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of any correlations within the normal vectors. The correlations appear to lose out in
MSC: the competition with the heavy tails. To clarify how extensive this phenomenon is, we
primary 60E05 analyze two other transformations of two iid centered normal random vectors. These
60EQ7 transformations are similar in spirit to the transformation considered by Pillai and Meng
L e .
Keywords: (2016). One transformation involves absolL:Tte values: ;1:1 w;X;/|Y;|. The second involves
Heavy tails randomly stopped Brownian motions: Y ! | w]-Xj(Yj_ ), where {(Xl(t), cnXa(), t >
Dependence O}, n > 1, is a Brownian motion with positive variances; (Y7,...,Y;) is a centered
EaUChyl normal random vector with the same law as (X;(1), ..., X,(1)) and independent of it;
orma.

and X(Y~2) is the value of the Brownian motion X(t) evaluated at the random time
t = Y~2. All three transformations result in a Cauchy distribution if the covariance
matrix of the normal components is diagonal, or if all the correlations implied by the
covariance matrix equal 1. However, while the transformation that Pillai and Meng
considered produces a Cauchy distribution regardless of the normal covariance matrix,
the transformations we consider here do not always produce a Cauchy distribution. The
correlations between jointly normal random variables are not always overwhelmed by
the heaviness of the marginal tails. The mysteries of the connections between normal
and Cauchy laws remain to be understood.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

The normal distribution and the Cauchy distribution are among the most fundamental probability distributions with
numerous applications in many areas where uncertainty is present. They both arise as limits of suitably normalized sums
of independent copies of random quantities. They both have nearly magical invariance properties. They contrast strongly
in that the normal distribution has finite moments of all orders (even all exponential moments are finite), while the
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Cauchy distribution does not even have a finite mean. It is well known that normal and Cauchy random variables are
connected in simple ways. These connections sometimes appear to have mysterious properties as well. This note aims to
shed additional light on some of these mysteries.

By definition, the centered normal distribution with standard deviation o > 0 has the density

1
o2
while the Cauchy distribution with scale o > 0 has the density

ox;0)=

exp{—x*/(20%)}, x € R,

o
f(x;o):m, xeR. (1.1)
For both distributions, the case o = 1 is called standard. The invariance properties of these distributions say that, if
X1, ..., X, are iid copies of a centered normal X and £ denotes equality in distribution, then
n
> wxi £ X (1.2)
j=1

if Z}; w? = 1, while if X;, ..., X, are iid copies of a Cauchy X, then (1.2) holds if ZJ'?:] lwj| = 1.
Versions of (1.2) may hold when the Xy, ..., X, are not independent. For example, recall that Xy, ..., X, are jointly
Cauchy if there is a finite symmetric measure I" (the spectral measure) on the unit sphere S" such that

n d
Eexp{iZQij} :exp{—/y1 Zstj
j=1

j=1

Because (X, ..., X;) has a symmetric distribution, the characteristic function is real-valued on the right side of (1.3). Then
X1, ..., X, have identical marginals ifj Isj| I"(ds) is the same for all j; see Samorodnitsky and Taqqu (1994). In particular, if
the spectral measure I" is concentrated on the positive and negative quadrants of the unit sphere and X, . .., X, have the
same marginals, then (1.2) still holds as long as all (w;) are also of the same sign. In this scenario, X, ..., X, are generally
dependent since their independence requires I" to be concentrated at the points where the unit sphere intersects the
axes. In particular, if I is concentrated at the points &(1, ..., 1)/n'/?, then X; = ... = X, a.s. This special case shows
that a convex linear combination of iid Cauchy random variables has the same law as a convex linear combination of
almost surely equal Cauchy random variables!

I'(ds;, ..‘,dsn)}. (1.3)

2. The Pillai and Meng result

An elementary calculation shows that, if X, Y are iid centered normal and W is a standard Cauchy, then
XY Liw. (2.1)

If X and Y are bivariate normal, then the probability density function of the ratio X /Y is derived in Pham-Gia et al. (2006)
and earlier sources they cite. The ratio has a Cauchy distribution if and only if X and Y are centered and uncorrelated. For
the remainder of this note, we will take X and Y to be centered and uncorrelated.

Pillai and Meng (2016) proved an amazing extension of (2.1). Let (Xi,...,Xy) and (Yy,...,Y,), n > 1, be iid
multivariate centered normal random vectors with positive variances and a covariance matrix X. Then for any weights
O<wj<lj=1,...,nY"  w=1,

n
X4
wid Lw, (2.2)
)
i

where W is a standard Cauchy. Earlier, Drton and Xiao (2016) proved (2.2) when n = 2.

