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We generalize Taylor's law for the variance of light-tailed distribu-
tions to many sample statistics of heavy-tailed distributions with
tail index « in (0, 1), which have infinite mean. We show that, as
the sample size increases, the sample upper and lower semivari-
ances, the sample higher moments, the skewness, and the kurtosis
of a random sample from such a law increase asymptotically in
direct proportion to a power of the sample mean. Specifically, the
lower sample semivariance asymptotically scales in proportion to
the sample mean raised to the power 2, while the upper sample
semivariance asymptotically scales in proportion to the sample
mean raised to the power (2 — «)/(1 — &) > 2. The local upper
sample semivariance (counting only observations that exceed the
sample mean) asymptotically scales in proportion to the sample
mean raised to the power (2 — a?)/(1 — «). These and additional
scaling laws characterize the asymptotic behavior of commonly
used measures of the risk-adjusted performance of investments,
such as the Sortino ratio, the Sharpe ratio, the Omega index, the
upside potential ratio, and the Farinelli-Tibiletti ratio, when re-
turns follow a heavy-tailed nonnegative distribution. Such power-
law scaling relationships are known in ecology as Taylor’s law and
in physics as fluctuation scaling. We find the asymptotic distribu-
tion and moments of the number of observations exceeding the
sample mean. We propose estimators of o based on these scaling
laws and the number of observations exceeding the sample mean
and compare these estimators with some prior estimators of .

stable law | semivariance | Pareto | Taylor’s law | power law

eavy-tailed nonnegative random variables with infinite mo-
ments, such as nonnegative stable laws with index « in
(0,1), have theoretical and practical importance [e.g., Carmona
(1), Feller (2), Resnick (3), and Samorodnitsky and Taqqu (4)].
Heavy-tailed nonnegative random variables with some or all in-
finite moments have been claimed to arise empirically in finance
[operational risks in NeSlehova et al. (5)], economics [income
distributions in Campolieti (6) and Schluter (7); returns to tech-
nological innovations in Scherer et al. (8) and Silverberg and
Verspagen (9)], demography [city sizes in Cen (10)], linguistics
[word frequencies in Bérubé et al. (11)], and insurance [eco-
nomic losses from earthquakes in Embrechts et al. (12) and
Ibragimov et al. (13)]. Partial reviews are in Carmona (1) and
Ibragimov (14).
Brown et al. (15) (hereafter BCD) showed that when a ran-
dom sample is drawn from a nonnegative stable law with index
€ (0,1), the sample variance is asymptotically (as the sample
size n goes to co) proportional to the sample mean raised to a
power that is an explicit function of a (Eqs. 11 and 13). This
relationship generalizes to stable laws with infinite moments a
widely observed power-law relationship between the variance
and the mean in families of distributions with finite population
mean and finite population variance. This power-law relationship
is commonly known as Taylor’s law in ecology [Taylor (16, 17)]
and as fluctuation scaling in physics [Eisler et al. (18)].
To the two ingredients combined by BCD (nonnegative stable
laws with infinite moments and Taylor’s law), this paper adds
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two more ingredients. We establish scaling relationships that
generalize the usual Taylor’s law, for light-tailed distributions,
to many functions of the sample in addition to the variance,
including all positive absolute and central moments, upper and
lower semivariances, and several measures of risk-adjusted in-
vestment performance such as the Sortino, Sharpe, and Farinelli—
Tibiletti ratios. In addition, based on these scaling relationships,
we propose several estimators of the index « of a nonnegative
stable law with infinite first moment.

Section 1 defines most of the sample functions studied here.
Section 2 gives background on Taylor’s law, semivariances, and
nonnegative stable laws, including key prior results from BCD.
Section 3 establishes that the lower sample semivariance, the
upper sample semivariance, the local lower sample semivariance,
and the local upper sample semivariance are asymptotically each
a power of the sample mean with explicitly given exponents.
These results are the core of the paper. When investment re-
turns obey a nonnegative heavy-tailed law with index « € (0, 1),
these results reveal the asymptotic behavior of the Sharpe ra-
tio, the Sortino ratio, and the Farinelli-Tibiletti ratio. Section
4 extends these results to higher central and noncentral mo-
ments and various indices of volatility. Section 5 analyzes the
number of observations from a stable law or an approximately
stable (i.e., regularly varying) law that exceed the sample mean.

