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Taylor’s power law of fluctuation scaling has been
well approximated empirically in many fields,
including physics, meteorology, computer science,
finance and ecology. In ecology, it describes well
the abundances of many species, humans and non-
humans. Taylor’s law asserts that, in a collection
of probability distributions, the variance of each
distribution is directly proportional to a power of
the mean of each distribution, exactly for population
moments and, whether or not population moments
exist, approximately for sample moments. Linear
regression of log variance as a function of log mean
is widely used to estimate the parameters of Taylor’s
power law. We provide large-sample asymptotics for
this kind of inference under general conditions, and
we derive confidence intervals for the parameters.
In many ecological applications, the means and
variances are estimated over time or across space
from arrays of abundance data collected at different
locations and time points. Our results depend on
the asymptotic relation between the time-series
length and the number of spatial points. When their
ratio converges to a constant as both become large,
the usual normalized statistics are asymptotically
biased. We provide a bias correction to get correct
confidence intervals. Taylor’s law, widely studied
in multiple sciences, is a source of challenging
new statistical problems in a non-stationary spatio-
temporal framework. We illustrate our results with
both simulated and real data.
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1. Introduction
Taylor’s law is an important family of relations between the mean and the variance of some
probability distributions. Taylor’s law is well approximated empirically in many datasets in the
natural and social sciences, finance and technology. Since [1] publicized this relationship, which
was discovered by others at least 20 years earlier, such as [2], thousands of papers have studied
Taylor’s law for species abundance data in ecology and more generally to assess time-dependent
or space-dependent changes of distributions of population or other non-negative variables. Taylor
[3] and the references therein give a broad introduction to Taylor’s law.

The aim of this paper is to study Taylor’s power law, which is a simple power relation
between the variance and the mean of distributions in a family of marginal distributions.
Informally, Taylor’s law says that the variance of each distribution in the family is proportional
to some (usually positive) power of the mean of that distribution: variance of distribution =
α × ( mean of distribution) β , where α > 0 and β are constant for all distributions in the family. We
define Taylor’s law more formally in equation (2.1). Because Taylor’s law has an interpretation in
terms of aggregation of ‘individuals’ across time or space, it became widely popular in ecology,
even though many other interpretations are equally plausible. Cohen & Saitoh [4] discuss the
interpretation of the exponent β (also called the slope parameter) of Taylor’s power law. In
scientific use and testing of Taylor’s law, equation (2.1) is the most basic relation against many
plausible alternative models.

Many extensions of Taylor’s law can be more appropriate than equation (2.1). For example,
the quadratic Taylor’s law [5], where log variance is a quadratic polynomial function of log
mean, describes U.S. county populations more accurately [6]. A cubic generalization of Taylor’s
law, where log variance is a cubic polynomial function of log mean, is required to describe
mortality rates in Japan [7]. And sometimes, a variance function expressed as a linear combination
of the mean and the square of the mean [8] (a generalization of one of the negative binomial
distribution’s variance functions) is superior to any form of Taylor’s law [9]. Fitting Taylor’s law
(equation (2.1)) is a step that follows exploratory data analysis of multiple alternative models,
each of which poses its own problems of estimating parameters.

Whatever the form of Taylor’s law, estimation of unknown parameters roughly follows the
same idea. We compute sample means and sample variances along one dimension (say, space) of
a rectangular array of non-negative data indexed by (say) space and time. This produces a pair
(sample mean, sample variance) for each point in time. The sample mean and sample variance
are assumed to be positive so their logarithms are well defined. The slope and intercept of log
variance as a linear function of log mean are calculated, typically by ordinary least squares but
sometimes by more robust methods to reduce vulnerability to outliers, e.g. Hampel’s function and
Tukey’s biweight function [7] to optimize the fit of Taylor’s power law to these pairs of sample
moments.

For example, in ecological species abundance data, the spatial Taylor’s law, on which we focus
in this paper, assumes that the time-varying mean and variance of the marginal distribution are
linked at each time t by equation (2.1) and these population quantities are approximated by the
corresponding sample moments computed from abundance data of a given species observed at
different locations for each time t. After taking the logarithm of equation (2.1), this leads to the
least-squares estimator in §2.

A simple log–log plot (log variance on the vertical axis, log mean on the horizontal axis) is the
classical graphical tool used by practitioners to assess whether Taylor’s law describes the data.
We show in §4 that the confidence intervals of parameter estimates resulting from ordinary least
squares may be seriously biased, and we show how to correct that bias. This is illustrated in §5,
with real data.

A wide statistical literature links variance laws like Taylor’s law with some classes of
distributions [10–12]; those classes are compared in [13]. Cohen & Huillet [14] provide infinitely
divisible examples of the Bar-Lev Enis type. However, formal statistical analyses of Taylor’s law
are rather scarce. Some methodological contributions include [15–20], among others. Beyond
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the previous papers which state that Taylor’s law holds for interesting classes of distributions,
these contributions mainly focus on inference procedures or computational issues and compare
different approaches for estimating the parameters of Taylor’s law in various situations such as
sparsity, small samples or data with covariates. None of these contributions discuss formally the
large-sample behaviour of least-squares or likelihood estimators, which is precisely the scope of
the present paper.

We believe that the statistical analysis here can guide the analysis of more complex versions
of Taylor’s law. In this paper, we study some detailed conditions that justify the commonly
used method of log variance-log mean least-squares regression. However, many extensions of
our results are possible. Our approach to studying Taylor’s law requires a careful analysis of a
specific minimum contrast estimator derived from some sample moments instead of the usual
pair (x, y) = (covariate, response) used in standard regression analysis. Analyzing other methods
such as likelihood estimation or more general models that use log-regression could be conducted
using similar arguments.

This work can be useful for both quantitative ecologists and statisticians. Our analysis can
help ecologists to measure the uncertainty in the estimated parameters with precise confidence
intervals. Our analysis also shows that the asymptotic distribution of the regression estimates
depends on the asymptotic relation between the time-series length and the number of spatial
points. By using our results, practitioners can avoid using standard but biased methods to
compute confidence intervals for the parameters of Taylor’s law. By biased, we mean a non-
centred asymptotic distribution for the parameters of Taylor’s law. In general, in linear regression
models, the difference between the ordinary least-squares estimator and the target parameter has
a probability distribution that can be well approximated by a zero-mean Gaussian distribution.
This will not be necessarily the case for Taylor’s law. In §4, we show that in some cases, the
Gaussian asymptotic distribution of least-squares estimates is not centred. For statisticians, our
work reveals that a popular family of stochastic relations widely studied in several sciences is a
source of interesting new theoretical problems, in particular for getting consistency properties or
for constructing testing problems in a non-stationary spatio-temporal framework.

Many extensions of our results are possible, for example to the numerous variants of Taylor’s
law discussed above. In addition, this paper focuses only on distributions with light tails, i.e.
when the probability distributions of interest have some finite moments of order k> 2. Though
sufficient to prove rigorous consistency results for our estimates, such a restriction is not necessary
for Taylor’s law to occur. Taylor’s law may hold for the sample mean and sample variance from
stable laws with infinite variance or infinite mean [21–24]. However, even with our restriction
to light-tailed distributions, ours is the first rigorous analysis of the asymptotic properties of the
least-squares estimators of Taylor’s power law parameters.

The paper is organized as follows. In §2, we specify our model and the least-squares estimators
of the parameters of Taylor’s law. In §3, we provide consistency properties. In §4, we prove the
asymptotic normality of our log-regression ordinary least-squares estimators. In §5, we apply
our results to real data. In §6, we summarize our conclusions and, in §7, we provide proofs of
our results. Appendix A contains some technical lemmas needed in §7. Electronic supplementary
material available online contains an additional proof as well as some numerical experiments that
assess the quality of the estimators studied in the paper, depending on various assumptions about
the process that generates the data. The dataset used in §5 and the R or Matlab codes used for this
paper are available at [25].

2. Least-squares estimators for the parameters of Taylor’s law
Let (Xj,t)1≤j≤n,1≤t≤T be an array of non-negative random variables indexed by integers j, t. These
variables can take integer values, for instance, when Xj,t represents the number of individuals
observed at time t and at location j, or more generally non-negative real values, for instance,
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when Xj,t represents the number of individuals observed at time t divided by the area of site j, in
which case Xj,t represents a number of individuals per unit of area (population density).

We assume that the spatial variance σ 2
t := Var(Xj,t) (that is, the variance of the n elements in

column t of the array (Xj,t)) and the spatial mean μt := E(Xj,t) (that is, the mean of the n elements
in column t of the array (Xj,t)) at time t do not depend on the location j, are strictly positive, and
satisfy the spatial Taylor’s law (to be explained further below),

σ 2
t = αμ

β
t , 1 ≤ t ≤ T, (2.1)

for a pair of parameters (α,β) ∈ (0, ∞) × R. In most ecological applications, the estimate of β is
positive. A value β > 1 is sometimes interpreted as indicating aggregation or clumping of the
organisms because a family of Poisson distributions in which the mean varies in time and remains
constant over space obeys α = β = 1. Values below 1 are uncommon but possible, for example, in
models of a population in a Markovian environment, e.g. [26,27]. Numerical simulations of some
fisheries models gave β < 0 [28].

The population parameters (μt, σ 2
t ) are estimated by their empirical counterparts from the

sample X1,t, . . . , Xn,t. See below for details. This form of Taylor’s law is known as a spatial Taylor’s
law because the empirical mean and the empirical variance depend on n spatial locations at
each time. We do not consider here other variants of Taylor’s law, such as the temporal Taylor’s
law, in which the mean and the variance depend on T time points at each spatial location, or
the hierarchical spatial Taylor’s law or the hierarchical temporal Taylor’s law. For instance, the
temporal Taylor’s law assumes that the population moments σ 2

j = Var(Xj,t) and μj = EXj,t depend
only on j and not on t. The corresponding power law is

σ 2
j = αμ

β

j , 1 ≤ j ≤ n.

