cy 4 Calog(tn),

1o (h1,h2)
dn,hz

where C2 = (ha — h1)/(h2 — «) # 0. Hence, for all sufficiently large n,

.y ICz\ |Csl
log — ity | = 5 logl(tn) = 5 L -
n,ho

On the other hand, by Lemma B.3, for every € > 0, there exists C' > 0 such that, with probability at least 1 — ¢, for all

sufficiently large n,

|Ca|
— L _.
1 Lo,

M, n
log =L ] hy za(hhhg)log]i[ ihz

n,ho

< Cloge, <

n,hi

Using Eq. (S.7) and the reverse triangle inequality, we obtain, with probability at least 1 — ¢, for all sufficiently large n,

Mn h1 dn,hl Mn,hl dn yha |CQ|
lOg m lOg W — log dn hl (2 (hl, h2) lOg Mn " e TLn,— .
n,ha n,ha ’

Finally, dividing both sides of the above inequality by |log M., p,|, with probability at least 1 — &, we have

log M, 1, |Ca| L,
Rt = |—=—"" g (hi,he)| > —— —— .
| B | log My, ~to(he)| 2 = o
Since s2n, = Ln,—/logn, (RE% 4,) " = Op(sz_;l) in view of Lemma 3.1.

(b) In view of Theorem 3.2 (b) and Lemma E.1(b), we have R?fiblm = Op(s2n.1).

For the reciprocal bound, let
log | sup Il(z) ||.
z€ln

Since I(z) — 0 and t, € I, for all sufficiently large n, we have L, y — oo and |logi(ts)| > Ln,+. Also, by Eq. (S.39),
log ¢n = 0(Ln,+). From Eq. (S.8),

Ly 4 :=

dn,h
log Wllhg) =0(1) + C1 + Calogi(tn),
n,ho

where Cy = (he — h1)/(h2 — a) # 0. Hence, for all sufficiently large n,

dn. |02| 1G],
IOg dlu(hl h2) |1 ( )l > 2 77«+'
n,ho
The rest of the argument is the same as in (a). O

F. Taylor’s Law for Semivariances, Central Lower and Upper Moments of Heavy-tailed Data

In this section, we extend and discuss Taylor’s law for semivariances and central lower and upper moments of dependent data;
see (10) for more discussion. The semivariance measures only the risk of unfavorable deviations from the mean, while the
variance considers equally both upside and downside deviations from the mean. Central lower and upper moments generalize
the semivariance to powers other than 2 of deviations from the mean.
Throughout this section, we use the notation from the main text: Y; := X; — 2p, My, := n"" Z . Yi, and M,ﬁfl =
n~! Zl 1 X, = My 1+ xp. Since M, 1 — oo in probability under the assumptions of the theorems below,

M| B IM| e
P(M;5 > 0) — 1 LS, : 1.
7):1 Mn,l
Consequently,
log |Mi(1| E} 1
log Mn71 '

All logarithms involving |M§1| are understood on the event |M§1\ > 0, whose probability tends to one. Moreover,

MYy —Xi=Mu1—Y; and X, — M4 =Y;— My,:.
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Also, X; < M;X, if and only if ¥; < M, ;. All occurrences of Condition A(p) in this section refer to the shifted truncated

variables Y; := Y;1(Y; < v,,), and all truncation levels below are on the shifted Y-scale.
Denote ay :=max{a,0}. Let N, := Y "  1(X; < M) and N,/ := 3"  1(X; > M,';). For any h > 0, the sample hth
central lower moments and sample hth central local lower moments are defined as

S T N 1k el x Nk
Mn’h.—g;[(Mn,lez)jL] and Mnﬂh._N—n_Zl:[(Mn,lez)q.

Similarly, the sample hth central upper moments and sample hth central local upper moments are defined as

n

1 X h * 1 - X h
My, = - Z[(Xi —Myq)+]" and M.} = NF Z[(Xi - M a)+]"
"oi=1

=1

When h =2, M, ,, M, 5, M: 5, and M;' 5 are also called the sample lower semivariance, sample local lower semivariance, sample

upper semivariance and sample local upper semivariance, respectively.

F.1. Central Lower and Upper Moments. We recall that {c,} is a positive sequence such that ¢, — co and log ¢, = o(logn) and
that Y := Y1(Y < t,). Define dy, 1 := E(Y). For & > 0, define b, := dp.1/c2> and by, := dn 1.
Theorem F.1 (hth Central Lower Moments). Let Xi,...,X,,... be a sequence of random variables with common finite lower

endpoint xr. PutY; := X; — xr, and suppose that the Y;’s have common survival function F(z) = x~*I(x), where [ is slowly
varying and o € (0,1). Suppose that Condition A(p) holds for p = 1.

(i) Suppose that for some a > 0,

> Cov(1(Yi < a), 1(Y; < a)) = o(n®). [S.40]
i#]
Then, for any h > 0,
log M;h P
log ‘M51

More precisely,
log M, 1
7; =h+0,| — .
log |Mn1| logn

(ii) For some ' > 2(1/a — 1) > 0, suppose that

D " Cov(L(Y < bn), 1(Y; < bn)) = o(n®). [S.41]
i#]
Then, for any h > 0,
M., &
7|Mflf1\h — 1.

Remark F.2. In Eq. (S.40),
Cov(1(Y¥; < a), 1(Y; < a)) = P(Y; < 0,Y; < a) — B(Y; < a)P(Y; < a).

Equivalently, this condition can be written with 1(X; < zp + a) and 1(X; < zp + a). This condition is “weaker” than strong
mizing as we only require the condition to hold for one value of a on the shifted scale, equivalently for one threshold xr + a
above the lower endpoint of the support of X. The condition guarantees that %2:21 1(Y; < a) is bounded away from 0 in
probability.
Theorem F.3 (hth Central Upper Moments). Let X1,...,Xn,... be a sequence of random variables with common finite lower
endpoint xp. PutY; := X; — xr, and suppose that the Y;’s have common survival function F(x) = = %(x), where I is slowly
varying and o € (0, 1).
(a) If Condition A(p) holds for p =1 and p=h with o < h < 1, and if Eq. (S.41) also holds for some §' > 2(1/a —1) > 0,
then

M,
= W
(b) Suppose that Condition A(p) holds for p=1 and p = h with h > 1. Then
log M ™
gi’;h 5 1a(h,1).
log |Mn,1|
More precisely,
log M.}, log ¢ [log 1(tn)]
= ——t g (h,1) =0 i o, | —=—~24 .
mohl log | M, ta(h, 1) P\ logn O logn
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F.2. Local Central Lower and Upper Moments.