Significance

Many quantities are extremely large extremely rarely. Exam-
ples include income, wealth, financial returns, insurance losses,
firm size, and city population size; earthquake magnitude,
hurricane energy, tornado outbreaks, precipitation, and flood-
ing; and pest outbreaks, infectious epidemics, and forest fires.
When such a quantity is modeled as a nonnegative random
variable with a heavy upper tail, the probability of an observa-
tion larger than some threshold falls as a small power (the “tail
index"”) of the threshold. When the tail index is small enough,
the mean and all higher moments of the random quantity are
infinite. Surprisingly, the sample mean and the sample higher
moments obey orderly scaling laws, which we prove and apply
to estimating the tail index.
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Section 6 proposes and compares estimators of « by simulation.
SI Appendix gives all proofs of results stated in the text and
additional numerical simulations.

1. Preliminary

d S »
Let — mean “converges in distribution to.” Let — mean “con-

verges in probability to.” Let 2% mean “converges almost surely
to.”

Let X be areal-valued nonnegative random variable. Letn be a
positive integer and assume that n > 1.Fori =1,...,n,let X; be
independent and identically distributed as X. For any real » > 0,
the Aith (raw) sample moment is defined as

/_71 - h
Mh._n;Xl. 1

Thus, M7 is the sample mean. For any nonnegative integer A, the
hth sample central moment is defined as

n

1 /
My, = P Z(Xv - Mi)". [2]

i=1

Clearly, M1 = 0, and M is the sample variance normalized by n.
The sample variance normalized by n — 1 is defined as

n

1 /
(Xi — M{)*. [31

Up i— ———
n—1 4
=1

Obviously, v, = Man/(n — 1) and v, /Mo 25 1asn — 0.
The lower sample semivariance and the upper sample semi-
variance are defined as

1 ro
Up .771—1 Z (X7_M1)7
X <M
1
+ . R VAL
vy =g > (X = M2, [4]
11X1>M1,

so that v, = v, + v,;. Define N,; as the number of values of X;
that do not exceed the sample mean and N, as the number of
values of X; that (strictly) exceed the sample mean:

Ny =#{i: Xi <M}, N :=#{i:X;>M}. [5]
Then, N7 N, > 0O unless X; = M{ forall i =1,...,n. The local
lower sample semivariance and the local upper sample semivari-
ance are defined only when N, >0 and N, > 0, respectively,
as

vy, = 1_ Z (Xi — M{)?,

"X <Mm

1 /
ot = > - My [6]

" oix>M

The local upper sample semivariance v, * is the more math-
ematically challenging sequence to analyze because it depends
on the asymptotic behavior of the number of observations that
exceed the sample mean. Our result, Theorem 9, may be of
independent interest in the study of heavy-tailed distributions.

For the remainder of this article, we assume two restrictions
on X without further restatement. First, we assume that X takes
only nonnegative values. Second, to assure that P(N,} =0) =
0, we assume that X is not atomic [i.e., for all real a, we as-
sume that P(X = a) = 0]. Then, P(N,” = 0) = 0 and conversely;
for otherwise, if P(X = a) > 0 for some a, then P(N, =0) >
{P(X = a)}" > 0. Under the assumption that X is not atomic,
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P(N,; N;f >0) =1, and v, * and v;/* are well defined almost
surely (a.s.); also, v, = N,, v, */(n — 1), v,y = N;Fo,7*/(n — 1),
and v, = (N, v, " + N;fvT*)/(n — 1) a.s. The assumption that
X is not atomic also plays an important role in Theorems 5 and
8(3), Remark 2, and Corollaries 6(3) and 8.