Asymptotic properties of the temporal Taylor’s law can be obtained with similar arguments. This
is why we mainly focus on the spatial Taylor’s law, equation (2.1).

The main problem here is inference about the two parameters α and β of equation (2.1). Since
equation (2.1) implies

log σ 2
t = log(α) + β log(μt), (2.2)

a natural way to proceed is to use a linear regression of the logarithm of the empirical spatial
variance computed at each time t as a function of the logarithm of the empirical spatial
mean computed at each time t. The empirical spatial mean and empirical spatial variance are,
respectively,

μ̂t := 1
n

n∑
j=1

Xj,t and σ̂ 2
t := 1

n

n∑
j=1

X2
j,t − μ̂2

t .

While the variance can be also estimated from the unbiased estimator

σ̂ 2
t = 1

n − 1

n∑
j=1

(Xj,t − μ̂t)2,

our asymptotic results do depend on the choice of a biased or unbiased version of the sample
variance. It is natural to estimate the pair θ = (log(α),β)′ from the ordinary least-squares estimator

θ̂n = arg min
θ∈R2

T∑
t=1

(log σ̂ 2
t − θ1 − θ2 log μ̂t)2.

Explicitly,
θ̂n = D̂−1

T N̂T, (2.3)

where

D̂T =
(

1 1
T
∑T

t=1 log μ̂t

1
T
∑T

t=1 log μ̂t
1
T
∑T

t=1 log2 μ̂t

)
and N̂T =

(
1
T
∑T

t=1 log σ̂ 2
t

1
T
∑T

t=1 log μ̂t · log σ̂ 2
t

)
. (2.4)
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In the above formula, log μ̂t or log σ̂t are not defined when μ̂t or σ̂ 2
t vanishes. In this case, one

can simply replace these quantities by 0 in the expression of θ̂n. Such a replacement is a simple
convention and does not make any difference asymptotically, since μ̂t and σ̂ 2

t become positive for
n large enough. If we set

DT :=
(

1 1
T
∑T

t=1 logμt

1
T
∑T

t=1 logμt
1
T
∑T

t=1 log2 μt

)
and NT :=

(
1
T
∑T

t=1 log σ 2
t

1
T
∑T

t=1 logμt · log σ 2
t

)
,

then analogously θ = D−1
T NT, which makes it natural to introduce the above estimator.

Throughout this paper, we assume that the time-series length T depends on the number n of
spatial sites, i.e. T := Tn. We study the asymptotic properties of θ̂ := θ̂n in equation (2.3) as n → ∞.
The asymptotic relation between T and n will be important but we will not need other specific
assumptions on the mapping n �→ Tn.

3. Consistency properties
We now study the consistency of least-squares estimates. Consistency is defined to mean that
limn→∞ θ̂ = θ in probability (weak consistency) or almost surely (strong consistency).

If T+ := supn≥1 Tn <∞, consistency properties will roughly follow from the law of large
numbers. It is more challenging to study the case Tn → ∞, which is also useful in applications
because the dimensions of the arrays of data are often balanced. Though time series with length
diverging to infinity are the main focus, our results are also valid for finite T+.

(a) General results for non-negative random variables
To derive the asymptotic properties of our estimates, we make the following assumptions.

Assumption A1: The n time series of length Tn given by (Xj,t)1≤t≤T , 1 ≤ j ≤ n, are independent
and identically distributed. Assumption A2: There exists k> 2 such that supt≥1 E|X1,t|k <∞.
Assumption A3: There exists some δ > 0 such that

p(δ) := inf
t≥1

P(X1,t > δ)> 0 and q(δ) := inf
t≥1

P(|X1,t − X2,t|> δ)> 0.

Assumption A4: There exists c> 0 such that for any positive integer T,

1
T

T∑
t=1

(logμt)2 −
(

1
T

T∑
t=1

logμt

)2

≥ c.

Let us comment on our assumptions.

Remark 3.1. Assumption A1 does not require any specific dependence property across time.
Independence across sites j is needed only for technical reasons. However, spatial correlations can
be observed in data, as for instance in a study of Hokkaido voles [4]. In theory, it may be possible
to remove the assumption of independence across sites j by assuming a stationarity condition
and some weak dependence property between the different sites j. However, getting consistency
properties under such conditions would require additional assumptions, in particular to get the
law of large numbers when the locations j are irregularly spaced. We prefer to keep the set-up
simple.

Remark 3.2. The technical moment assumption A2 is needed to prove limit results as in
theorem 3.5. In the electronic supplementary material we provide some numerical experiments
which show that the moment assumption on X1,t influences the accuracy of our estimators.

Remark 3.3. Assumption A3 roughly means that Dirac masses cannot be cluster points of the
marginal distribution, since assumption A3 is not satisfied if and only if at least one of the two
sequences (X1,t)t≥1 or (X1,t − X2,t)t≥1 has a subsequence converging to 0 in probability. Excluding
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Dirac masses is important to avoid small values for the population mean and the population
variance as well as for their empirical versions and then large negative values for their logarithm.

Remark 3.4. Assumption A4 ensures that the vectors (logμt)1≤t≤T vary sufficiently in time.
Such a condition is needed to avoid some pathological behaviors such as the convergence of μt

when t → ∞. Without this condition, the matrix D̂T can be asymptotically singular. For a standard
linear regression model yt = x′

tβ + εt, where x′
t denotes the transpose of the column vector xt, our

condition is comparable to the existence of a lower bound for the determinant of the matrices
T−1 ∑T

t=1 xtx′
t classical in statistics.

Theorem 3.5. Given assumptions A1–A2–A3–A4, there exists γ > 0 such that if T = O(exp(γn)),
then limn→∞ θ̂ = θ in probability. If assumption A2 holds with k> 4, then limn→∞ θ̂ = θ almost surely
(a.s.).

Theorem 3.5 requires a limited growth of the time series length T with respect to the number n
of sites. It is valid for instance when T and n satisfy a linear relationship or more generally when
T is bounded by a power of n. Another assumption concerning the marginal distribution of X1,t
avoids such a restriction and leads to consistency. Define log−(x) := − log min(x, 1) for any x> 0
and logq

−(x) := (log−(x))q for any q> 0.
Assumption A5: There exists q> 2 such that

sup
t≥1

E1X1,t>0 · logq
− X1,t <∞ and sup

t≥1
E1X1,t 	=X2,t · logq

− |X1,t − X2,t|<∞.

Theorem 3.6. Given assumptions A1–A2–A3–A4–A5, θ̂n is weakly consistent if k> 2 and strongly
consistent if k> 4 in assumption A2.

(b) A more specific result for integer-valued random variables
For integer-valued random variables, the previous assumptions can be simplified. In particular,
it is straightforward to show that assumption A5 is automatically satisfied. Assumption A3
becomes:
Assumption A3′: We have inft≥1 P(X1,t > 0)> 0 and inft≥1 P(X1,t 	= X2,t)> 0.

Corollary 3.7. Given assumptions A1–A2–A3′–A4, θ̂n is weakly consistent if k> 2 and strongly
consistent if k> 4 in assumption A2.

4. Asymptotic normality of parameter estimates
We now derive asymptotic normality of our log-regression ordinary least-squares estimators. To
keep the set-up as simple as possible, we also assume independence in the time direction, i.e.
for any j ≥ 1, we assume Xj,1, Xj,2, . . . are mutually independent. This assumption can be relaxed
but this simple set-up suffices to give insight into the weak convergence of such estimates. For a
matrix C of any size, C′ denotes its transpose.

Define Yj,t := (Xj,t, X2
j,t)

′ and mt := EY1,t for 1 ≤ j ≤ n and 1 ≤ t ≤ T. Define the empirical (or
sample) version of mt by

m̂t := 1
n

n∑
j=1

Yj,t.

The two components of mt and m̂t are denoted, respectively, by m1,t, m2,t and m̂1,t, m̂2,t. In terms of
our previous notations, we have m1,t =μt and m̂1,t = μ̂t. In what follows, we use both notations,
depending on the context.

We also use a standard notation for weak convergence or convergence in distribution. When
(Zn)n≥1 is a sequence of random vectors of R

2 and ν is a probability measure on the Borel σ -field
of R

2, notation Zn ⇒ ν means that Zn converges weakly to ν, i.e. the distribution of Zn converges
to ν.
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The following analysis concerns a function φθ with two-dimensional parameter θ := (θ1, θ2) ∈
R

2, two-dimensional domain (0, ∞)2, and two-dimensional range R
2. In the two-dimensional

argument (x, y) of φθ , x represents the empirical or expected spatial mean of the observations
Xj,t and y represents the empirical or expected spatial mean of the squared observations X2

j,t.

With either empirical or expected mean, y − x2 represents the variance, i.e. the mean-squared
observation minus the squared mean observation. The two parameters θ1 = log(α), θ2 = β of
φθ correspond to the intercept and the slope of the log–log form equation (2.2) of Taylor’s law.
The first component φ1,θ (x, y) := log(y − x2) − θ1 − θ2 log(x) of φθ is the deviation from equation
(2.2), conditional on the two parameter values θ1, θ2. It corresponds to the first component
of the normal equations of ordinary least-squares estimation, equations (2.3) and (2.4). The
second component φ2,θ (x, y) := log(x) log(y − x2) − θ1 log(x) − θ2(log(x))2 similarly corresponds to
the second component of the normal equations of ordinary least squares.

Setting θ = (log(α),β)′, the estimation error for the log-regression parameters has the
decomposition

θ̂ − θ = D̂−1
T N̂T − D−1

T NT = D̂−1
T (N̂T − NT + (DT − D̂T)θ ).