Theorem F.4 (hth Local Central Lower Moments). Let Xi,...,X,,... be a sequence of random variables with common finite
lower endpoint xp. PutY; := X; — xF, and suppose that the Y;’s have common survival function F(x) = x~%l(x), where [ is
slowly varying and « € (0,1). If Condition A(p) for p=1 and Eq. (S.40) hold, then for any h > 0,

log Mn_;‘b P
log|Mfo1

log M}, 1
—onh _pho, (— ).
log|Mfol\ +0Op (logn

To establish Taylor’s law for the hth local central upper moment, we impose an additional condition for the truncated terms:

More precisely,

. 2
- - 1(bn
D Cov(1(Yi > ba), 1(Y; > ba)) = 0 <n2a (l(t( )C) ) ) . [S.42]
ij e
Theorem F.5 (hth Local Upper Central Moments). Let X1,...,Xn,... be a sequence of random variables with common finite

lower endpoint xr. PutY; := X; — xr, and suppose that the Yi’s have common survival function F(z) = z~*I(z), where
is slowly varying and o € (0,1). Suppose that Condition A(p) holds for p = 1, that Eq. (S.42) holds, and that the §' in the
definition of b, satisfies &' > 2(1/a—1). For h > 1, define 11(h) := (h—a?)/(1 — ). Let

Ly, :=log ¢, + |logl(ts)| + |logl(bn)| + | log (b))

(a) If Condition A(p) also holds for p = h, then
log M7 p
ogpr,] "

More precisely,

log MT% L
Rlucm = n, _ =0 n )
n,h,1 10g|M,§1| 7’+( ) P IOgTL

(b) Furthermore, under the assumptions in part (a), suppose that I(bn)/l(tn) — c1 and l(by)/l(tn) — c2 for some constants
ci1,ce > 0. Then

lucm
Rn,h,l = Op (

log cn + | logl(tn)]
logn '

Remark F.6. For some choices of I, we have l(by)/l(tn) — c1 > 0 and I(bn)/l(tn) — c2 > 0. For ezample, consider I(t) = logt.
Asn — oo,

dprcn ~ CEDY* U (tn)en = Ot/ et/ *U(t,) Y.

Therefore, as n — oo,

I(by) _logh, _ o(1)+logC + (£ —1)logn+ Llogen + Llogl(tn) -1 1w
I(tn)  Llogty L(logn +logl(tn) + logcn) L )
Similarly, as n — oo,
L(bn)
1—a.
ity ¢
G. Proofs for Section F
G.1. Proofs for Section F.1.
Proof of Theorem F.1. (i) We have an upper bound:
M., % Zi:YiSMn I(M"vl - )" % Zi:YiSMn 1 Mf?,l
Lt = — < e <1. [S.43]
Mn,l Mn,l Mn,l
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Fix a > 0. Since, on M, ; > a, each Y; < a is included in the sum and satisfies (1 — Y; /M, 1)" > (1 — a/M,1)", we have

MI, 1 vi \"_ 1
LA - > = i <
e aEID) <1 M) > L3 1<

Y <Mp 1 i=1

h
(1 ST 1) 1(Mon1 > a). [S.44]

s

Since Condition A(p) holds for p = 1, from the lower bound for M, 1/dy 1 in Lemma B.2, we know that M, 1 diverges to
oo in probability. Thus, as a > 0 is fixed,

(1 - ) 1(Mp > a) > 1. [S.45]

n,1

For any € > 0, by Markov’s inequality,
]P <

The last expression goes to 0 by Eq. (S.40). This together with Eq. (S.44) and Eq. (S.45) gives

~Y LYi<a) - Fla)

2

. 5) Var (H Z?:l 1(Y; < a))

F(a)(1 = F(a)) | 2iz; CoV(L(Yi < 0),1(Y) < @)

M,

A 2 (@) + 0 (1)1 +0p(1)) = F(@) +op(1). S.46]

In view of Eq. (S.43) and Eq. (S.46), we have

which implies that
log M, ), — hlog Mpn1 = Op(1).

Since | M;X,| /M1 = 1,
| M|
= op(1).

n,1

log | M5, | — log M1 = log

Therefore,
log M, ,, — hlog |M; 1] = Op(1).

Dividing both sides of the last equation by log |MT):1|, we obtain

log M~ 1
gi’;h =h+0p [ ——e |-
log\Mn’1 log|Mn‘1

The claim in the theorem then follows since log |M,§1|/ logn RN ITTO‘, which follows from log |M;§1 |/ log M, 1 £ 1 and
Lemma 3.1.

(ii) As in (i), we have

n h —
1 bn Mn h
— 1(Y; <b, 1- 1(M, bn) < — < 1. 4
l”E( < )1( M) (M1 > b) < 355 < [5-47]
By Lemma B.2,
Cayl’(;/(l + Op(l)) Mn 1
5N ~ dnn
Thus, by the definition of by,
bn s
M1 = Op(cn6 ) = op(1)
As a result,
b " P
1(M, 1 > b,) - 1 and (1— e ) 51
n,1
By the same argument as in (i),
1 n
— 1(Y; < by) = 0p(1) + F(by 1, S.48
=) L(Yi < ba) = 0p(1) + F(ba) = [S.48]

=1
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as b, — oco. In view of Eq. (5.47)-Eq. (S.48),

M
n,h P
1

n,1

Since |M;X1|/Mn 1 51, we have

- - h
Mn,h _ Mn,h Mn,l E} 1 O
IMZEL I My, \ M| ’
To prove Theorem F.3, we establish a lemma analogous to Lemma B.3.
Lemma G.1. Let X1,...,X,,... be a sequence of random variables with common finite lower endpoint xp. PutY; .= X; —xp,

and suppose that the Yi’s have common survival function F(z) = z~*I(z), where | is slowly varying and o € (0,1). Suppose
that Condition A(p) holds for p=h > 1. Then

M+
log —=" = 0, (log cn) .
dn,h
Proof of Lemma G.1. To establish the claimed result, we shall obtain upper and lower bounds of Mnfh /dn.h-
For an upper bound for M,th/dmh7 we first note that:

n

1 1
+ - 1 - h
My = =3 1Y = Ma)+]" < = [Yi = M|
i=1 i=1
L1 _
Syll<n§:Y?+Aﬁﬂ>::f (Mo + My ). S.49]
i=1
By Lemma B.1,
]g’“‘ = 0,(1). [S.50]
n,h
Thus, by Eq. (S.49), Eq. (S.50), and Lemma B.4, we have
M+h M, Mh 1
ek g ghlf ek  C ol ) gkt 1 — ) =01 51
dn,h — (dn,h + dn,h OP( )+OP (ncn)h* Op( )7 [85 }

where the last equality follows as h > 1 and ¢, — oo.
We now establish a lower bound for Mzh/dn,h. As |a — bl = (a —b)+ + (b — a)+ for any a,b € R, we have

n

n
1 1
My == Yi= Maa|" = =% (Mo = Yol [S.52]
i=1

i=1

Using the inequality (a + b)? < 2P~ *(aP 4 bP) for a,b > 0 and p > 1, we have

1w hiln h et [ 1o h h
nZn—nZn—MWMM1<2(;Zm—mq+m0.
=1

i=1 =1

Thus,

1 i h 1 = h h Mn,h h
S Wi Mo”2 i S OV My = - M
i=1 i=1

As (Mn1 —Yi)4+ < My1, we have

1
~D (M =Yl <My, [S.53]
=1
In view of Eq. (S.52)-Eq. (S.53),
M,
+ n,h h
M,y > Phot 2My 4.
Then, by Lemma B.2 and Lemma B.4,
M epas (14 0p(1)) 1
> S P —0p | —— S.54
dn,h = 2h_1cél/ P ((ncn)hl) ) [ }
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for some constant 8’ > 2(h/a— 1) > 0 and ¢j,q,5 > 0. Since log ¢, = o(logn),