What is amazing in (2.2)? Each ratio X;/Y; in the sum has the standard Cauchy distribution by (2.1). If the covariance
matrix X is diagonal, then these Cauchy random variables are independent, and (2.2) is simply the invariance property
(1.2). I, on the other hand, all the correlations implied by the covariance matrix X equal 1, then all terms in (2.2) are
equal almost surely, and (2.2) is equivalent to the above-mentioned fact that a convex linear combination of equal Cauchy
random variables has the same law as a convex linear combination of iid Cauchy random variables. The amazing part is
that (2.2) holds for all other covariance matrices X.

The only comparable property of non-independent Cauchy random variables that appears to be known at this point is
the property of jointly Cauchy random variables with the spectral measure I" concentrated on the positive and negative
quadrants of the unit sphere. It is straightforward to show that the terms in (2.2) are jointly Cauchy if and only if the
normal random vectors consist of independent blocks of equal normal random variables.

Therefore, it is a special feature of the multivariate normal distribution that the ratios of the components of iid centered
normal random vectors have the invariance property (1.2), regardless of the correlations among the normal components.
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Pillai and Meng (2016) speculate that “the dependence among them” (i.e., among the ratios of centered, dependent normal
random variables) “can be overwhelmed by the heaviness of their marginal tails” (of the ratios) “in determining the
stochastic behavior of their linear combinations”. This speculation continues to generate interest and new results. For
example, Cohen et al. (2020) give another example where heavy tails overwhelm correlations among normal random
variables.

Here we shall show, by two examples, that the correlations between jointly normal random variables are not always
overwhelmed by the heaviness of the marginal tails. In the two subsequent sections, we analyze two other natural
transformations, in the spirit of Pillai and Meng (2016), from the normal world to the Cauchy world.

3. Transformation 1: Absolute values

The symmetry of a centered normal random variable and (2.1) imply that, if X, Y are iid centered normals and W is
a standard Cauchy, then
X/lY| L w. (3.1)

Following Pillai and Meng (2016), let (Xi,...,X,) and (Y, ..., Y,), n > 1, be iid multivariate centered normal random
vectors with positive variances and a covariance matrix X. Is it true that, for any weights 0 < w; < 1,j =
1,...,n YL w=1

s s Ity j=1 % ’

n

X;
wa P4y, (32)
1Yjl

where W is a standard Cauchy? As was the case with (2.2), the claim (3.2) holds if the covariance matrix X is a diagonal
matrix, and also when all the correlations implied by the covariance matrix X equal 1. However, we will show that
(3.2) is not true for some covariance matrices X. The argument uses a simple property of Cauchy densities that follows
immediately from (1.1):

o)
f(X,U)— W’ x € R. (33)

It is enough to show that (3.2) does not, in general, hold when n = 2. A non-singular covariance matrix X with equal
variances can be scaled so that its inverse matrix is

>1= 10 for—1 <6 < 1. (3.4)
6 1

Let R; = X;/|Yi|, i = 1, 2. An elementary calculation for the joint density of (R;, R;) gives, in the parametrization (3.4),

SRk (11, 12)

/ / (1-6%) Iy1yal

@
1
EXP{—(}’lrl +20|y1y2|rir2 + y313) — E(J’% + 20y1y2 +J’§)}d}’1db

*(1-6%) xy2 1055 5 2 2.2
=2 exp —3 xy5(ry + 1)+ 20xy5(riry + 1) + y5(r5 + 1) | pdxdy;

271)2
92 xy2 1 2.2
+2 exp —3 X yz(rl + 1)+26'xy2(r1r2 1) 4+ y5(ry + 1) | pdxdy,
/ (1—62)x
= de
o m2(X2(r? + 1) 4 20x(riry + 1) + (r7 + 1))

(1—62)x

o0
+/ 2dx.
0 yrz(xz(rl2 + 1) 4 20x(rir, — 1) + (rzz + 1))

Define the convex combination of R; and R, to be V := wiR; + wyR,, where w; € [0, 1] and wy; = 1 — w;. Then the
density gy of V is given by

_/ / (1—60%)w3x
- w2 (wix2(r? + 1)+ 20wox(r(v — wir) + w2) + (v — wir}? + w3))

5 dxdr (3.5)

(1 —192)w2
/ / 5 dxdr
w 2x2(r2 4+ 1) 4 20wox(r(v — wir) — wy) + (v — wyr)? + w%))
3
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:/"o (1 —0%)(wax? — 20w wax + wi)x i
0 27 ((w2x? — 20wywax + WX +20x + 1) + (1 — 62)22) >
/OO (1—02)(w3ix? — 20wiwax + wi)x 0
0 2m (WA — 20wywax + w)(x2 — 20x + 1) + (1 — 62 )v2x2) >