This decomposition implies that

UT := D̂T(θ̂ − θ ) = 1
T

T∑
t=1

(φθ (m̂t) − φθ (mt)), (4.1)

where

φθ (x, y) :=
(
φ1,θ (x, y)
φ2,θ (x, y)

)
,

for x> 0, y> 0. The idea is simply to make a Taylor expansion of the function φθ with respect to
its two arguments representing the spatial means of the two samples (Xj,t)1≤j≤n and (X2

j,t)1≤j≤n,
respectively, computed at any time point 1 ≤ t ≤ T. We then approximate UT with its first-order
Taylor expansion

VT = 1
T

T∑
t=1

Jφθ (mt) · (m̂t − mt), (4.2)

where Jφθ (x, y) denotes the Jacobian matrix of φθ at point (x, y). Intuitively, the convergence rate
for VT is

√
nT since VT contains a double summation with n × T centred terms. We then define

ΓT := Var(
√

nTVT) = 1
T

T∑
t=1

Jφθ (mt) · Var(Y1,t) · Jφθ (mt)′ (4.3)

and CT := Γ
−1/2

T . It is expected that
√

nTCTVT ⇒N2(0, I2). Here, N2 denotes the bivariate normal
distribution with mean 0 and covariance matrix the 2 × 2 identity matrix, I2. The remaining step
is to investigate the asymptotic behaviour of

√
nT(UT − VT). When T/n → 0, one can show that

under the assumptions of theorem 3.5,
√

nT(UT − VT) = oP(1). However, when T/n → s> 0, this
is not the case, but under the assumptions of theorem 3.5, one can show that

√
nT(UT − VT) =

√
n
T

T∑
t=1

(
(m̂t − mt)′∇(2)φ1,θ (mt)(m̂t − mt)
(m̂t − mt)′∇(2)φ2,θ (mt)(m̂t − mt)

)
+ oP(1),

where for a twice-differentiable function f : R
2 → R, we denote by ∇(2)f (m) the Hessian matrix of f

at point m. The first right-hand term in the previous equality does not vanish asymptotically and
has an expectation of order

√
T/n. Hence, this non-negligible bias has to be included in deriving

the asymptotic distribution of θ̂ .
In what follows, we introduce two asymptotic regimes. In the first, we say that T/n = o(1) if

limn→∞ Tn/n = 0. In the second, we say that T/n = O(1) if supn≥1 Tn/n<∞. The first regime is
a special case of the second, which is satisfied when T and n are proportional or asymptotically
proportional. However, the second regime requires special attention when the first does not hold.
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For this reason, we distinguish between these two regimes in our next results. Our consistency
result, theorem 3.5, is valid for these two regimes.

Theorem 4.1. Let λ−(ΓT) denote the smallest eigenvalue of ΓT defined in equation (4.3). Assume that
limn λ−(ΓT)> 0. Suppose that assumptions A1–A2–A3–A4 hold with k> 4 in assumption A2 and for
any integer j such that 1 ≤ j ≤ n, (Xj,t)t≥1 is a sequence of independent random variables.

(i) If T/n = o(1), then √
nTCTD̂T(θ̂ − θ ) ⇒N2(0, I2).

(ii) If T/n = O(1), then
√

nTCTD̂T(θ̂ − θ ) − 1
2

√
T
n

CTET ⇒N2(0, I2),

where ET := (1/T)
∑T

t=1 Gt and

Gt := (Tr(∇(2)φ1,θ (mt)Var(Y1,t)), Tr(∇(2)φ2,θ (mt)Var(Y1,t)))′.

We comment on these results.

Remark 4.2. The existence of a lower bound for the eigenvalues of ΓT is always difficult
to check for a specific sequence of marginal distributions, though quite natural. We provide
sufficient conditions as well as a way to check it for Poisson random variables in lemma A.7
in appendix A.

Remark 4.3. When T/n → k> 0 as n → ∞, the normalized statistics
√

nTCTD̂T(θ̂ − θ ) in
theorem 4.1 become asymptotically biased. Neither the matrix CT nor the vector ET converges
in general when n → ∞ but these sequences remain bounded under our assumptions. This non-
centring of the asymptotic distribution is atypical for regular statistical models and is due here
to the fact that when the array of data remains balanced, there are not enough replicates of the
time series to make the second-order term in the Taylor expansion of the estimates negligible. The
asymptotics when T/n = O(1) (theorem 4.1(ii)) also hold when T/n = o(1), since then

√
T/nCTET =

o(1) becomes negligible.

Remark 4.4. Figure 1 shows the effect of neglecting the bias for simulated Poisson data when
the number of sites equals the number of time points. Without bias correction, the probability
distributions of the two coordinates of the normalized statistics

√
nTĈTD̂T(θ̂ − θ ) are not correctly

approximated by that of a standard Gaussian. Here ĈT, which is a natural estimator of CT, is
defined in corollary 4.7.

Remark 4.5. An important question is whether theorem 4.1 can be extended to a scenario
where (Xj,t)j,t are dependent and non-stationary in time. To do so, it will be necessary to extend
lemma A.5, which is a Marcinkiewicz–Zygmund type inequality. Extensions of these inequalities
to dependent random fields are available, for instance, for mixing random fields [29, theorem 1]
or another measure of dependence [30]. We also need to study the weak convergence of the self-
normalized sums Var(VT)−1/2VT to a standard Gaussian vector. A useful result for mixing random
fields [31, theorem 3.3.1] does not require stationarity. In that case, the self-normalization Var(VT)
involves all the covariances between the different variables. Estimation of such normalization
was carefully studied in the case of stationary random processes. The authors of [32] review the
main approaches for time series. For random fields, the authors of [33] obtain nice results for
the univariate case, under ϕ-mixing conditions. However, extension to non-stationarity in time
is more challenging. First, suitable stationarity assumptions valid only in the locations direction
1 ≤ j ≤ n have to be carefully formulated to reduce the number of covariances to estimate. These
variance estimators are non-parametric. Dealing with non-stationarity in time requires careful
attention, certainly a huge amount of data, and development of multiple intermediate tools for
dependent random fields. Such apparatus would hide the main and very simple purpose of our
paper, which is to improve the practice of testing and interpreting Taylor’s law. A reasonable
approach to the dependent setting requires another more technical publication.
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Figure 1. For simulated Poisson variates Xj,t ∼P (λt) with n= T = 100 and λt = 3 + cos(t), quantile–quantile plots
(top) for the two components of statistics

√
nTĈT D̂T (θ̂ − θ ) and (bottom) for the two components of statistics√

nTĈT D̂T (θ̂ − θ )− 1
2

√
T/nĈT ÊT . The abscissa represents the quantiles of the standard Gaussian distribution. The ordinate

represents the sample quantiles for the statistics of interest. A good fit should show dots near or on the diagonal line where
abscissa equals ordinate, as in the bottom two panels.

Remark 4.6. To use these results in practice for constructing tests or confidence intervals, it is
necessary to estimate ΓT and ET from the data. Under our current independence assumption, the
following corollary holds without additional requirement:

Corollary 4.7. Suppose that all the assumptions of theorem 4.1 hold true with either the asymptotics
T/n = o(1) or T/n = O(1). Set

Γ̂T := 1
T

T∑
t=1

Jφθ̂ (m̂t)Σ̂tJφθ̂ (m̂t)′, ĈT := Γ̂
−1/2

T

and

ÊT := 1
T

T∑
t=1

Ĝt, Ĝt := (Tr(∇(2)φ1,θ̂ (m̂t)Σ̂t), Tr(∇(2)φ2,θ̂ (m̂t)Σ̂t))′.

Then
√

nTĈTD̂T(θ̂ − θ ) − 1
2

√
T
n

ĈTÊT ⇒N2(0, I2). (4.4)

Define Hn := D̂−1
T Γ̂TD̂−1

T and

Mn :=
{

0, if T
n = o(1),

1
2

√
T
n D̂−1

T ÊT, if T
n = O(1).
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Let qν denote the quantile of order ν of the standard Gaussian distribution. Then the interval

Ii,n =
[
θ̂i −

√
Hn(i, i)q1−ν/2 + Mn(i)√

nT
, θ̂i +

√
Hn(i, i)q1−ν/2 − Mn(i)√

nT

]
is a confidence interval with asymptotic level 1 − ν for i = 1, 2. When T/n = O(1), the vector Mn corrects
the bias of the two confidence intervals.

Remark 4.8. In practice, it is difficult to know which regime is the most appropriate. However,
if T/n = o(1), we have Mn = o(1), under our assumptions. So the bias correction can still be used
in this case, though it is asymptotically negligible. Moreover, even when T/n seems to be small,
the bias correction Mn depends on some empirical averages and can be non-negligible. This is
why we recommend using such a bias correction whatever the context, or at least computing
both confidence intervals and seeing how they differ from each other. The estimator θ̂ − Mn/

√
nT

can be interpreted as a bias corrected estimator of θ , the bias resulting from the estimation of the
nuisance parameters (μt, σt) in the OLS equations. See [34] for a similar correction in the context
of maximum likelihood estimation.

Remark 4.9. What asymptotic behaviour could be expected when T/n → ∞? In this case, a
higher-order Taylor expansion is needed to control the difference between UT and the linear part
VT discussed before the statement of theorem 4.1. Suppose, for instance, that T/nk−1 = O(1) for
some k ≥ 3. (Our study concerns only the case k = 2.) Under suitable moment assumptions, one
expects that

√
nT(UT − VT) =

k∑
�=2

1
�!

√
n
T

T∑
t=1

D(�)φθ · [m̂t − mt]� + oP(1),

where D(�) denotes the formal differential operator of order �. Indeed, by using lemma A.5,
the expectation of ||m̂t − mt||� is of order n−�/2, and all the terms of order lower than k in the
Taylor expansion are non-negligible, leading to a more important bias. In order to provide a bias
correction, it is necessary to estimate these k − 1 terms. We do not pursue the required additional
calculations in this paper, mainly because T � n is quite rare for real data, especially for ecological
abundance data.