5!
n

—— — 0.
(ncpy)h—1
Thus the second term on the right-hand side of Eq. (S.54) is op(c;‘sl).

Finally, in view of Eq. (S.51) and Eq. (S.54), as h > 1, for any € € (0,1), with probability greater than 1 — ¢, for all
sufficiently large n, there exists some C' > 0 such that

+
1 Ch,a,8' Mn h
L LN e
2 2n-1e) T dan T ¢
Therefore, for all sufficiently large n,
M+
log TM < |10g C| + |10g(ch.a.5'/2)| + hlog2 + & log c,. O
n,h

Proof of Theorem F.3. (a) We first show that

LS Vi Maa|®

n ME, —1=o0,(1).

Following the proof of Theorem B.1 of (10), we have
LS Ml [ Mo
My, T My,

By Lemmas B.1 and B.2, and Eq. (S.10),

h
Mpy  Mpn don { dos . .
3 . } . L . —_ — 1 . h _ 1 7
M day  dP (Mn’l) O0p(1)O((nc)" 10, () = 0,(1)

as h < 1 and log ¢, = o(logn). Since M, 1/| M| 51, we have

% ?:1 Yi — M”’l‘h
IAG =14 0p(1).
n,1

By Theorem F.1 (ii),

M:h %Z?:l |Yi *Mn,1|h M;,h

= - =(14+o0p(1)) = (14+0p(1)) =0p(1).
|M7i(,1‘h |M7)1(,1|h ‘M7§1|h ( P( )) ( P( )) P( )

(b) With Lemma G.1, the proof of the result is similar to that of Theorem 3.2. Since log |M; ;| — log M1 = 0,(1) and
log | M;X,|/logn 5 (1 — @)/a, replacing log M, 1 by log |M,\,| does not affect the stated rate. O

G.2. Proofs for Section F.2. Let M}, := 1 ?:1 Y;", where Y;"’s have the same joint distribution as Y;’s and are independent

of Y;’s when used jointly. Recall that dn,1 = E(Y11(Y1 < tn)), bn = dn,l/ci‘sl7 and by, = dpn 16, for 8 > 0. To prove Theorems
F.4 and F.5, we establish Lemmas G.2-G 4.

Lemma G.2. Let Xi,..., Xy, ... be a sequence of random variables with common finite lower endpoint xp. PutY; := X; —xF,
and suppose that the Y;’s have common survival function F(z) = x~%l(x), where l is slowly varying and o € (0,1).

(i) If Condition A(p) holds for p =1, then

S (Y > M) (l(bn)ci‘;/a+a_l>
=0, | —F—— .

n< l(tn)
where §' > 2(1/a —1).

(i) If Condition A(p) holds for p =1 and Eq. (S.42) holds, then

<Zj1 1(Y; > M;,1)>1 _o, (z(t@cn) .

na
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Proof of Lemma G.2. (i) Let C > 0 and

o(n) = PR > Do)
We have
n - * bn n .
P <Z’1 ]l(z;> M) > Cg(n)> = / P <le ]71186 >t > Cg(n)) dFyy (t)
+ / TP (W > C’g(n)) dFy: | (8), 15.55]

where F» () is the cumulative distribution function of My ;. For the first term on the right side of Eq. (S.55), since
any probability is bounded by 1, we have

bn oY >t
/ P (ZJ() > Cg(n)> dFy (8) <P (Mg <bn) =1-P (M > by),
) :

n()t

as My 1 24 M,,,1. By the definition of b, and Lemma B.2, for some constant C’ independent of n,

M1 26" M1
=c¢, ——

> C'e) (1 + 0p(1)).

bn n,1

As ¢, — 00, we have
P(Mp1 > bn) — 1.

Since for any t > by,

n« n

P >t P LY > by
P (Ell ( ) > Cg(n)) <P (211 (a ) > Cg(n)> .
For the second term on the right side of Eq. (S.55), we have

/OO P (W > Cg(n)> dFM;;J(t) <P (W > Cg(n)) .

ne ne

By Markov’s inequality and the definition of g(n),

p&==t - - < —— = .
< ne > Cgln) ) < Cn%g(n) C S-56]
In view of Eq. (S.55)-Eq. (S.56), we have shown that
ZZ 1(Y; > M;,l)
S —— = Op(g(n)).
n
Finally, by Lemma 2.1, for some constant C’,
11—« 28"« 11—« 28"« 11—« 28" o 28" ata—1
g(n) — n l(bn)cn ~ C/n 1_l(bn)cn — Cl n l(b;b_)cn — Cll(bn)cn
dy s (tn=“U(tn))" (nl(tn)en)' = U(tn)* U(tn)
Thus, the result in part (i) of the lemma follows.
(if) Let C' > 0 and
_ (b
gQ(n) - l(tn)cn

We have

P (Zjl 1(Y; > M;,l))_l S C
ne g92(n)

ne C
- Z:'L:l 1(Yi > t) g2(n)
+/5n IP’( o < c )dFM;;‘l(t). [S.57]
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For the second term on the right hand side of Eq. (S.57),