For wy € (0, 1) fixed, we will prove that
lim v2gy(v) = 1/m, (3.6)
vV—>00
for all 6 € (0, 1). Assuming that (3.6) is true, if gy were a Cauchy density for any 6 € (0, 1) it would follow from (3.3) that
gv(0) = 1/x for any 6 € (0, 1).
We will show that, in fact,
gv(0) > 1/m (3.7)

for all & € (0, €) for some € > 0. This precludes the possibility that gy is a Cauchy density for all such 6.
To establish (3.7), it suffices to show that for any w; € (0, 1), the derivative of the function gy(0) with respect to 0 is
positive at & = 0. Indeed, by (3.5)

0) = > (1 —02)(w§x2 —29w1wzx+w%)x "
&v 2.2 N3/2[ 32
0 Zn(wzx —20w1w2x+w1) (x + 20x + 1)
/'OO (1—62)(w3x? — 20w wax + w?x d
X

0 27 (w2 — 20wywox + w?)* (2 — 20x + 1)
It is elementary that one may differentiate with respect to 6 inside the integrals to obtain
agv(0) _ /Oo Wi WX dx > 0
0 lpg Jo m(wd+wix?PR(x2 + 12 ’

as promised. We conclude that (3.7) holds and, hence (3.2) cannot be valid for 6 in a neighborhood of zero.
It remains to prove (3.6). We use the last equality of (3.5) and write in the obvious notation

vt [T o[ [

We have, as v — o0,

x3v?

L(v) ~(1 —ez)wzf dx
2 i rr(w%x“—i—(l —92)v2x2)3/2

o 1 o 1
=U_)2/ ———dx — wZ/ 7dX=U)2/7T.
w2/(v(l—92)1/2) 7T(X2 =+ 1)3/2 0 N(Xz =+ ])3/2

Since I, can be reduced to I; by a variable change x — 1/x and switching w; and w,, this means that L,(v) — w;/7 as
v — 00. Because wq + w, = 1, this proves (3.6).

In summary, it is not true that, for any choice of (w1, w,) with 0 < wy < 1, wy + w, = 1, the sum on the left side of
(3.2) has a Cauchy distribution for all 6 in an arbitrarily small neighborhood of the origin.

4. Transformation 2: Randomly stopped Brownian motions

Recall that an R"-valued Brownian motion {(X;(t), ..., X(t)), t > 0} is a continuous centered Gaussian process that
starts at the origin at time zero and has stationary and independent increments. The law of such a process is completely
determined by the law of its values at time 1, (Xl(l), e ,Xn(l)). The covariance function of a Brownian motion is

cov(Xi(s), Xj(t)) = min(s, t) cov(X;(1), X;(1)), s, t >0, i,j=1,...,n. (4.1)
A Brownian motion is self-similar in the sense that, for any ¢ > 0,
{(Xa(et), .., Xalet)), £ = 0} £ {(c2Xu(t), ..., c/Xu(0)), t = O). (4.2)

If {X(t), t> 0} is a one-dimensional Brownian motion, Y is an independent copy of X(1) and X(Y~2) is the value of the
Brownian motion X(t) evaluated at the random time t = Y2, then (4.2) implies that

X(Y2) Lxy/ v £ xayy £w (4.3)
by (2.1), where W is a standard Cauchy.
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Again following Pillai and Meng (2016), let {(X1(t), ..., Xx(t)), t = 0}, n > 1, be a Brownian motion with positive

variances and (Yy, ..., Y,) a centered normal random vector with the same law as (Xl(l), ... ,Xn(l)) and independent of
it. Let their common covariance matrix be X. Is it true that for any weights 0 < w; < 1,j=1,...,n, Z}; w; = 1, and
any X,

Zw] ) Lw, (4.4)

where W is a standard Cauchy? If X is diagonal, or if all the correlations implied by X' equal 1, then (4.4) holds. However,
we will show that (4.4) is not true in general. The argument is similar to the one used in Section 3 and relies on the
property (3.3) of the Cauchy distribution. Again we let n = 2 and parametrize the inverse of X as in (3.4).

Let V = wiX;(Y; %) + waXz (Y, ), with wy € [0, 1] and wy = 1 — wy. Let gy be the density of V. If fy, y, is the joint
density of (Y1, Y3), then by (4.1),

o0 o0
v) = / / By 3y (0)fvrwy (V12 v2) dyrdlys, (45)
—00 —00

where hy, ), is the density of a centered normal random variable with variance

2 2
w] 2wiwy60 w?

i1 —62)  max(y3,y3)(1—6%)  y3(1—62)
The part of the integral in (4.5) over the range |y;| < |y2| can be written in the form