5. Example: international bottom Trawl Survey for the North Sea
We analyze some data from the International Council for the Exploration of the Sea (ICES)
International Bottom Trawl Survey for the North Sea. The survey estimates the abundance,
measured as catch per unit effort (CPUE), of each fish and some invertebrate species binned
into length classes, in spatial rectangles, known as subareas, of 0.5◦ latitude by 1.0◦ longitude,
with an approximate area of 30 km2. Data included in this study are limited to the years 1977 to
2015. The dataset used here contains only the observations of the nine standard species: Clupea
harengus (species 1), Gadus morhua (species 2), Melanogrammus aeglefinus (species 3), Merlangius
merlangus (species 4), Pleuronectes platessa (species 5), Pollachius virens (species 6), Scomber scombrus
(species 7), Sprattus sprattus (species 8) and Trisopterus esmarkii (species 9). The CPUE is the
number of individuals caught per cruise in 30 min of fishing, where only individuals in certain
categories of length (measured in mm) were included. Further, data were limited to quarter one
only, when survey cruises typically occur from mid-January to mid-February. Thus it excludes
seasonal differences in abundance. For each of the nine species, the abundance is recorded
at n = 195 locations in T = 39 years, with one observation per year. More details about this
survey and about interpreting the TL slope β in ecology are given in [35] and its references. In
general, the slope parameter β has been shown to be connected to several ecological indicators
such as demographic rates, habitat heterogeneity, demographic stochasticity, environmental
heterogeneity and sampling procedures. See [36–39] for more general discussions about ecological
interpretations of some changes in spatial TL slope.
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..........................................................Figure 2. For each of nine species, a plot of the natural logarithm of the sample variance as a function of the natural logarithm
of the sample mean (black dots) of the catch per unit effort (CPUE). The ordinary least-squares regression lines are red.

Figure 2 gives log–log plots (using the natural logarithm) of the empirical mean and the
empirical variance of the CPUE of the nine species.

Table 1 lists the ordinary least-squares estimate of the slope parameter as well as the 95%
confidence intervals obtained from standard linear regression methods. The function lm of the
sofware R was used to get least-squares estimators of θ as well as the confidence interval for
the slope parameter β. These confidence intervals are not valid under the present set-up since
the input and output variables are, respectively, logarithms of empirical means and empirical
variances, a case not covered by the usual asymptotic theory. In contrast, table 2 lists confidence
intervals computed from our asymptotic results, with and without bias correction, for the same
confidence level. We do not consider species 7 here because more than 75% of these data were
zeros and we had numerical difficulties evaluating the quantities in corollary 4.7. Very sparse data
could thus be problematic. For such data, log–log regression is not suitable. We could use other
methods, e.g. by fitting a parametric zero-inflated distribution to the data [40], or by modelling
separately the zero values and the positive ones, e.g. [41]. The estimate of TL slope will then
depend on the chosen model. Such alternative methods are beyond the scope of this paper. Here
we do not assume a specific parametric model for the Xj,t values.

Also, we divided all the abundances by a factor (the mean value of the abundance of the
species, computed over the n × T observations) to avoid numerical issues owing to many large
values in the time series. This operation does not change the value of the estimate of the slope
parameter β because Taylor’s law is still valid with the same β, although it changes the value
of the intercept parameter α. A pseudo-code summarizing the different steps for computing
the confidence intervals for the slope can be found in Section 3 of the electronic supplementary
material.

The confidence intervals listed in table 1 are wider than those listed in table 2. This is not
surprising since their size is proportional to 1/

√
T while the correct size is proportional to 1/

√
nT.

As a consequence, after this correction of the width of the confidence intervals, some values of β
are rejected at the 95% level; for instance, the value β = 2 for species 4. The two intervals listed
table 2 with or without bias correction have exactly the same length. The confidence interval
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Table 1. Point estimates by ordinary least squares of the slope parameterβ for the nine species and lower and upper bounds
of the 95% confidence interval obtained with conventional linear regression (n= 195, T = 39).

species ordinary least squaresβ lower bound upper bound

1 2.009793 1.780779 2.238807
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 2.390582 2.1058999 2.675264
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 1.530209 1.221486 1.838933
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 1.696704 1.301093 2.092315
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 2.106150 1.780474 2.431825
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 2.205332 2.041850 2.368813
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7 2.09691 2.015611 2.178211
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 2.084444 1.779885 2.389003
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9 1.893228 1.643332 2.143124
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 2. Point estimates by ordinary least squares of the slope parameterβ for eight of the nine species and lower and upper
bounds of the 95% confidence interval (n= 195, T = 39) computed with bias correction (C) and without bias correction (NC).
(C) (respectively, (NC)) means that the formula of the confidence interval given in corollary 4.7 is computed under the regime
T/n= O(1) (respectively, T/n= o(1)).

species lower bound NC upper bound NC lower bound C upper bound C

1 1.89 2.13 1.92 2.17
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 2.23 2.55 2.29 2.61
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 1.38 1.68 1.35 1.65
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 1.43 1.96 1.36 1.89
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 1.93 2.29 1.97 2.32
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 2.07 2.34 2.21 2.47
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 1.86 2.30 1.98 2.42
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9 1.74 2.05 1.77 2.09
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

obtained with bias correction is a simple shift, to the left or to the right, of that obtained without
bias correction and it is then no longer centred around the estimate β̂.

With or without bias correction, the confidence intervals of four species, 1, 5, 8, 9, include the
value β = 2; three intervals lie entirely above β = 2; and two intervals lie entirely below β = 2.
Thus, the hypothesis β = 2 is not rejected for only four species, under the important, probably
influential assumption, for each species, that its time series are independently and identically
distributed at different spatial locations.

In another application of our results, we test whether the slope β of a first species is statistically
significantly greater than the slope β of a second species, i.e. we test H0 : β ≤ β versus H1 : β > β.
Assuming that the two arrays are independent and both satisfy the assumptions of corollary 4.7,
one can show that the statistic

ξn := (β̂ − β̂ − β + β − ûn)
v̂n

is asymptotically N (0, 1)-distributed, with

ûn = Mn(2) − Mn(2)√
nT

and v̂n =
√

Hn(2, 2) + Hn(2, 2)
nT

.
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Here, Mn and Hn are calculated using the data of the first species with slope β as in corollary
4.7, and Mn and Hn are calculated in identical fashion using the data of the second species with
slope β. We then reject H0 at level ν if ξn > q1−ν . For instance, if (β,β) denotes the slopes of the
pair of species (6, 5), the value of ξn is 1.57 and H0 is not rejected at the 5% level, showing that the
estimated slope for species 6 is not significantly larger than that of species 5. On the other hand,
species 2 has an estimated slope significantly larger than the estimated slope of species 5 because
ξn = 2.46. One can also use the same procedure to test if the slope of spatial TL over one period of

time differs significantly from the slope for another time period. In this case, β̂ and β̂ denote the
estimated slopes over the first and second time period, respectively.

Our methods (and most other applications of least-squares regression to estimate the
parameters of Taylor’s law) ignore the possibility that exogenous environmental fluctuations like
the North Atlantic Oscillation influence all locations simultaneously, as well as the possibility that
spatially adjacent or spatially remote populations of a species interact.

Visual inspection of figure 2 gives no suggestion, for any species, that log variance is
systematically nonlinearly related to log mean. In an exploratory analysis, we fitted a quadratic
spatial Taylor’s law, that is,

log σ 2
t = log(α) + β logμt + γ log2 μt,

by ordinary least squares as implemented in the software R, with the standard lm function used to
fit linear models. The null hypothesis that γ = 0 was not rejected for any species and the p-values
were all large. This finding should be treated with caution as the t-tests are not credible in the
context of this application. It is necessary to extend our results to this more general parametric
model to be more rigorous. Despite these cautions, it seems doubtful that there is any important
quadratic effect. Further theoretical developments are required to assess rigorously whether the
data reject the null hypothesis of a linear relation between log spatial mean and log spatial
variance. For now, we accept the visual evidence that Taylor’s law, linear on log–log coordinates,
is a plausible model of the variance function of these data.

The present paper does not analyze the stochastic dependence between observations. Recent
theoretical analyses of stochastic dependence in Taylor’s law include simulations [39] and an
analysis of a single trajectory of a time series with serial dependence based on self-normalized
quantities that involve Bernstein blocks [42]. In our present context, considering dependence will
lead to a more delicate estimation of the normalizing matrix CT in theorem 4.1, and this would
probably require large datasets to get accurate results.

To decide whether this dataset is compatible with the assumption of temporal independence
under a non-stationary framework, we compute the residuals Ẑj,t = (Xj,t − μ̂t)/σ̂t which behave
more like a stationary time series since their two first moments approximate 0 and 1, respectively.
For each species, we then compute the three first autocorrelation coefficients ρ(1), ρ(2), ρ(3), with
lags 1, 2, 3 of each time series (Ẑj,t)1≤t≤T for j = 1, . . . , n. We apply the arctanh function to all the
correlation coefficients as a variance-stabilizing function. Van der Vaart [43, section 3.2] defines
the corresponding confidence interval of the autocorrelation coefficients, based on this variance-
stabilizing function.

Table 3 lists the percentage of confidence intervals that include 0 for each species and each
autocorrelation coefficient. The confidence intervals were calculated under the assumption of
independence across t of Zj,t = (Xj,t − μt)/σt, and by neglecting the sampling error to estimate
the local mean and local variance. Since n = 195 is much larger than T = 39 for this example, one
might expect that this sampling error is negligible. However, the results have to be taken with
caution since T is not very large. For species 6–9, the assumption of no correlation across time
appears as perfectly plausible. Species 3 seems to be the most problematic.