[OO]P <Z;L1 ]l(Yz > t) < 92(n)) dFMfl,l(t) <1- FM:Ll(B”L)

ne C
We have
- - M,
1— Fae (bn) = P(M;: >bn)_IP’( LI 1) -0,
n,1 ’ dn,lcn
where the last convergence follows as ZI:’; = Op(1) by Lemma B.1 so that d]f%cln = 0p(1). For the first term on the right

hand side of Eq. (S.57), when 0 <t < b,

P (Zz;l >0 g2én)) . (z:; 1> b gzém)

and so

/bn . (Z?:l 19/1 > t) < ggéﬂ)) dFM;‘Lyl(t) <P (Z?:l ]-TEQYZ > En) < g2én)> )

as Fix 1(l;n) < 1. Write

S LY > ba) S (1(Y: > ba) = F(b)) L nF ()

ne ne ne

For some constant C’ > 0 independent of n, by Lemma 2.1,

nE(bn) _ n'tUbn) oo ) o M)

ne dgy cR ti}’”‘”l(tn)%g l(tn)cn

For any € > 0, by Markov’s inequality,

([P0 E T )
n
o nEG) (1= F (b)) | >y Cov(L(Yi > ba), 1(Y; > b)) 58]
n2ee2g3(n) n**e?g3(n) ' '
The first term on the right side of Eq. (S.58) obeys
nF(bn)(1 — F(by)) N 1 N
wogn) | neelga(n)
The second term on the right side of Eq. (S.58) goes to 0 by Eq. (S.42). Thus we have shown that
S LY > ba)
ST = (O 0p(1)ga ().
Finally, y
Zj:l 1(Y; > bn) g2(n) / 1
IP’< o <=5 7]P><C +op(1)<5).
The last probability can be made arbitrarily small by picking C' large enough. O
Lemma G.3. Let X1,...,X,,... be a sequence of random variables with common finite lower endpoint tr. PutY; := X, —xp,

and suppose that the Y;’s have common survival function F(z) = x~*I(x), where | is slowly varying and o € (0,1).

+ 28’ at+a—1
NE g ((Hbn)eh |
ne l(tn)

(i) If Condition A(p) holds for p =1, then

where §' > 2(1/a —1).

(i3) If Condition A(p) holds for p =1 and Eq. (S.42) holds, then

<N;>1:O (zmm)
ne PG, )
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Proof of Lemma G.3. (i) With Lemma G.2 (i), the proof follows using the argument in the proof of Lemma A.3 in (10),
with Y; replacing X;, and is therefore omitted.

(ii) Consider k > 1 independent samples, each of size n, having the same joint distribution as Y1,...,Yy:
{Y1(1)7 ey Y’rgl)}7 ] {Yl(k)7 ey Y'rgk)}
Denote M,(LJi ==y Y9, Since N;f = "L L(Yi > My 1), we have
N:>Z{]l <Y> max Mm) ]l(max M(33<Y<Mn1)]. [S.59]

- 1<5<k 1<5<

We claim that . .
d1 (n > max M}f{) = min ) 1 (Yi > iji) : [S.60]
— 1<j<k ™ 1<5<k 4 :
1= 1=

Indeed, for any j =1,...,k,

(49) § : : (4)
1 (Y > 1Ig]anx M, ) 1 (K > Mn’l) .
1

i= i=1
Thus
1(Yi> max MY ) < min S 1 (m > M‘j}) . [5.61]
1<j<k ™ 1<5<k ™
i=1 i=1
On the other hand, since maxi<;<k M 1 is equal to one of M,(ﬁ, we have
n n
min > 1 (n > Mfﬁ) <M1 (Y > max M(”) : [S.62]
T =1 i=1

In view of Eq. (S.61) and Eq. (S.62), we have Eq. (S.60). From Eq. (S.59) and Eq. (S.60), we obtain

n n
N;7 > min 1(}@>M,§{{)—Zﬂ<max M(Ji<y<Mn1)

1<j<k 1<j;<k
i=1 =1
> min y 1 (K- > ij}) —nl (max M) < M, ) : [S.63]
1<j<k ? 1<5<
=1

where the second inequality follows as

1 (max MY <Y, <Mn1> <1 <max M) <Mn,1).
1< 1<j<k
Denote

. _L(bn)
gQ(n) T l(tn)cn

Let € > 0. Choose k large enough so that (k4 1)"' < /2. For any C > 0, by Eq. (S.63),

NN L e (N e
P((nﬂ) >gz<n>>‘P<na< )

1 | ) g2(n) o)
< il § g J = 7) . .
<P <na min, 2 1 (Y > Mn,l) <=a +P max, M, < My, [S.64]
Since Mflli, e MT(Lkl) , My 1 are independent and have a common distribution, by symmetry,
P ( max M) < My ) < EEE [S.65]
1<5< —k+1 2

For any random variables Z1, ..., Z;, P(minj=1,.. 1 Z; < ¢) <P(U;{Z; < c}) < Zk P(Z; < ¢). Thus

,,,,,

P (1 min 1(Y; > ]\/[7(17%) < g2én)> < kP ( Z]l (Y; > M(l) g2(n)

n* 1<;<k
" -1
_ 1 : 1) ¢
_w<<naZL(Y;>MM)> >92(n)).

i=1
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E

By Lemma G.2 (ii), there exists a C' > 0 such that for all large n, the last probability is smaller than = . This together
with Eq. (S.64) and Eq. (S.65) shows that there exists C' > 0 such that for all large n,

N\ ¢
]I”((na) >g2(n)><a. O

Lemma G.4. Let X1,...,X,,... be a sequence of mndOEL variables with common finite lower endpoint xp. PutY; == X; —xF,
and suppose that the Y;’s have common survival function F(x) = x~ *l(x), where | is slowly varying and o € (0,1). If Condition
A(p) holds for p =1, then

N-
Dn Boq
n

Proof of Lemma G.4. By Lemma G.3 (i), we have

N,J{ B l(bn)cié/a-»—a—l
N, (bt

/
l(bn)cgf at+a—1

+
Thus, NT” = 0p(1) as — 0 by Potter’s bound and log ¢, = o(logn). The proof is then completed by noting that

U(tp)ni—=
N _ N.
11— =21 <, O
n n

Proof of Theorem F.4. By Lemma G.4, =2 % 1 and so log(Nrj ) 5 0. Since Eq. (S.40) holds, by the proof of Theorem F'.1,

Mn h
log i Op(1).

n,l

Thus

— % —

g T = 0,(1) + 0,(1) = Oy (1).

= log Mh

Hence
log M.}, — hlog My,1 = Op(1).

Since log |M;X,| — log My,1 = 0,(1), we have

log My, ;, — hlog [ My | = Op(1).

log M, 7 1
7—}1 Op| — ),
log [ MY, ] O <logn)

because log | MY, |/ logn 5 (1-a)/a. O

Dividing both sides by log |M§1\ gives

Proof of Theorem F.5. (a) Write

+* M+
1 mh log ~Zrh (h)1 dn1 | S.66
o8 M’+<h) & . -+ log i (b log Mn s NT Nn 5.66)

n,1

By Lemmas G.1 and B.3,
+

lo M, +z+(h) log —L =0 (log cn)
g d g ﬂ[n, p gCn ).
By Lemma 2.1, for some constant C’ > 0,

du tn“U(tn)
dz:fh) t?(h)(l_a)l(tn)”(h)

— Cltzz_al(tn)l_z+(h)

and thus

dn,h
d1+(h)

n,1

log =0(1) + (e — 1 logty + (1 — 14 (h)) log l(tn)
= (a—1)logn + O(|logl(tn)|) + O(log cn).
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By Lemma G.3,
n -
log = = Op(logen) + Op(|log (tn)]) + Op(|log L(bn)]) + Op(|log L(br)]).

n

Therefore

log o, + log % = log —— + O(|log !(t)]) + O(log c»)

diP U ND N
= Op(log en) + Op(|10g U(tn)]) + Op(| log 1(bn)]) + Op(| log (b))
Combining the preceding displays gives
log M,\ — 14 (h) log M1 = Op(Ln).
Since log |M;Y,| — log My,,1 = 0,(1), it follows that

log M1, — v (h) log [M;X1] = Oy (L)

log M5 L L

b ooyv=o. [ Yo [ )

log [ MY, | v+ (h) P log | MY, | P\ logn
(b) Since I(bn)/l(ts) — ¢1 and I(by)/I(tn) — c2 for some constants c1,c2 > 0, we have

[log 1(bn)| + |log U(bn)| = O(|1og I(tx)]) + O(1).