Alternatively, we could assume that X is not constant (i.e., not
a degenerate random variable with all probability mass concen-
trated at a single value). If X is atomic but not a constant, then
P(N,; N;f >0) =1 as n — oo, but P(N,; N7 > 0) # 1. Never-
theless, similar asymptotic results could still be proved.

The infinite sequences of random variables defined in Egs. 1 to
6 (one random variable for each n = 1,2, ...) exist a.s., whether
or not X has any finite moments. Our goal here is to show that, if
X is a stable distribution (or an approximately stable distribution
under Definition 1) with support (0,00) and index « € (0, 1),
then as n — oo, the quantities in Eqgs. 1 to 6 and other related
quantities defined in section 3, when divided by some power b of
the sample mean M, converge in distribution, in probability or
almost surely, depending on the case. Here, b may depend on «
and on which quantity is being examined.

2. Background and Prior Results

Taylor’s law [Taylor (16)] says that the sample variance v, scales
approximately in direct proportion to a nonzero power b (positive
or negative) of the sample mean M. Taylor’s law is a widely
confirmed empirical pattern in ecology and other sciences [Taylor
(17)], nearly always with b > 0 and often with b € (1,2). Tay-
lor’s law holds also for the mean and variance of some single-
parameter probability distributions, in addition to holding for
the sample mean and sample variance. For example, for Varying
values of the population mean p, the population variance o
varies according to Taylor’s law ol = a,ub with a =1, b =1 for
the Poisson distribution and a =1, b =2 for the exponential
distribution.

The semivariances, especially the lower, have important appli-
cations in agricultural and financial economics [Berck and Hihn
(19), Bond and Satchell (20), Hogan and Warren (21), Jin et
al. (22), Liagkouras and Metaxiotis (23), Nantell and Price (24),
Porter (25), Turvey and Nayak (26), and van de Beek et al. (27)].
We know no prior proofs that the sample semivariances of a
nonnegative stable law satisfy Taylor’s law.

Higher moments include skewness and kurtosis in statistics
and the Farinelli-Tibiletti ratio in finance. Power-law scaling
relationships for moments other than the sample variance are
generalized Taylor’s laws [Giometto et al. (28)]. Generalized
Taylor’s laws are less widely studied empirically or theoretically.

Every stable random variable X with support (0,00) has
Laplace transform [Feller (2), pp. 448-449]

L(s) :=E(e )= e (7, [71

for s > 0,0 < a <1, and ¢ > 0. We say that X < F(c,a) when
the distribution of X has Laplace transform Eq. 7, and then we

say that X has index o.. We have X < F(c,a) < c¢F(1,a).Sucha
heavy-tailed distribution has an infinite mean. Consequently, the
sample mean, sample variance, sample semivariances, and sam-
ple higher moments are not estimators of population moments,
and the normal central limit theorem does not apply.

Ifx < F(c,a)forsome0 < o < 1, ¢ > 0, the survival function
of X evaluated at t € (0,00) is defined as F(e,a)(t):=1—
F(c,a)(t). By Feller (2, p. 448), if 0 < aw < 1 and ¢ > 0, then as
t — 00,

— c*t™¢
F t)) —— — 1. 8
(e0)®) /57—y 18]
Many distributions on (0, c0) satisfy Eq. 8 but are not of the
special form F(c¢, «) in Eq. 7.
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d d

Definition 1. X ~ F(c,a) and Fx = F(c, ) both mean that a
nonnegative random variable X has a distribution function Fx
that satisfies Eq. 8: that is, as ¢t — oo,

C(I t—a
1-F — — 1.
{ X(t)}/l“(l —a) - Bl
When Eq. 9 holds, we say that X is approximately stable.

For a € (0,1) and real g > «, h > a, define

g« 2 -«

a(g’h):_hfa’ 0‘*::0‘(2’1):1,

[10]

If g > h, then a(g, h) > g/h. Consequently, a* >2. If g < h,
then a(g, h) < g/h < 1. Thus if, as we shall prove below, a(g, h)
is the exponent b in Taylor’s law for a stable nonnegative law with
indexa € (0,1) and if ¢ > 2h or g < h, then the exponent b must
fall outside the interval (1, 2) that is commonly (although not uni-
versally) observed in many ecological applications [Cohen et al.
(29, 30)].