In table 4, we apply the same procedure to test spatial correlation. More precisely, for each of
the nine species separately, we compute the sample or empirical correlation r between Zj,t and
Z�,t for two different locations j and � using the two samples (Zj,t)1≤t≤T and (Z�,t)1≤t≤T. Table 4
lists the percentage of pairs (j, �) for which r = 0 is not rejected. As for temporal dependence, it
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Table 3. Percentage of confidence intervals containing the point ρ(i)= 0 for serial autocorrelation with lag i = 1, 2, 3. The
confidence intervals were computed for the n= 195 time series using the arctanh variance-stabilizing function.

species ρ(1) ρ(2) ρ(3)

1 77.4 80.0 99.0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 75.4 89.2 91.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 48.2 51.3 52.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 70.0 79.0 82.0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 81.5 85.6 90.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 97.9 98.0 100.0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7 95.9 98.5 99.0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 97.4 97.4 96.9
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9 95.4 95.4 96.9
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 4. Percentage of confidence intervals containing the point r = 0 for correlation of the abundance between different
locations. The confidence intervals were computed using the arctanh variance-stabilizing function.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

species 1 2 3 4 5 6 7 8 9
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

percentage 83 84.5 60.4 83.8 63.4 49.4 68.1 66.7 66
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

is difficult to exclude a spatial correlation for some species, such as species 6, whereas for some
other species, spatial correlation seems not to be very important.

6. Conclusions and perspectives
In this work, we introduced precise assumptions on the data-generating process to study the
asymptotic properties of least-squares estimators of Taylor’s power law parameters. We have
given a first rigorous basis for estimating the parameters of Taylor’s law. We have shown that our
methods apply to and illuminate real data. Our empirical results suggest that our independence
assumptions are a reasonable first approximation for this dataset. Theorems 3.5, 3.6 and 4.1 are
our main new results. Our assumptions on the marginal distributions are general enough to
cover many situations encountered in practice, excluding data with fat tails and spatial and/or
temporal dependence. The asymptotic properties of the regression estimates depend importantly
on the asymptotic relation between the time-series length T and the number n of spatial
points.

To ecologists interested in using our results to quantify the uncertainty in estimates of the
parameters of Taylor’s law, we offer the following guidance.

— Always apply the confidence intervals corresponding to the bias correction given in
corollary 4.7, with Mn defined as if T/n = O(1). This correction is crucial when T and
n are of the same magnitude. Even if the ratio T/n seems to be quite small, it is
difficult to know at exactly what threshold the asymptotic regime T/n = o(1) becomes
appropriate. The formula with bias correction always works asymptotically when T/n =
o(1). Even for finite sample sizes, the confidence intervals should not be too much
affected.

— The most important distortion of the confidence intervals could come from spatial
or temporal dependence. We ignored such possible dependence in this work. We
recommend checking whether the independence assumption is compatible with the
dataset, as we did, for instance, in our application to real data, §5. If substantial
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dependence is observed, as in [39], further research is needed. Our specific formulas for
confidence intervals may or may not apply to data with demonstrable spatial or temporal
dependence, but we believe our approach to modelling and analysis of Taylor’s law
parameter estimation generalizes even to data with dependence.

Some hints for various extensions are given below. When data have fat tails, the limiting
distribution of least-squares estimators will probably no longer be Gaussian. Even with thin tails,
our contribution appears to be the first to derive an asymptotic distribution for such estimates,
which appear in numerous ecological papers without theoretical analysis.

Various extensions could also be investigated. For instance, one can study other estimators of
the form

f̂ = arg min
f∈F

T∑
t=1

(log σ̂ 2
t − f (log μ̂t))2, (6.1)

where F is a class of functions not necessarily linear. One can then study generalizations of
Taylor’s law such as those mentioned in §1, including quadratic [5,6] and cubic [7] functions
of the log mean, as well as a linear combination of the mean and the square of the mean [8] or
higher-degree polynomial functions of the mean.

The case of an infinite-dimensional class of functions is also challenging. Whatever the
regularity (e.g. differentiability) imposed on F , an infinite number of functions could map the
sequence (logμt)t on to the sequence (log σ 2

t )t. This non-parametric extension differs from the
usual standard non-parametric estimation problems in statistics.

Another open question related to assumption A1 is to check whether time and space (t and j)
could be exchanged. Non-stationarity in time of at least both mean and variance (and not
only one of them) seems mandatory to get identifiable parameters α,β in the spatial Taylor’s
law equation (2.1). Estimating the normalizing quantities could be more difficult in this non-
stationary context. Taking account of the stochastic dependence, spatial or temporal or both,
between the observations is also a technical challenge. Many ways to extend theorem 4.1 in the
context of dependence have been published; for instance, [44] provide many helpful asymptotic
results.

Extensions to dependent random variables are plausible in different settings. When extending
our work to allow spatial and temporal dependence, a similar theoretical analysis could be
conducted using our proof procedure with a ratio T/n of crucial importance in the statement of
the corresponding results. A variant definition of Taylor’s law together with a simple extension
of Taylor’s law under mixing conditions was suggested in [45]. An analysis of the asymptotic
behaviour of Taylor’s law for processes with heavy tails, correlations and mixtures of different
distributions was carried out by [23]. A systematic approach to a weaker condition such as
long-range dependence was provided by [46], and a comprehensive approach to long-range
dependence under heavy-tailed assumptions was provided by [47]. We plan to address these
open questions in future work.

Finally, many stochastic dynamics exhibit a time-varying fluctuation scaling. For instance,
[48,49] modelled non-stationary dynamics with a time-varying slope of Taylor’s law; these models
have been applied to financial data. Cobain et al. [35] also discussed possible time-variation of
the slope parameters for the same kind of data used in our paper. Extending our results to
a time-varying set-up is possible but requires specifying additional assumptions on the slope.
In time-series analysis, smooth time-varying parameters can be estimated using the locally
stationary framework [50]. This approach is related to non-parametric statistical inference and
local estimation using kernels. Break detection when the slope parameter is piecewise constant is
another challenge. Andrews [51] developed tests for break points in general parametric models.
These extensions require additional investigations. Our contribution in this paper could help to
adapt estimation of TL parameters to specific time windows that may be required for using these
more complex methods.
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7. Proofs of the results
Here we prove our main results. Some proofs use technical lemmas in appendix A. The proof
is difficult because we did not find adequate a.s. convergence results adapted to the current
triangular arrays setting. This led us to a systematic use of the Borel–Cantelli lemma and the
bounds for the probability of the events on which the estimates do not have a satisfactory
behaviour. Those quantities are controlled through standard exponential inequalities or through
the Markov inequality and suitable moment inequalities.

From now on, we denote by | · | the Euclidean norm on R
2: |(x, y)| := (x2 + y2)1/2. We also

denote the corresponding operator norm on the set of 2 × 2 matrices by | · |, that is, |A| :=
sup{|Az|/|z| | z ∈ R

2}. Finally, if X is a random variable, we denote by ||X||p = E
1/p[|X|p] the

Lp-norm of X, for any p ≥ 1.

(a) Proof of theorem 3.5
The proof will be based on the technical lemma A.1 in appendix A. Lemma A.1 controls the
probability of getting small values for empirical means and empirical variances. We then use the
constants depending on ε and L defined in lemma A.1. Set γ ∈ (0, L). Define the following event:

En(ε) :=
T⋂

t=1

{m̂t > ε, σ̂ 2
t > ε}.

This sequence of events depending on n takes care of the properties of the estimates when they
take small values. Using the union bound and lemma A.1, we have P(En(ε)c) ≤ 2T exp(−nL).

This shows that
∑

n≥2 P(En(ε)c)<∞.
We now study the consistency of θ̂ . We only need to show that D̂T − DT and N̂T − NT go to 0

in probability or a.s. Indeed, if we use the decomposition

θ̂ − θ = D̂−1
T (N̂T − NT + (DT − D̂T)D−1

T NT),

assumptions A2 and A4 guarantee that NT = O(1) and D−1
T = O(1). There then also exists δ > 0

sufficiently small such that sup|H|≤δ |(DT + H)−1 − D−1
T | = O(1). If D̂T − DT and N̂T − NT go to 0

in probability or a.s., respectively, we thus conclude that D̂−1
T − D−1

T converges to 0 in probability
or a.s. and the weak or strong consistency of θ̂ will then follow. Now, for some η > 0, we have

P(|θ̂ − θ |>η) ≤ P({|θ̂ − θ |>η} ∩ En(ε)) + P(En(ε)c). (7.1)

We use the following inequality extensively. If a, b ≥ ε and κ ∈ (0, 1), we have

| log a − log b| = 1
κ

| log aκ − log bκ | ≤ 1
κεκ

|a − b|κ .

This inequality turns the log-problems across the origin into easier moment bounds. To get this
inequality, one can apply the mean value theorem, then use the inequality |aκ − bκ | ≤ |a − b|κ for
κ ∈ (0, 1).

On En(ε), we get | log σ̂ 2
t − log σ 2

t | ≤ (1/κεκ )|σ̂ 2
t − σ 2

t |κ .
From assumption A2 and standard moment inequalities for partial sums (lemma A.5), we have

sup
t≥1

E|σ̂ 2
t − σ 2

t |κ ≤ sup
t≥1

E
2κ/k|σ̂ 2

t − σ 2
t |k/2 = o(1).