Therefore

Hence
L,, = O(log e + |logl(tn)]).

The result follows from part (a). O

H. Threshold Diagnostics for Peaks-over-threshold GPD Fits

This section provides threshold diagnostics for the peaks-over-threshold generalized Pareto distribution (GPD) fits used in the
empirical network data analysis. For a high threshold u, the GPD approximation models the conditional excess distribution of
X —u given X > u. The choice of u involves the usual bias—variance tradeoff: a lower threshold retains more exceedances
but may introduce bias because the GPD approximation may not yet be adequate, whereas a higher threshold improves the
asymptotic justification but increases estimation variability.

H.1. Threshold diagnostics for the empirical network datasets. Thresholds were selected diagnostically using graphical criteria
(11). We considered threshold-stability plots for the fitted GPD shape and modified scale parameters, together with visual
agreement between the fitted GPD survival curve and the empirical upper-tail survival curve. For the Wiki Talk and Epinions
datasets, these diagnostics gave broadly consistent choices: the selected thresholds were near the lower end of regions where the
fitted quantities were comparatively stable, and the fitted GPD survival curves agreed reasonably well with the empirical upper
tails. For the DBpedia dataset, the threshold-stability diagnostics were less decisive because the sample is smaller and high
thresholds leave relatively few exceedances. We therefore selected the DBpedia threshold by placing more weight on the fitted
upper-tail survival curve. The selected thresholds should be interpreted as diagnostic choices rather than universally optimal
thresholds. Since the observations are node-derived quantities from finite networks, the GPD fits and the associated confidence
intervals should be interpreted as descriptive summaries of the empirical upper tail rather than as formal i.i.d. inference.

H.2. Simulation with clustered extremes. As discussed in the main text, the GPD estimates should not be expected to agree
exactly with the Hill, least-squares Pareto, or Taylor-law estimates, because these estimates summarize different aspects of the
data. We now give a simple simulation showing that such disagreement can occur even when the marginal distribution of the
observations has tail index a < 1, provided that extreme observations appear in clusters.

Let m be the number of latent clusters and let L be the cluster size, so that n = mL. For j =1,...,m, let

P(Z; >z) =27, z>1,

where 0 < a < 1, and let Z1,...,Z, be independent. For r = 1,..., L, let B;, be independent copies of a bounded positive
random variable, independent of Zi,..., Z,,. In the simulation below, we take

Bj » ~ Uniform(1 — §,1 4+ ¢),
with a small value of §. We then define

X, = Z;Bjr, j=1....m, r=1,... L.
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Thus observations in the same cluster share the same heavy-tailed factor Z; and differ only by a small multiplicative perturbation.
The marginal distribution of X, is still regularly varying with tail index . Indeed, for x > 1+ 6,

P(Xjr >a) =E[P(Z; > «/Bjr | Bjr)] =~ “E(Bj..).

Hence the true marginal tail index is «, and the marginal mean is infinite when o < 1. However, because large observations
occur in clusters, a high-threshold exceedance set may contain many observations but only a small number of distinct latent
cluster levels. The effective number of extreme tail observations available to a high-threshold GPD fit may therefore be much
smaller than the raw number of exceedances.

We used n = 120,000, L = 200, o = 0.6, and § = 0.01. We then applied the same graphical diagnostics and estimation
methods as in the real-data examples in the main text. Figure S5 shows that the estimates in the alternative Hill plot stabilize
around 6 ~ 0.7, with corresponding Hill estimate 0.609. The tail-index estimate implied by Taylor’s law is close to this value,
and the least-squares Pareto fit gives 0.601. By contrast, Figure S6 suggests a GPD threshold near v = 350. At and above this
threshold, the fitted GPD shape parameter is positive and below 1, corresponding to a Pareto-equivalent tail-index estimate
agpp = 1/€ greater than 1. The empirical and fitted upper-tail survival plots in Figure S7 also show that the fitted GPD
describes the selected upper tail better than the broader Pareto fit, although it does not capture the most extreme observations
perfectly.

This simulation illustrates that, for clustered heavy-tailed data, different finite-sample tail diagnostics need not give closely
agreeing tail-index estimates. In particular, a high-threshold GPD fit may suggest agpp > 1 even when the true marginal tail
index is a < 1, because the extreme exceedances may correspond to only a small number of effective latent tail observations.
This behavior is not specific to the particular simulated sample shown here: repeating the simulation with different random
seeds produced qualitatively similar discrepancies in additional runs. Because the threshold choice in peaks-over-threshold
analysis is partly graphical and diagnostic, we do not attach a numerical frequency to this occurrence. The purpose of the
simulation is to show that such disagreement can arise naturally from clustered extremes, rather than to estimate the probability
of the phenomenon under this model. Heterogeneity, finite observation windows, and other forms of dependence may further
complicate such finite-sample diagnostics in real data.
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Threshold-stability plots for Wiki Talk Dataset
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Fig. S1. Threshold-stability diagnostics for the peaks-over-threshold GPD fit to the Wiki Talk dataset. The upper panel shows the fitted modified scale parameter, and the lower
panel shows the fitted shape parameter, plotted against the threshold. The selected threshold « = 600 lies near the lower end of a region where both fitted quantities are
comparatively stable as the threshold increases.
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Threshold-stability plots for Epinions Dataset
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Fig. S2. Threshold-stability diagnostics for the peaks-over-threshold GPD fit to the Epinions dataset. The upper panel shows the fitted modified scale parameter, and the lower
panel shows the fitted shape parameter, plotted against the threshold. The selected threshold « = 3500 lies near the lower end of a region where both fitted quantities are
comparatively stable as the threshold increases.
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Threshold-stability plots for DBpedia Dataset
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Fig. S3. Threshold-stability diagnostics for the peaks-over-threshold GPD fit to the DBpedia dataset. The upper panel shows the fitted modified scale parameter, and the lower
panel shows the fitted shape parameter, plotted against the threshold. The fitted shape parameter becomes comparatively stable for thresholds above roughly 100, whereas
the modified scale parameter is less stable. For this smaller dataset, the threshold-stability diagnostics were therefore used together with the fitted upper-tail survival plots in
Figure S4.