Among other results, BCD (ref. 15, p. 663, proposition 2)

showed that if X < F(1,a), then as n — oo,

Un d

= g S W, [11]

W, :

where E(W,)=1-—aqa, Var(W,)={E(W,)}*{1+2a/(n—
1)}, and the limiting random variable W has P(0 < W < o0) = 1.
W has a finite mean and a finite SD, both of which equal 1 — «a.
Moreover, for all h=1,2,...,E(W}/) = E(W"). The second
and third moments of W are

BOV) =2(3(9)), BV = (0 =25 ) (B0,

[12]

while for an exponentially distributed random variable Y,
E(Y?) =6{E(Y)}? (ref. 15, p. 666).

For general ¢ >0 in Eq. 7, BCD showed that v,/M;*

¢~ T W, where W is the limiting random variable in Eq. 11.
Consequently, for any ¢ > 0, BCD showed that as n — oo,

* d
-

logv, p
Tog M} = a. [13]

Thus, for large n, with arbitrarily high probability, (log v, ) /(log M7)
will be close to ., regardless of ¢ > 0. This scaling relationship
is an asymptotic form of Taylor’s law with exponent b = o™ > 2.

BCD further argued without detailed proofs that X 2 F(c, )
satisfies Eq. 13.

A common sample statistic used to compare the effectiveness
of investments is the well-known Sharpe ratio [Sharpe (31)]
(M{ — 1)/ va/? for the period rates of return of a security,
where ry is a zero-risk reference: for example, the London in-
terbank offered rate. In signal processing, the Sharpe ratio (with
rr = 0) is a useful but biased estimator of the signal-to-noise
ratio [Miller and Gehr (32)]. In statistics, the reciprocal of the
Sharpe ratio (with 7+ = 0) is called the coefficient of variation.

If the period rate of return has a distribution X £ F(c, ),
where 0 < ¢ < oo and 0 < a <1, then the Sharpe ratio con-
verges in probability to zero as n — co. Why? Eq. 11 implies

that, as n — 0o, M{®" /v, 5 1/ W, so M{* /?/vt/? L1/ w/2,
However, M{* /% = M{ x M{*"/?~! and because a* > 2 (as
noted just after Eq. 10), the second factor M{(“*/Q)_l goes a.s. to
oo. Therefore, the Sharpe ratio (M; — ry)/ vn’? must converge in
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probability to zero. Asymptotically, for large n, the Sharpe ratio
reveals no information about the distribution.

Inspired by Taylor’s law in Eq. 13, one may consider log(M{ —
r7)/logv, as a modified financial ratio, which converges
to 1/a*=(1—-a)/(2—«a) in probability. Because (1 —a)/
(2 — «) is decreasing in « over (0,1), the smaller « is, the
heavier the distribution, so the larger the risk. The original
Sharpe ratio is quasiconcave, scale invariant, and distribution
based [Eling et al. (33)]. The modified ratio is also distribution
based and reveals the tail index « for large-enough n. Because
of the logarithmic transformation, the modified ratio is not scale
invariant. However, both numerator and denominator diverge
to infinity. The effect of finite scaling becomes negligible for
large sample sizes, and hence, the ratio is Fi-asymptotically

scale invariant.” In other words, when X 2 F(c, o), the modified
ratio is asymptotically invariant with respect to c¢. The modified
Sharpe ratio is F,,-asymptotically quasiconcave.” The proof is in
SI Appendix. Thus, asymptotically with large sample size n, the
modified Sharpe ratio inherits all the properties of the original
Sharpe ratio. We discuss this using semivariances and partial
moments for the financial ratios in the following sections.