By choosing κ small enough in the previous bounds, for any positive integer i, we get

sup
t≥1

E[| log σ̂ 2
t − log σ 2

t |i1En(ε)] = o(1) (7.2)

and
sup
t≥1

E[| log μ̂t − logμt|i1En(ε)] = o(1). (7.3)
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On the event En(ε), T−1 ∑T
t=1[log σ̂ 2

t − log σ 2
t ] → 0 in L

1 and then in probability when n → ∞.
Now, setting C := max(supt≥1 | log σ 2

t |, supt≥1 | logμt|), we bound | log μ̂t log σ̂ 2
t − logμt log σ 2

t |
by

| log μ̂t − logμt| · | log σ̂ 2
t − log σ 2

t | + | log σ 2
t | · | log μ̂t − logμt| + | logμt| · | log σ̂ 2

t − log σ 2
t |

≤ 1
2
| log σ̂ 2

t − log σ 2
t |2 + 1

2
| log μ̂t − logμt|2 + C| log μ̂t − logμt| + C| log σ̂ 2

t − log σ 2
t |.

From equations (7.2) and (7.3), we also deduce that

1
T

T∑
t=1

E1En(ε)| log μ̂t log σ̂ 2
t − logμt log σ 2

t | = o(1).

Hence N̂T − NT → 0 in probability on the event En(ε). Similarly, D̂T − DT → 0 in probability on
the event En(ε). This leads to the weak consistency of the regression estimates.

For any η > 0, ∑
n≥1

P({|θ̂ − θ |>η} ∩ En(ε)c) ≤
∑
n≥1

P(En(ε)c)<∞

and the Borel–Cantelli lemma ensures that |θ̂ − θ | · 1En(ε)c converges to 0 a.s.
To prove the a.s. convergence, it is enough to prove that N̂T − NT → 0 and D̂T − DT → 0 a.s. on

the event En(ε). Using the same strategy as for the convergence in probability, it suffices to show
that

lim
T→∞

1
T

T∑
t=1

{|σ̂ 2
t − σ 2

t | + |μ̂t − μt|} = 0, a.s. (7.4)

Because the function x �→ |x|k/2 (where k> 2 is given in assumption A2) is convex, we get

MT :=
(

1
T

T∑
t=1

|σ̂ 2
t − σ 2

t |
)k/2

≤ 1
T

T∑
t=1

|σ̂ 2
t − σ 2

t |k/2.

From moment inequalities for partial sums of independent observations (lemma A.5), we get
EMT = O(n−k/4) and by assumption, if k> 4, we get

∑
n≥1 EMT <∞. Setting PT = |μ̂t − μt|,

similar arguments yield
∑

n≥1 EPT <∞. The Borel–Cantelli lemma ensures that both MT and PT

go to zero a.s. as n → ∞ and then the validity of equation (7.4), which concludes the proof.

(b) Proof of theorem 3.6
The proof is similar to that of theorem 3.5. The main difference is in proving the convergence of
D̂T − DT or N̂T − NT to 0. Let At = {μ̂t > ε, σ̂ 2

t > ε} where ε < 1 satisfies the condition in lemma
A.1(ii). Using arguments similar to those in the proof of theorem 1, one can show that

1
T

T∑
t=1

1At [| log σ̂ 2
t − log σ 2

t | + | log μ̂t − logμt|

+ | log2 μ̂t − log2 μt| + | log μ̂t log σ̂ 2
t − logμt log σ 2

t |]

converges to 0 either in probability or a.s., depending on k. From lemma A.1,

∑
n≥1

1
T

T∑
t=1

P(Ac
t )<∞,

and from the Borel–Cantelli lemma, we deduce that limn→∞(1/T)
∑T

t=1 1Ac
t
= 0 a.s. Moreover,

from lemma A.1, the sequences (μt)t≥1 and (σ 2
t )t≥1 are upper- and lower-bounded. To show the
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required convergence, it suffices to show that the following quantities converge a.s. to 0:

1
T

T∑
t=1

10<σ̂ 2
t <ε

· | log σ̂ 2
t |, 1

T

T∑
t=1

10<σ̂ 2
t <ε

· | log σ̂ 2
t · log μ̂t|

and

1
T

T∑
t=1

10<μ̂t<ε · | log σ̂ 2
t · log μ̂t|, 1

T

T∑
t=1

10<μ̂t<ε · | log μ̂t|, 1
T

T∑
t=1

10<μ̂t<ε · | log2 μ̂t|.

We recall that log μ̂t and log σ̂ 2
t are always implicitly defined, respectively, by log μ̂t · 1μ̂t>0 and

log σ̂ 2
t · 1σ̂ 2

t >0.
First, because log(ε)< 0, we have

log μ̂t · 10<μ̂t<ε = log μ̂t · 10<μ̂t<ε · 1∪n
j=1{Xj,t>0} ≥

n∑
j=1

log
(Xj,t

n

)
· 1Xj,t>0 · 10<μ̂t<ε .

We then get the bound

| log μ̂t| · 1μ̂t>0 ≤ | log μ̂t| · 1μ̂t>ε −
n∑

j=1

log
(Xj,t

n

)
· 1Xj,t>0 · 10<μ̂t<ε . (7.5)

Using the same type of arguments for σ̂ 2
t = (1/2n2)

∑
1≤i	=j≤n |Xi,t − Xj,t|2, we get the bound

| log σ̂ 2
t | · 1σ̂ 2

t >0 ≤ | log σ̂ 2
t | · 1σ̂ 2

t >ε

−
∑

1≤i	=j≤n

log

(
|Xi,t − Xj,t|2

2n2

)
· 1Xi,t 	=Xj,t · 10<σ̂ 2

t <ε
. (7.6)

We are going to show that, as n → ∞,

ZT := 1
T

T∑
t=1

10<σ̂ 2
t <ε

· log σ̂ 2
t · log μ̂t → 0 (7.7)

in probability or a.s. The idea for all the other quantities is exactly the same and details will be
omitted.

Let p = q/2> 1 by assumption A5 and α = 1/(2p). From equation (7.5), there exists Cq > 0 such
that

|| log μ̂t · 1μ̂t>0||2p ≤ Cq · E
α(μ̂t) +

n∑
j=1

|| log
Xj,t

n
1Xj,t>0||2p.

From A5, we deduce the existence of a constant D> 0 such that the behaviour of μ̂t around the
origin is not too explosive:

|| log μ̂t · 1μ̂t>0||2p ≤ D(1 + n log(n)). (7.8)

From equation (7.6) and the Hölder inequality, we deduce that

|| log μ̂t · log σ̂ 2
t · 10<σ̂ 2

t <ε
||1

≤
∑

1≤i	=j≤n

P(σ̂ 2
t < ε)1−1/p · || log μ̂t · 1μ̂t>0||2p · || log

(
|Xi,t − Xj,t|2

2n2

)
· 1Xi,t 	=Xj,t ||2p.

From assumption A5, inequality (7.8) and lemma A.1, it is not very difficult to conclude that

∑
n≥1

1
T

T∑
t=1

|| log μ̂t · log σ̂ 2
t · 10<σ̂ 2

t <ε
||1 <∞.
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From the Borel–Cantelli lemma, we get equation (7.7). Remembering the discussion at the
beginning of the proof, one can deduce the consistency properties of θ̂ .

(c) Proof of theorem 4.1
The second derivatives of the function φθ = (φ1,θ ,φ2,θ ) are

∂2φ1,θ

∂x2 (x, y) = − 2
y − x2 − 4x2

(y − x2)2 + θ2

x2 ,

∂2φ1,θ

∂y2 (x, y) = −1
(y − x2)2 ,

∂2φ1,θ

∂x∂y
(x, y) = 2x

(y − x2)2 ,

∂2φ2,θ

∂x2 (x, y) = −4
y − x2 − log(y − x2)

x2 − 2 log x
y − x2

− 4x2 log(x)
(y − x2)2 + θ1 − 2θ2

x2 + 2θ2 log(x)
x2

and
∂2φ2,θ

∂y2 (x, y) = − log(x)
(y − x2)2 ,

∂2φ2,θ

∂x∂y
(x, y) = 1

x(y − x2)
+ 2x log(x)

(y − x2)2 .

To prove theorem 4.1(i), we first show that
√

nT(UT − VT) = oP(1). (7.9)

Using a Taylor–Lagrange expansion of order 2, we have

√
nT(UT − VT) =

(
1
2

√
n√
T

T∑
t=1

(m̂t − mt)′H1,t(m̂t − mt),
1
2

√
n√
T

T∑
t=1

(m̂t − mt)′H2,t(m̂t − mt)

)
, (7.10)

where
H1,t = ∇(2)φ1,θ (m̃t) and H2,t = ∇(2)φ2,θ (m̌t),

for some random points m̃t, m̌t in the segment [mt, m̂t]. It is only necessary to show equation (7.9)
on the event

E(ε) =
T⋂

t=1

{μ̂t > ε, σ̂ 2
t > ε},

which has been defined in the proof of theorem 3.5 and which satisfies P(E(ε)c) ≤ 2T exp(−nL) for
some L> 0. From lemma A.1(ii), on E(ε), we have, setting w = min(ε, s),

min
1≤t≤T

min(μt, m2,t, σ 2
t , μ̂t, m̂2,t, σ̂ 2

t ) ≥ w.

Moreover, on the same event E(ε), using convexity of the square function, we have for 1 ≤ t ≤ T,

min(m̃2,t − m̃2
1,t, m̌2,t − m̌2

1,t) ≥ min(σ̂ 2
t , σ 2

t ) ≥ w.

Also min(m̃1,t, m̌1,t) ≥ w. Moreover, there exists a positive constant C̃ such that for 1 ≤ t ≤ T and
i = 1, 2,

max(m̃i,t, m̌i,t) ≤ C̃(1 + |m̂i,t − mi,t|).
It is then sufficient to show that for i, i′ ∈ {1, 2},

√
n√
T

T∑
t=1

hi,i′,t|m̂i,t − mi,t| · |m̂i′,t − mi′,t| = oP(1), (7.11)

with

hi,i′,t = max
�=1,2

sup
w≤x≤C̃(1+|μ̂t−μt|)

w≤z≤C̃(1+|m̂2,t−m2,t|)

∣∣∣∣∣ ∂2φ�,θ

∂xi∂yi′ (x, z + x2)

∣∣∣∣∣ .
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A careful inspection of the second partial derivatives of φθ shows that for any δ > 0, there exists a
constant C′

δ > 0 such that

h1,1,t ≤ C′
δ[1 + |μ̂t − μt|2+δ + |m̂2,t − m2,t|δ]

and

h2,2,t ≤ C′
δ[1 + |μ̂t − μt|δ] and h1,2,t ≤ C′

δ[1 + |μ̂t − μt|1+δ].