34 of 64 Pok Him Cheng, Joel E. Cohen, Hok Kan Ling, and Sheung Chi Phillip Yam



A

log(1-Fy)

N

log(1-Fy)

-4

-2

-4

-8

Empirical and Fitted Tail Survival Plot for DBpedia Dataset
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Empirical and Fitted Tail Survival Plot for DBpedia Dataset
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(b) Threshold u© = 95.

Empirical and Fitted Tail Survival Plot for DBpedia Dataset
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(d) Threshold «w = 105.

Fig. S4. Comparison of empirical and fitted upper-tail survival curves for the DBpedia dataset under several candidate GPD thresholds. The fitted GPD curve is sensitive to the
threshold choice. In this dataset, the lower candidate thresholds shown here give better visual agreement with the empirical upper-tail survival curve while retaining more
exceedances for estimation.
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Alternative Hill plot
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Fig. S5. Alternative Hill plot for the simulated clustered heavy-tailed data. For small values of 6, the Hill estimates are much larger and fall outside the displayed vertical-axis
range; the plot therefore focuses on the range where the estimates are more stable. The smoothed Hill estimate appears to stabilize around 6 = 0.7.
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Threshold-stability plots
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Fig. S6. Threshold-stability diagnostics for the peaks-over-threshold GPD fit to the simulated clustered heavy-tailed data. The upper panel shows the fitted modified scale
parameter, and the lower panel shows the fitted shape parameter, plotted against the threshold. The selected threshold « = 350 lies near the lower end of a region where both
fitted quantities are comparatively stable as the threshold increases.
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Fig. S7. Empirical and fitted log-survival functions for the simulated clustered heavy-tailed data. The plot compares the empirical upper-tail survival curve with the fitted Pareto
survival curve and the generalized Pareto survival curve fitted above the selected threshold v = 350 (log u = 5.86).
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I. Simulation Studies

The following simulations illustrate the results discussed in the main text. We use the R packages EnvStats, stabledist to
simulate heavy-tailed distributions and ggplot2 to visualize the results.

In each of the following figures, we simulate samples of size n = 10” for p = 1,...,7. In panels (a)—(d) of each figure, we plot the
locations of (a) (log(My,1),log(V»)) for variance, (b) (log(Mn,1),log(M,!,)) for upper semivariance, (c) (log(Mn,1),log(M; 5))
for third central moment, and (d) (log(Mn,l)Jog(M,t;)) for local upper semivariance. In each plot, three occurrences of
1, 2, ..., 7 represent the location of the ratios with sample size 10, 102, ..., 107 in three different samples, respectively.

The dashed straight line in each plot has a slope equal to the theoretical limit and an intercept estimated from the samples

when the slope is fixed to be the theoretical limit. From the logarithmic form of Taylor’s law in Eq. (2), it is evident that the
log(Vn)) B 2-a

slopes represent the asymptotic ratio of the moments being plotted. For example, in each panel (a), where gl y) — 1—a’
the slope is set to be b = f:—g Theoretically, the points in each graph should lie close to the dashed straight line.

I.1. Taylor’s Law for i.i.d. Data. Simulations of i.i.d. heavy-tailed random variables, generated by three different distributions
with three different choices of a each, illustrate the asymptotic results of Theorem 3.10 with hy = 2 and ho = 1, Theorem F.3,
Theorem 3.10 with hy = 3 and he = 1, and Theorem F.5, in the following nine figures.

We observe that the points lie closer to the dashed line when o = 0.2 than when o = 0.5 and 0.7. Moreover, the points with
“7” are also generally closer to the line than the other points, as they are based on the largest sample size.

1. Suppose that Xi,..., X, are i.i.d. Pareto random variables with location parameter x,, = 0.5 and scale parameter «,
denoted by Pareto(0.5, ), with survival function P(X; > z) =z % fori=1,...,n,0< a <1, and © > x,». Figures S8,
S9, and S10 show the results when a = 0.2,0.5, and 0.8, respectively. We employ the function rpareto in the R package
EnvStats to simulate Pareto random variables.

2. As a special case of the survival function F(x) = x~*I(z), where [ is slowly varying and a > 0, we define the cumulative
distribution function

Fio(z)=1—2 %log(x)ea, x> expla ). [S.67]

Let Zm,qo := exp(a™!). We used the acceptance-rejection method (12) to simulate random variables with the distribution
function Fi .. Specifically, a Pareto distribution with the same location parameter z,, . and a shape parameter of
a —0.05 (i.e., Pareto(m,a, @ — 0.05)) was used as the proposal distribution. This ensures that the two distributions have
the same support, while the proposal distribution has a heavier tail than Fi .

Figures S11, S12, and S13 show the results when a = 0.2,0.5, and 0.8, respectively.
3. Consider the stable distribution F'(c,a) on the nonnegative half line with Laplace transform
L(s) =E(e X)) = e 5>0, ¢>0, 0<a<l.

According to the tail approximation of the stable distribution (13), the survival function of X ~ F(c,a) satisfies
P(X > x) ~ Cz~° for some constant C' > 0. Thus, it has a tail index of a. Figures S14, S15, and S16 present the results
of simulations for a = 0.2, 0.5, and 0.8. We used the rstable function from the R package stabledist to generate
random variables following the stable distribution.

1.2. Taylor’s Law for an AR(1) Model. We simulated two cases of the first-order autoregressive model discussed in Section 3.3,
Theorem 3.9:

X =61 Xe-1 + €

fort = 1,...,n, 81 € (0,1). In the first case, ¢ ~ Pareto(l,a). In the second case, ¢ ~ F(1,a) with o = 0.5. Both
distributions satisfy the conditions given in Theorem 3.9. Indeed, the Pareto distribution has a decreasing density and any
stable distribution is unimodal (13), and both densities are also bounded.

Figures S17 and S18 show the results of simulations of AR(1) models when the noise follows Pareto and stable distributions,
respectively, with a = 0.5, and 5, = 0.8.

The sample size was n = 10° for p =1,2,...,7.

When there is autoregressive dependence in the simulated time series, the points in the figures lie further from the straight
dashed line than when the random variables are i.i.d., suggesting that, even though our results hold for weak dependence
asymptotically, the asymptotic results may not be very accurate for finite samples.
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Fig. S8. Scatterplots of (a) (log(Mn,1),log(Vy)), (b) (log(Mny,1), IOg(M:g))' (c) (log(Mr,1),log(My; 3)), and (d) (log(Mn,1), log(M:;)), corresponding to

Theorem 3.10 with h; = 2 and hy = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; RS Pareto(0.5, 0.2) with sample
size 10P forp = 1,2,...,7.