3. Taylor's Laws for Semivariances

A. Lower Semivariances and Sortino Ratio. The lower semivariance

of any nonnegative random variable with infinite expectation is

almost surely asymptotic to the square of the sample mean.
Theorem 1 (Taylor’s law for the lower semivariance). Let X be

a nonnegative random variable with E(X ) = oco. Then, as n — oo,

Up  A.S.
M2 1. [14]

This theorem does not assume X is stable or approximately
stable.

The Sortino ratio [Sortino and Price (34)] is another sample
statistic used to compare the risks and rewards in some period
of a set of investments such as individual equities, mutual
funds, trading systems, or investment managers. It is defined as
(M{ — 17)/s4, where Mj is the sample mean of the period
rate of return X, 7y is a threshold or reference point or target
return, the zero-risk rate of return or minimal acceptable return,
which we take to be zero, and s, := (v, )'/? is the downside
risk, equal to the square root of the lower sample semivariance
v, of the period rate of return [e.g., Sortino and Price (34)
and Rollinger and Hoffman (35)]. Under our assumption that
P(0 < X <o0) = 1, one might interpret X as the ratio of
final price to initial price, so that 0 < X <1 would represent
a loss, while X >1 would represent a gain. The possible
use of n instead of n» — 1 in the denominator of Eq. 4 is
immaterial for large samples. Eq. 14 shows that if the period
rate of return X is a nonnegative random variable with an
infinite mean, then the Sortino ratio converges a.s. to one
as n —oo. When the mean is infinite, asymptotically, for
large n, the Sortino ratio reveals no information about the
distribution.

Similar to our modified Sharpe ratio for heavy-tailed distri-
butions, for the Sortino ratio, we consider the ratio between
the logarithm of the sample mean minus r; and the logarithm
of the sample lower semivariance, namely log(M{ — r5)/log v, .
Theorem 1 and Slutsky’s theorem imply that a power law with
exponent 2 relates the lower semivariance to the sample mean.
So Taylor’s law holds between the sample mean and the lower
semivariance.

* F.-asymptotic scale invariance is defined in S/ Appendix, section D.

TFQ -asymptotic quasiconcavity is defined in S/ Appendix, section D.
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Corollary 1. Let X be a nonnegative random variable with
E(X) =00 As n — oo,

logv, a.s.
e 1
log M{ [15]

The modified Sortino ratio is F,-asymptotically quasiconcave
and F,-asymptotically scale invariant, like the original Sortino
ratio; proofs are in SI Appendix. However, from Corollary 1, the
limiting value of the modified Sortino ratio is independent of the
tail index a.

We now extend Taylor’s law to the local lower semivariance
v, *. The local lower semivariance differs from the lower semi-
variance by a factor equal to the ratio N, /n. We show that
N, /n — 1 almost surely if E(X) = co.

Lemma 1. Let X be a nonnegative random variable with E( X)) =
oo. Then, with N,; defined in Eq. 5, as n — oo,

Mo as,y [16]
n

Corollary 1 and Lemma 1 imply that a power law with exponent
2 relates the local lower semivariance to the sample mean.

Corollary 2. Let X be a nonnegative random variable with
E(X) = oo. Then, as n — oo,

logv, ™ a.s.
log M|

[17]

If X is approximately stable with infinite expectation, then
Lemma 1 and Corollaries 1 and 2 imply further results that will be
useful later for studying the local upper semivariance and upper
semivariance.

Corollary 3. Let X ~F(l,a), 0<a<1 Let a:=(2—
@)/(1 — a) as defined in Eq. 10. Then, as n — oo,

— %
v, a.s.