Take δ ∈ (0, 1) such that 4 + δ < k. Using the moment bound given by lemma A.5, it is not difficult
to get that

√
n√
T

T∑
t=1

hi,i′,t|m̂i,t − mi,t| · |m̂i′,t − mi′,t| = OP(
√

T/n),

which yields equation (7.11) and then equation (7.9).
It now remains to show that

WT :=
√

nTCTVT ⇒N2(0, I2). (7.12)

We recall that I2 denotes the 2 × 2 identity matrix.
This follows from the Lindeberg–Feller central limit theorem for triangular arrays

[52, Theorem 18.1]. Since Var(WT) = I2, we only have to check the Lindeberg condition.
Setting Zn,j,t = (1/

√
nT)CTJφθ (mt)(Yj,t − mt) and using our assumptions, we have CT = O(1)

and max1≤t≤T |Jφθ (mt)| = O(1). For δ > 0 such that 2(2 + δ) ≤ k, we get
∑n

j=1
∑T

t=1 E|Zn,j,t|2+δ =
O((nT)−δ/2) = o(1). This proves equation (7.12).

To prove theorem 4.1(ii), we again use the decomposition equation (7.10) and we first show
that for �= 1, 2,

√
n√
T

T∑
t=1

(m̂t − mt)′[H�,t − K�,t](m̂t − mt) = oP(1), (7.13)

where for �= 1, 2 and t ≥ 1, K�,t = ∇(2)φ�,θ (mt). It is only necessary to show equation (7.13) on the
event En(ε). To this end, we will use the bounds max{|μ̃t − μt|, |μ̌t − μt|} ≤ |μ̂t − μt|, and

max{|̃σ 2
t − σ 2

t |, |σ̌ 2
t − σ 2

t |} ≤ |m̂2,t − m2,t| + (2 sup
s≥1

μs + |μ̂t − μt|) · |μ̂t − μt|,

where we set σ̃ 2
t := m̃2,t − m̃2

1,t and σ̌ 2
t := m̌2,t − m̌2

1,t. We will also use the fact that if h : (ε, ∞) → R+
is any mapping of the form h(z) = 1/z, h(z) = 1/z2 or h(z) = log(z), then for any κ ∈ (0, 1), there
exists Cκ > 0 such that |h(z) − h(z′)| ≤ Cκ |z − z′|κ .

Assertion equation (7.13) can be obtained from these facts and a careful analysis of the second
derivatives of φθ . We illustrate this by showing that

√
n√
T

T∑
t=1

(m̂2,t − m2,t)2

[
∂2φ1,θ

∂y2 (m̃t) − ∂2φ1,θ

∂y2 (mt)

]
= oP(1). (7.14)

For κ ∈ (0, 1) small enough to satisfy 4 + 2κ ≤ k, there exists Dκ > 0 such that∣∣∣∣∣ μ̃t

σ̃ 4
t

− μt

σ 4
t

∣∣∣∣∣≤ C[|μ̃t − μt| + |̃σ 2
t − σ 2

t |κ ].

To show equation (7.14), it is sufficient to show that

E[(m̂2,t − m2,t)2|m̂i,t − mi,t|κi ] = O
(

n−1− κi
2

)
,

when (i, κi) = (2, κ), (1, κ) or (1, 2κ). But this point easily follows from lemma A.5 and Hölder’s
inequality. Assertions similar to equation (7.14) can be obtained in the same way for the other
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second-order partial derivatives of φθ . Details are omitted. Then

√
nT(UT − VT) =

(√
n√
T

T∑
t=1

(m̂t − mt)′K1,t(m̂t − mt),
√

n√
T

T∑
t=1

(m̂t − mt)′K2,t(m̂t − mt)

)

+ oP(1).

One applies lemma A.2 to conclude the proof.

(d) Proof of corollary 4.7
The result is a consequence of theorem 4.1 and of lemmas A.8 and A.4 in appendix A.

Set Ân := ĈTD̂T and An := CTD̂T. Using lemma A.8 in appendix A, we have ĈT − CT = oP(1)
and from the proof of theorem 3.5, we know that D̂T − DT = oP(1) and both DT and D−1

T are O(1).
We then easily conclude that Ân − An = oP(1).

Let us also define B̂n := √
T/nĈTÊT if T/n = O(1) and B̂n := 0 if T/n = o(1). Once again, using

lemma A.8, it is easy to show that B̂n − Bn = oP(1) where Bn := √
T/nCTET if T/n = O(1) and Bn :=

0 if T/n = o(1). Setting Wn = √
nT(θ̂ − θ ), we already know from theorem 4.1 that AnWn − Bn ⇒

N2(0, I2). Moreover, using the decomposition

Zn := ÂnWn − B̂n = AnWn − Bn + (Ân − An)A−1
n (AnWn − Bn)

+ (ÂnA−1
n − I2)Bn + Bn − B̂n,

we conclude from lemma A.8 that Zn ⇒N2(0, I2). The result is now a consequence of lemma A.4.
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Appendix A
This appendix states and proves several technical lemmas used to prove our main results. Lemma
A.1 shows that assumption A3 leads to a lower bound for the population mean and the population
variance. It also shows that small values of the sample mean and sample variance occur with very
small probability if n is large, as noted at the beginning of the proofs in §7.

Lemma A.1. Suppose that assumption A3 holds, i.e. that there exists some δ > 0 such that

p(δ) := inf
t≥1

P(X1,t > δ)> 0 and q(δ) := inf
t≥1

P(|X1,t − X2,t|> δ)> 0.

Then

(i) there exists s> 0 such that inft≥1 μt ≥ s and inft≥1 σ
2
t ≥ s.

(ii) Let 0< ε <min(δp(δ), δ2q(δ)/4). Then there exists L> 0 such that for all n ≥ 2,

sup
t≥1

max{P(μ̂t ≤ ε), P(σ̂ 2
t ≤ ε)} ≤ exp(−Ln).
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Proof of lemma A.1. To prove point (i), we use the inequality xi ≥ δi1{x≥δ} for any x ≥ 0 and
i = 1, 2, which leads to the lower bounds

μt ≥ δP(X1,t > δ) ≥ δp(δ)

and

σ 2
t = 1

2
E(|X1,t − X2,t|2) ≥ δ2

2
P(|X1,t − X2,t| ≥ δ) ≥ δ2

2
q(δ).

To prove point (ii), we observe that μ̂t ≥ (δ/n)
∑n

j=1 1Xj,t>δ . Then, setting Zj,t :=1Xj,t>δ − P(Xj,t >

δ),

P(μ̂t ≤ ε) ≤ P

⎛⎝ 1
n

n∑
j=1

Zj,t ≤ ε

δ
− p(δ)

⎞⎠ .

Using Hoeffding’s exponential inequality [54, inequality (2.6)], we conclude that supt≥1 P(μ̂t ≤
ε) ≤ exp(−nL′) for some L′ > 0. L′ can be taken here as (ε/δ − p(δ))2. To control the probability of
small values of the empirical variance, we use an immediate consequence of Lagrange’s identity:

σ̂ 2
t = 1

2n2

∑
1≤i	=j≤n

(Xi,t − Xj,t)
2.

This leads to the lower bound σ̂ 2
t ≥ (δ2/2n2)

∑
1≤i	=j≤n 1|Xi,t−Xj,t|>δ . Next, set Z(t)

i,j :=1|Xi,t−Xj,t|>δ −
P(|Xi,t − Xj,t|> δ). Then

P(σ̂ 2
t ≤ ε) ≤ P

⎛⎝ 1
n(n − 1)

∑
1≤i	=j≤n

Z(t)
i,j ≤ 2n2ε

δ2n(n − 1)
− q(δ)

⎞⎠ .

Since 2n2/(n(n − 1)) ≤ 4 for every n ≥ 2, an application of Hoeffding’s inequality for U-statistics
[54, bound (5.7)] leads to

P(σ̂ 2
t ≤ ε) ≤ exp

(
−2

[n
2

]
h2
)

,

where [n/2] denotes the integer-part of n/2 and h = q(δ) − (4ε/δ2). It is then always possible to get
the conclusion of the lemma for a suitably chosen constant L ∈ (0, L′). �

Lemma A.2. Suppose that assumption A1 holds true and for any j ≥ 1, the variables Xj,1, . . . , Xj,T are
mutually independent. Let {Jt : t ∈ N} be a family of 2 × 2 matrices such that supt≥1 |Jt|<∞. Suppose that

supt≥1 EX4(1+κ)
1,t <∞ for some κ ∈ (0, 1). Then

1
T

T∑
t=1

(m̂t − mt)′Jt(m̂t − mt) = 1
nT

T∑
t=1

Tr(JtVar(Y1,t))

+ OP

((
T
n

)(1/2)−(κ/(1+κ)) 1

n2κ/(1+κ)
√

nT
+ 1√

n
√

nT

)
,

where Yj,t = (Xj,t, X2
j,t)

′ for 1 ≤ j ≤ n and 1 ≤ t ≤ T.