1.3. Taylor’s Law with Heterogeneous Data. Here we simulate the setting described in Section 4.1. Given a value of p* € (0,1),
we first generate u, from a binomial distribution with n trials and a probability of success p* on each trial. Next, we generate
u, random variables X; y for ¢ = 1,...,un, each with a survival function Fu () = 271 (x), where [y is slowly varying
and a1 € (0,1). Similarly, we generate n — u, random variables X; v for ¢ = 1,...,n — u,, each with a survival function
Fy(x) = 27 “2l(x), where Iz is slowly varying and as > a1. Consequently,

lim ]P’(XLV > x) _
—00 P(XLU > :L‘) o

For each simulation setting, we specify the value of p*, the distributions, and the corresponding values of o1 and as in the
captions of Figures S19-522. The straight dashed line in each panel represents the corresponding limit of the smaller value
among a; and «g, in agreement with Theorem 4.2. In general, the points lie close to the line. Figures S19 and S20 show
the simulation results from heterogeneous heavy-tailed data generated by Pareto and stable distributions, respectively, with
a1 = 0.5 and a2 = 0.8. Figures S21 and S22 show the simulation results from heterogeneous heavy-tailed data generated from
a stable distribution and the distribution function F} o defined in Eq. (S.67), with a1 = 0.2 and az = 0.7. The asymptotic
results depend only on a1, the smaller «, in the heterogeneous case. Hence there is only one straight dashed line in each panel
of these figures. In all these figures, the points lie close to or on the line in almost all settings, suggesting that the asymptotic
theory usefully approximates the behavior of our finite samples.
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Fig. S9. Scatterplots of (a) (log(M,1),log(Vy)), (b) (log(Mn,1), log(]%;r’Q)), (c) (log(Mp,1), log(Mﬁj)), and (d) (log(My,1), log(M;r’;)), corresponding to

i.d.

Theorem 3.10 with h; = 2 and hy = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X, S Pareto(0.5, 0.5) with sample
size 10P forp = 1,2,...,7.

1.4. Taylor’s Law with Correlated Heavy-tailed Data. Simulations of correlated heavy-tailed data specified in Examples B.6 and
B.7 yielded Figures S23 to S24. The asymptotic ratio of moments describes the finite-sample simulations well.

1.5. Taylor’s Law for Heavy-tailed Network Data. Here we illustrate Taylor’s law using network data. We generate random graphs
based on the Erdés—Rényi—Gilbert model (14). In this model, each edge has a fixed probability of being present or absent,
independently of the other edges. These random graphs are generated with the erdos.renyi.game function from the R package
igraph. The edges for each node are generated through independent Bernoulli trials with a success probability p, that is, each
pair of nodes has a probability p of being joined by an edge. We illustrate these random graphs with two examples in Figure
S25, each containing 20 nodes with p = 0.2.

Define 27, to be the set of nodes in the graph that are at distance 1 from node j, i.e., 2} = {k: d(j,k) = 1,1 < k < n},
where the distance between two nodes is defined as the length of the shortest path connecting them. We associate each node
with a random variable defined via:

[S.68]

where Z; are the i.i.d. heavy-tailed random variables. We consider n = 100, 500, 1000, 5000, 10000 with p = % for n = 100

and 500, and p = %% for n = 1000, 5000, and 10000. We also limit the maximum number of edges to 20 when n = 100 or 500
and to 200 when n = 1000, 5000, or 10000. These bounds are larger than twice the expected number of edges. The actual
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Fig. S$10. Scatterplots of (a) (log(Mn,1),10g(Vy)), (b) (log(Mn,1), log(M:z)), (c) (log(Mn,1), log(My, 3)), and (d) (log(Mn,1), log(M:;)), corresponding to

Theorem 3.10 with h; = 2 and hy = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; RS Pareto(0.5, 0.8) with sample
size 10P forp = 1,2,...,7.

number of edges is unlikely to exceed these bounds for large n. If the number of simulated edges exceeds these bounds, we

regenerate another random graph until the constraint is satisfied.
EkeE?L Zk Zkesﬂ Zk
Under this setting, if d(X;, X;) > 3, then Cov(X;, X;) = 0, since X; = Z; + ?1‘1 and X; = Z; + ?]‘1 have no
i1 =1
overlapping Zj, for k € N. On the other hand, we restrict |=7';| < K for a positive constant K across different cases. Thus, this
setting satisfies the two conditions in Example 4.3, and hence the covariance condition Eq. (23) holds.

If each edge (j, k) were associated with a positive weight, w(j, k) > 0, then a natural generalization would be to define

ZkeE’."l w(g, k) Z
X, =27Z;+ L -
! ! Zkean w(g, k)
4,1
Figures S26—S31 illustrate Taylor’s laws when the heavy-tailed data are connected by a network graph, and Z;’s are generated

from Pareto or stable distributions, with a = 0.2,0.5, and 0.8. In general, under these network settings, the theoretical
asymptotic results of Taylor’s laws fit the finite-sample heavy-tailed network data quite well.
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Theorem 3.10 with h; = 2 and ha = 1, Theorem F.3, Theorem 3.10 with h; = 3 and h = 1, and Theorem F.5, respectively, when F} .2 in Eq. (S.67) is the distribution

function of i.i.d. X; with sample size 10? forp = 1,2,...,7.
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function of i.i.d. X; with sample size 10” forp = 1,2,...,7.
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i

Theorem 3.10 with h; = 2 and ho = 1, Theorem F.3, Theorem 3.10 with oy = 3 and hy = 1, and Theorem F.5, respectively, when X; RS F(1,0.5) with sample size
10P forp=1,2,...,7.
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), (€) (log(Mn,1), log(My; 3)), and (d) (log(Mn,1), log(M,,**Q)), corresponding to

v,

Theorem 3.10 with hy = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; follows an AR(1) model with

i.i.d.
B1 =0.8,ande; ~ Pareto(1,0.5) with sample size 10” forp = 1,2,...,7.
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Fig. S18. Scatterplots of (a) (log(Mn,1),10g(Vy)), (b) (log(My,1), log(M,,erz)), (c) (log(Mn,1),log(My, 3)), and (d) (log(Mn,1), log(MI;)), corresponding to

v

Theorem 3.10 with hy = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; follows an AR(1) model with
81 = 0.8 ande; U F(1,0.5) with sample size 107 forp = 1,2, ..., 7.