T &3, &8 o, [18]

Y =0 and M

B. Upper Semivariances. Although the asymptotic values of the
ratios in Egs. 15 and 17 are both two, which is independent of o, if
one replaces the lower or local lower semivariances by the upper
or local upper semivariances, respectively, Taylor’s law continues
to hold, and it depends on a.

d
Theorem 2. Let X =~ F(1,a), 0 < a < 1. Then, as n — oo,
logvy » . 2—a?

logv, ™ » &
= . 1
long’_Hl and long’_>a +a o [19]

Inspired by Taylor’s law in Eq. 19, one may consider
ratios between the logarithm of the sample mean minus
ry and the logarithm of either the sample upper or local
upper semlvarlances namely log(M{ — r4)/logv, and log
(M{ — 15)/log v, *, respectively, which converge in probability
to1/a* = (1 —a)/(2 —a) and (1 — @)/(2 — a?), respectively.
Because (1—a)/(2—ca) and (1—a)/(2—ca?) are both
decreasing in «, the smaller « is, the heavier the distribution
is, and the larger these ratios are asymptotically. The asymptotic
properties and proofs are in SI Appendix, Proposition D.3.

4. Fluctuation Scaling for Higher Moments

In this section, we show that the sample higher moments are
proportional to a power of the sample mean. These relations
imply power-law relations between sample higher moments used
in financial ratios such as the Farinelli-Tibiletti ratio (36).
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A. Higher Sample Moments, Skewness, and Kurtosis.
Theorem 3. If X 3 F(l,a), 0<a<1, and h> «, then, as
n — 0o,

M}; d h:l Uh,
(le)a(h,l) - {F(l - a)} ! Ve(h,1)’

where the random vector (Uy,, V') has the joint Laplace transform

Y=o [Tsm e b,

for s,t,y >0, and r,(y,s,t) is the unique positive root of the
equation sz" + tx — y =0.

The ratio in Theorem 3 may not be a practically useful financial
ratio since « is usually unknown. However, the following Theorem
4 and its corollaries heavily depend on it. The following remark
uses the joint moment-generating function to give the marginal
distributions of U, and V.

Remark 1. In the joint Laplace transform defined in Theorem
3,if we set t = 0, then 4 (y, 5,0) = (y/s)'/" and

s =ep{~ [“{w ) e},

Hence, U, follows the distribution F({I'(1 — o/B)}", /).
On the other hand, if we set s = 0, then 7, (y, 0, ¢t) = y/¢ and

s )= ep{- [Tty e an.

Hence, V' follows the distribution F({I'(1 — a)}Y/<, a).

These results follow Albrecher et al. (ref. 37, remark 2.1) by
the arguments in their proof. The following theorem shows that
Taylor’s law holds for raw moments.

d
Theorem 4. If X =~ F(1,a), 0<a <1, hi >a, and hs > a,
then as n — oo,

E(E—SU}L—t

10g M}lQ P
ha,
log M, a(hz, bn)-
In particular, for h > o, as n — oo,
lOg Mh p
h,1
oghr; 1)

For a positive integer h > 1, the ratio between the central
moment M, and the «(h,1) power of the sample mean M{
converges to a distribution given in Corollary 4.

d
Corollary 4. If X =~ F(1,c), 0 < a < 1, and h > 1is a positive
integer, then as n — oo,
M,
()0

d LSS /Y
- {F(l - a)} 1me Va(h.,l) )

where the random vector (U, V') is specified in Theorem 3.

d
Theorem 5. If X ~ F(1,«a), 0 < o < 1, and h > 1is a positive
integer, then as n — oo,

lOg‘Mh| p

For any positive integers hy > 1 and hy > 1, as n — oo,

log‘Mh2| RN

ha, h
]Og‘Mh1| ( > 1)
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For the raw moments, we have generalized Theorem 3 for the
ratio of two raw moments with orders both larger than c.

Theorem 6. If X 2 F(1,a), 0<a< 1, and both hi, hs >
then as n — oo,
Mj,
(M )a(ha:ho)

//2—1,1
o)} P Uns
(h2,h1)’

(Uny )™

where (U, , U, ) has the joint Laplace transform
e’ dy} ;

with y >0, s >0, t >0, and 1,1, (y, s, t) is the unique positive
root x of sz"? + tz™ — y = 0. Moreover, as n — oo,

4ra

]E(e,SUhgftUhl) :exp{_/ {Thz,hl(y737t)}7a
0

log M, ,/Ll
Corollary 5. If X ~ F(1,a), 0<a <1, and hy > hy > 1 are
positive integers, then as n — oo,

h1—hg

i Mh,y d Un,

(Mhl)hz/hl (Uhl)hz/hl7

where (U, , Uy, ) is defined in Theorem 6.