/ / (1—6%)xly3
(27 )3/%( w — 2w1w29x2 +w XZ)V2

exp{— Oyl L0224 20mplys +y2)}dyzdx
2(w? — 2w1w29x2 +wix?) 2 2 2
_ /1 (1— 6% w? — 2w w20x% + wix*)x i
0 27 (w2 — 2wy wafx? + w2R2)(X? +26x + 1) + (1 — 62)x2v2)*/°
/1 (1—6%) w? — 2wiw20x* + wix?x i
0 27 ((w? — 2wy wyx? + w2k?)(x® — 20x + 1) + (1 — 62)x202)*/*
Computing in an identical manner the part of the integral in (4.5) over the range |y.| < |y1| gives
gv(v) = /1 05w — B + o' 374X (4.6)
0 27 ((w} — 2w wz0x% + wix?)(x2 + 20x + 1) + (1 — 62 )x*v?)
N /1 (1 —02)(w? — 2w wy0x% + wix?)x i
0 27 ((w? — 2wiwyx2 + w2?) (X2 — 20x + 1) + (1 — 02)x202)*/?
N /1 (1—02)(w? — 2w w10x% + wix?)x i
0 27 ((w2 — 2wiwz0x2 + w2?)(x? + 20x + 1) + (1 — 02)x202)*/?
/1 (1 —02)(w? — 2w wy0x% + wix?)x i
0 27 ((w2 — 2wiwyx2 + w2?)(x® — 20x + 1) + (1 — 02)x202)*/?

We will prove that (3.6) still holds, independently of 8 in (3.4) and independently of the weights (w1, w;). Assuming that
this is the case, the claim that gy cannot be a Cauchy density for all choices of 6 and (w1, w,) will, as in Section 3, follow
once we show that, for any 0 < w; < 1, the function g,(0) has a strictly positive derivative in 6 at 6 = 0. By (4.6),
(0)2/1 (1 — 0%)(w? — 2w w,0x% + wix?)x .
0 2m(w? — 2w w0x% + wix?)¥/2(x2 + 20x + 1)3/2
n /1 (1—92)(w1—2w1w20x +w x%)x
0 2m(w? — 2w wa0x2 + wix2)32(x2 — 20X + 1)3/2
N f (1 — 0% w2 — 2wiw0x% + wix?)x i
0 271( — 2w w0x% +w x2)3/2(x2 + 20x + 1)3/2
N /1 (1 — 6% w2 — 2w w20x% + wix*x
0 27(w? — 2w wa0x2 + wix2)3/2(x2 — 20X + 1)3/2
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It is elementary that one may differentiate with respect to 6 inside the integrals to obtain
agv(0)
a0

as promised.
It remains to prove (3.6). We use (4.6) and we write in the obvious notation

v7gv(v) = (V) + L(v) + I3(v) + La(v).

We have, as v — o0,

1 3 1 3
WiwWaX W1wWaX
=/ 5 21 2 dx—i—/ 5 21 2 dx > 0,
om0 Jo m(wi+ wix?)32(x? + 1)3/2 o m(ws + wix?)32(x2 + 1)3/2

2y, 2 ! xv?
Li(v) ~(1—-6 dx
1(v) ~( )w1/(; 2n(w% + (1 — 62)p2x2)3/2

v(1—92)1/2/u/1 X o0 X
= ———dx — ———dx = 2m).
w /0 20(2 + 172 o /0 2@ + 1 X = wi/(2m)

Similarly, as v — oo,
L(v) — wi/(27), I(v) = wy/(27), I4(v) — wy/(27),

and (3.6) follows from the fact that wq + wy = 1.

In summary, (4.4) does not hold for all values of the parameters. We prove the stronger contrary result that, for any
choice of (wy, wy) with 0 < wq; < 1, wy + w, = 1, the sum on the left side of (4.4) does not have a Cauchy distribution
for all 8 in an arbitrarily small neighborhood of the origin.

5. Conclusions

Two natural transformations of multivariate normal vectors considered here and the similar transformation Pillai and
Meng (2016) considered all result in a Cauchy distribution if the covariance matrix of the normal ingredients is diagonal, or
if all the correlations implied by the covariance matrix equal 1. However, the transformation (2.2) considered by Pillai and
Meng (2016) produces a Cauchy distribution regardless of the normal covariance matrix. By contrast, the transformations
(3.2) and (4.4) do not always produce a Cauchy distribution. This shows that the mysteries of the connections between
the normal laws and the Cauchy laws remain to be understood. The result of Pillai and Meng (2016) exhibits a family
of laws in R" with standard Cauchy marginals that share with a subclass of multivariate Cauchy laws (1.3) the property
that any convex linear combination of the coordinates is again a standard Cauchy. Since the two transformations we have
considered lack this property, the correlations between jointly normal random variables are not always overwhelmed by
the heaviness of the marginal tails. Future work must clarify the extent of the phenomenon described by Drton and Xiao
(2016) and Pillai and Meng (2016).
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