Proof of lemma A.2. Setting Yj,t := Yj,t − EYj,t and

A := 1
n2T

T∑
t=1

n∑
j=1

Y
′
j,tJtYj,t and B := 2

n2T

T∑
t=1

∑
1≤i<j≤n

Y
′
i,tJtYj,t,

we have (1/T)
∑T

t=1(m̂t − mt)′Jt(m̂t − mt) = A + B. It is straightforward to get E(A) = (1/nT)
∑T

t=1
Tr(JtVar(Y1,t)). Moreover, setting p = 1 + κ , one can apply lemma A.5 to get

||A − E(A)||p = O(n−1−(κ/(1+κ))T−κ/(1+κ)).
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Then

E(B2) = 4
n4T2

T∑
t=1

∑
1≤i<j≤n

E(|Y′
i,tJtYj,t|2) ≤ 2n(n − 1)

n4T
sup
t≥1

|Jt| × sup
t≥1

E
2(|Y1,t|2).

Hence B = OP(1/(
√

n
√

nT)). �

Lemma A.3. Assume that (Zn)n∈N is a sequence of random vectors of R
2 such that Zn ⇒N (0, I2).

Then, for any sequence (un)n∈N of deterministic vectors of R
2 such that |un| = 1, we have

u′
nZn ⇒N (0, 1).

Proof of lemma A.3. It is clear that the sequence (u′
nZn)n∈N is bounded in probability (i.e.

tight). We simply have to show that any subsequence has a subsubsequence converging to the
distribution N (0, 1). Let (u′

φn
Zφn )n∈N be a given subsequence. Since the unit sphere is compact, one

can find a subsubsequence (uψn )n∈N withψn ∈ {φk : k ∈ N} for all n ∈ N and such that limn→∞ uψn =
u for some u ∈ R

2 such that |u| = 1. Since

u′
ψn

Zψn = (uψn − u)′Zψn + u′Zψn ,

our assumption guarantees that u′Zψn ⇒N (0, 1) and we also know that (uψn − u)′Zψn will
converge in probability to 0 as n → ∞. From Slutsky’s lemma, we conclude that u′

ψn
Zψn ⇒

N (0, 1). �

Lemma A.4. Suppose Zn = ÂnWn − B̂n ⇒N2(0, I2) with Ân a random real matrix of size 2 × 2, Wn

a random real vector of R
2 and B̂n a random real vector of R

2. Suppose furthermore that Ân − An = oP(1),
with An deterministic and such that An = O(1) and A−1

n = O(1). Setting Hn := Â−1
n (Â−1

n )′ and mn =
Â−1

n B̂n, we have for i = 1, 2,
Wn(i) − mn(i)√

Hn(i, i)
⇒N (0, 1).

Proof of lemma A.4. To show first that

Â−1
n − A−1

n = oP(1), (A 1)

we write
Â−1

n = (An − (An − Ân))−1 =
∑
k≥0

(A−1
n (An − Ân))kA−1

n ,

which is bounded in probability because Ân − An → 0 in probability. We then deduce that

Â−1
n − A−1

n = Â−1
n (An − Ân)A−1

n = oP(1),

which proves equation (A 1). Next, for i = 1, 2, we set v̂n,i := (Â−1
n )′ei, where e1 := (1, 0)′, e2 := (0, 1)′.

Define also vn,i := (A−1
n )′ei, i = 1, 2. Since ei = A′

nvn,i and An = O(1), vn,i cannot approximate 0.
Moreover, v̂n,i − vn,i = oP(1). Using also that A−1

n = O(1), vn,i is bounded and we deduce that

v̂n,i

|v̂n,i|
− vn,i

|vn,i|
= oP(1).

We then conclude that (v̂′
n,iZn/|v̂n,i|) − (v′

n,iZn/|vn,i|) = oP(1). Using lemma A.3, we know that
vn,i

′Zn/|vn,i| ⇒N (0, 1). Since v̂′
n,iZn/|v̂n,i| = (Wn(i) − mn(i))/|v̂n,i|, we only have to show that |vn,i| =√

Hn(i, i) to finish the proof. �

The following lemma is useful to bound moments of partial sums. It is a very special case of
the Burkholder inequality for martingales [55, Theorem 2.10].

Lemma A.5. If ξ1, . . . , ξn are independent random variables with 0 mean and a finite moment of order
p> 1, then there exists a constant Cp > 0 such that∥∥∥∥∥

n∑
i=1

ξi

∥∥∥∥∥
p

≤ Cp ×
{

n1/p max1≤i≤n ||ξi||p, if p ∈ (1, 2),
n1/2 max1≤i≤n ||ξi||1/2p/2, if p ≥ 2.
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Corollary A.6. Suppose that assumption A1 is fulfilled and that for some k> 4, supt≥1 E|X1,t|k <
∞. Define for i = 1, 2, 3, 4, Si,t := (1/n)

∑n
j=1(Xi

j,t − E[Xi
j,t]). Suppose that for some integer d ≥ 1 and

i = 1, . . . , 4, κi is a positive real number, αi ∈ {1, . . . , 4} with
∑d

i=1 αiκi ≤ k.
Then

sup
t≥1

E

⎡⎣ d∏
i=1

|Sαi,t|κi

⎤⎦= O
(

n−∑d
i=1 κi min{1/2,1−αi/k}

)
.

Proof of corollary A.6. Setting pi := k/(αiκi) for 1 ≤ i ≤ d, we have
∑d

i=1 1/pi ≤ 1 and applying the
Hölder inequality, we get

E

⎡⎣ d∏
i=1

|Sαi,t|κi

⎤⎦≤
d∏

i=1

E
1/pi [|Sαi,t|k/αi ].

The result then follows from lemma A.5. �

Lemma A.7. Given the assumptions of theorem 4.1, let ΓT be the symmetric, non-negative definite
matrix

ΓT := 1
T

T∑
t=1

Jφθ (mt)Var(Y1,t)Jφθ (mt)′,

where Jφθ (mt) denotes the Jacobian matrix of φθ at point mt and mt := EY1,t and Yj,t := (Xj,t, X2
j,t)

′. Let λT

be the smallest eigenvalue of ΓT and AT = (1/T)
∑T

t=1 Jφθ (mt).

(i) There exists ξ > 0 such that λT ≥ ξ min1≤t≤T det[Var(Y1,t)]det2(AT).
(ii) Suppose that X1,t follows a Poisson distribution with parameter μt =μ(t/T) with μ : [0, 1] →

(0, ∞) a continuous function. Then there exists ζ > 0 such that for T large enough, λT ≥ ζ .

Proof of lemma A.7.

(i) Let γt be the smallest eigenvalue of Var(Y1,t) and βT the smallest eigenvalue of the matrix
ATA′

T . If x ∈ R
2, then

x′ΓTx ≥ 1
T

T∑
t=1

x′Jφθ (mt)Var(Y1,t)Jφθ (mt)′x

≥ 1
T

T∑
t=1

γt|Jφθ (mt)′x|2 ≥ min
1≤t≤T

γt(x′AT)2 ≥ min
1≤t≤T

γtβT

≥ min
1≤t≤T

det Var(Y1,t)
TrVar(Y1,t)

· det2 AT∑
1≤i,j≤2 |AT(i, j)|2 .

The previous three lines assert five inequalities. The second and fourth inequalities are
based on the Courant–Fischer theorem. The third one is based on Jensen’s inequality.
The last inequality is a consequence of the inequality λ≥ det(B)/Tr(B) for any (non-null)
non-negative definite matrix B with an eigenvalue λ. The result announced follows from
the Courant–Fischer theorem and the fact that the assumptions of theorem 4.1 guarantee
that the coefficients of the matrices AT and Var(Y1,t) are bounded with respect to T and t,
respectively.

(ii) Since μt = σ 2
t for the Poisson distribution, using the expressions of the first four moments

of the Poisson distribution, we get det Var(Y1,t) = 2μ3
t . The assumption on the function μ
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entails that inft≥1 μt > 0. Moreover,

AT =
( −2 − 1

T
∑T

t=1
1
μt

1
T
∑T

t=1
1
μt

− 1
T
∑T

t=1

(
2 + 1

μt

)
logμt

1
T
∑T

t=1
logμt
μt

)
.

Then

lim
T→∞

det(AT) = 2
∫ 1

0

1
μ(u)

du ·
∫ 1

0
logμ(u) du − 2

∫ 1

0

logμ(u)
μ(u)

du.

One can show that the previous limit is positive, since from Jensen’s inequality applied
first to the probability measure P(du) =1[0,1](u) du/(μ(u)

∫1
0 μ(v)−1 dv) and then to the

uniform distribution over [0, 1],(∫ 1

0

1
μ(u)

du

)−1 ∫ 1

0

logμ(u)
μ(u)

du<− log
∫ 1

0

1
μ(u)

du<
∫ 1

0
logμ(u) du.

This proves the lemma. �

Lemma A.8. Suppose that all the assumptions of theorem 4.1 are valid, with or without the additional
condition on T/n given in point (i) or point (ii) of theorem 4.1. Set Σt := Var(Y1,t) and

Σ̂t := 1
n

n∑
j=1

Yj,tY
′
j,t − Yn,tY

′
n,t and Yn,t := 1

n

n∑
j=1

Yj,t, Γ̂T := 1
T

T∑
t=1

Jφθ̂ (m̂t)Σ̂tJφθ̂ (m̂t)′,

where Jφθ (mt) denotes the Jacobian matrix of φθ at point mt and mt := EY1,t and Yj,t := (Xj,t, X2
j,t)

′. Set

Ĝt := (Tr(∇(2)φ1,θ̂ (m̂t)Σ̂t), Tr(∇(2)φ2,θ̂ (m̂t)Σ̂t)).

Then, with ΓT defined in the statement of lemma A.7,

Γ̂T − ΓT = oP(1). (A2)

Moreover, if CT := Γ
−1/2

T and ĈT := Γ̂
−1/2

T , we have

ĈT − CT = oP(1) and
1
T

T∑
t=1

(Ĝt − Gt) = oP(1). (A3)

The proof of lemma A.8 is given in the electronic supplementary material.
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