50 of 64 Pok Him Cheng, Joel E. Cohen, Hok Kan Ling, and Sheung Chi Phillip Yam



log(variance)

log(third central moment)

60~

75-

a;=05,0,=0.8

,/ 6
%6
.
4
8
5
7
7
.
v
7
7
7
’
.
.
re (Slope b = 3)
I/J'
L
A
R4 . . .
0 10 20
log(mean)
(a) Taylor's law
a;=05,0,=0.8
’
/
/
.
/
/
6
6
/
7
h
[
.
5’55
.
/
¥
7
7
’
7
.
’
.
/
70
, (Slope b = 5)
/
a
/
0 10 20
log(mean)

(c) Taylor’s law for third central moment

a;=0.5,0,=0.8

60- £
.
.
.
/
.+ 6
76
.
2 4
] 7
g% g
g /
E /§
0 5
s 7
g ’
7
) 7
5 20- ¥
o 7
.
,
/
7% (Slope b = 3)
sL
/
i
0= %
0 10 20
log(mean)

(b) Taylor’s law for upper semivariance

a;=0.5,0,=0.8

’
604 /6
- T
> .
3 /
5 ks
1~ .
g s
£
40-
3 B
s 7
g 7
53 ’
2 a2
8 v
7
o
5 20- s
o &
.
P
K 1 (Slope b = 3.5)
.
A
0-/
.
0 10 2'0
log(mean)

(d) Taylor’s law for local upper semivariance

Fig. S19. Scatterplots of (a) (log(Mn,1),log(Vn)), (b) (log(My 1), log(M;! ;). (¢) (log(My 1), log(M¢ 3)), and (d) (log(Mn,1),log(M;3)), corresponding to

Theorem 3.10 with by = 2 and he = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; ¢/ i'i/vd'F‘areto(O.E), 0.5), X;,v '~

Pareto(0.8,0.8), and p* = 0.6, with sample size 10? forp = 1,2,...,7.
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to Theorem 3.10 with h; = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; s S F(1,0.5),

Xiv Bk F(1,0.8),and p* = 0.3, with sample size 10” forp = 1,2,...,7.
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Fig. S21. Scatterplots of (a) (log(Mp,1),log(Vy)), (b) (log(Mn,1), log(M;,L,)), (c) (log(Mpn,1),log(M,; 3)), and (d) (log(Mn,1), log(M;"*Q)), corresponding

ii.d

to Theorem 3.10 with h; = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X, y '~ F(1,0.2),

Xiv Lk F(1,0.7),and p* = 0.3, with sample size 10” forp = 1,2,...,7.
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Fig. S22. Scatterplots of (a) (log(Mn,1),10g(Vy)), (b) (log(Mn,1), log(M:z)), (c) (log(Mn,1), log(My, 5)), and (d) (log(Mn,1), log(M+’; ), corresponding to

n,
Theorem 3.10 with by = 2 and h2 = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when X; s b Fi0.2, Xi,v bR Fi0.7,
and p* = 0.3, with sample size 10P forp = 1,2,...,7.
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Fig. S23. Scatterplots of (a) (log(Mn,1),1log(Vx)), (b) (log(Mn,1), log(JVI,,tz)), (c) (log(Mn,1), log(MfL');;)), and (d) (log(Mn,1), log(MJr* ), corresponding to

n,2

Theorem 3.10 with hy = 2 and hy = 1, Theorem F.3, Theorem 3.10 with h; = 3 and hy = 1, and Theorem F.5, respectively. The simulation follows Example B.6 with

a = 0.5and p = 0.1 and sample size 10” forp = 1,2,...,7.
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Fig. S24. Scatterplots of (a) (log(M,1),log(Vy)), (b) (log(My 1), log(M:[_z)), (c) (log(Mn,,1),log(My 3)), and (d) (log(Mn,1), log(M:f;)), corresponding to
Theorem 3.10 with h; = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively. The simulation follows Example B.7 with

o =0.5and y(X;, X;) = exp(—|i — j|/100) and sample size 10” forp = 1,2,...,7.
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(a) Example 1 (b) Example 2

Fig. $25. Two subgraphs each containing 20 nodes from the network generated by the random graph.
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Fig. S26. Scatterplots of (a) (log(Mn,1),10g(Vy)), (b) (log(My,1), log(M:')Q)), (c) (log(Mn,1), log(M,, 5)), and (d) (log(Mpn,1), log(M:',’;)), corresponding to
id.

Theorem 3.10 with hy = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when Z; S Pareto(0.5, 0.2) with a sample
size of 100, 500, 1000, 5000, 10000, which are labeled as “17, . . ., “5” in the figures, respectively.
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of 100, 500, 1000, 5000, 10000, which are labeled as “17, . . ., “5” in the figures, respectively.
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Fig. S28. Scatterplots of (a) (log(Mn,1),10g(Vy)), (b) (log(Mn,1), log(M:')Q)), (c) (log(Mn,1), log(M,, 5)), and (d) (log(Mpn,1), log(M:',’;)), corresponding to

Theorem 3.10 with h; = 2 and hy = 1, Theorem F.3, Theorem 3.10 with h; = 3 and ho = 1, and Theorem F.5, respectively, when Z; L Pareto(0.5, 0.5) with a sample

size of 100, 500, 1000, 5000, 10000, which are labeled as “17, . . ., “5” in the figures, respectively.
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Fig. S29. Scatterplots of (a) (log(Mn,1),10g(Vx)), (b) (log(Mn,1), log(M;:Q)), () (log(Mn,1), log(M,, 3)), and (d) (log(Mn,1), log(M:"’;)), corresponding to

Theorem 3.10 with h; = 2 and hy = 1, Theorem F.3, Theorem 3.10 with h; = 3 and hy = 1, and Theorem F.5, respectively, when Z; b F(1,0.5) with a sample size

of 100, 500, 1000, 5000, 10000, which are labeled as “1”, . . ., “5” in the figures, respectively.
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Fig. S30. Scatterplots of (a) (log(Mn,1),10g(Vy)), (b) (log(My,1), log(M:r,z)), (c) (log(Mn,1),log(My, 3)), and (d) (log(Mn,1), log(M,,t*Q)), corresponding to
Theorem 3.10 with by = 2 and ho = 1, Theorem F.3, Theorem 3.10 with by = 3 and h = 1, and Theorem F.5, respectively, when Z; i'iAJd’Pareto(O.S, 0.8) with a sample

size of 100, 500, 1000, 5000, 10000 which are labeled as “1”, . . ., “5” in the figures, respectively.
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Fig. S31. Scatterplots of (a) (log(Mn,1),1log(Vx)), (b) (log(Mn,1), log(MTtQ)), () (log(Mn,1),log(M,, 3)), and (d) (log(Mpn,1), log(M:Lr;)), corresponding to
~ F(1,0.8) with a sample size

Theorem 3.10 with h; = 2 and ho = 1, Theorem F.3, Theorem 3.10 with h; = 3 and h2 = 1, and Theorem F.5, respectively, when Z; -
of 100, 500, 1000, 5000, 10000, which are labeled as “1”, . . ., “5” in the figures, respectively.
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