Remark 2. From Corollary 5, it is clear that the skewness
Ms/(v,)%? and the kurtosis My/(v,)? diverge to infinity, yet
the scaled skewness and the scaled kurtosis have distributions,
asymptotically as n — oo,

M3 d Us My a4 Us

nl/Q(Un)3/2 - (U2)3/2 and TL(’Un)2 - (U2)2’

where the joint distributions of ( Uz, Us) and ( Uz, Uy ) are defined
in Theorem 6. The limiting distribution of My /{n(v,)?} matches
the result derived in Cohen et al. (ref. 38, equation 3.9). More-
over, by Slutsky’s theorem, as n — oo,

log|Ms| »

%2 logMy »p 1
logl(v.)>/?] 3

«(3,2) and fogl(vn)7] — 504(4,2).

B. Central Lower and Local Lower Partial Moments.
Definition 2. Define c; := max{0, ¢} for ¢ € R. For h >0,
define

n

_ 1
Mh = EZ[(M{ -
i=1

M, "= nM,

Xi)+]h7 h N— .

Theorem 7. Let X be a nonnegative random variable with
E(X) = oo, and let h > 0. Then, as n — oo,

1 a.s,

h &5 log M;” — hlog M %% 0.

My /(M) =31 and

Corollary 6. Let X be a nonnegative random variable with
E(X) = oco. Then, as n — oo,

1) My /M &S

2) for h> 1, My /(M)*D) &35

3) for h >0,
log M, a.s. log M,™ as.
log M —h and Tog M} — h.
Brown et al.

Taylor's law of fluctuation scaling for semivariances and higher moments
of heavy-tailed data

C. Central Upper Moments and Local Upper Moments.
Definition 3. For h > 0, define the Ath central upper moments
and central local upper moments:

n

MyF = %Z[(th - Mi)4]",

i=1

+
nM,

M, = N

d
Theorem 8 (central upper moments). Let X = F(1,«),

0< a< 1 Then, as n — oo,

1) for 0 < h <1, Mt J(M{)" B 0;
2) for h > 1,

Uh

M =1
a)pi=e Vo)’

5 d
aneco

where the random vector (Uy,
form defined in Theorem 3;

V') has the joint Laplace trans-

3) forh>1,
log Mt log M;t* » h—a?
1 .
Tog M! = a(h,1) and Tog M] = o [20]

D. Omega Index, Upside Potential Ratio, and Farinelli-Tibiletti Ratio.
Farinelli-Tibiletti (36) extended the Sharpe ratio to an index
including asymmetrical information on the volatilities above and
below the benchmark 7y € R. Their index ®e is defined by

[E[(X — 77)+]
[B[(ry — X)+]e]"/ ¢

p}l/p

Spr(rs, p, q) =

The Omega index, introduced by Cascon et al. (39), is P (77, 1, 1)
with p=¢=1. The upside potential index, introduced by
Sortino et al. (40), is ®pr(ry, 1,2) with p = 1 and ¢ = 2. The ratio
Ppr(rs, p, ¢) may not be well defined since the expectations may
not exist for the heavy-tailed distributions. However, one can
define an empirical version of the Farinelli-Tibiletti ratio by

[ i (X — )17
[ i [(ry = Xa)4]o)t/e”

The following corollary shows that both ®f(rs,p,¢) and
& (M, p, q) converge to oo in probability.

d

Corollary 7. If X =~ F(l,a), 0<a<1, ry>0 p>1, and
q > 1, then as n — oo, ®p1 (1, p, q) > 0o and (M, p, q) 2
Q.

A modification of the usual Farinelli-Tibiletti ratio might have
the ratio of the logarithm of the numerator to the logarithm
of the denominator in ®rr(ry, p, ¢). However, for a fixed ry >
0, the numerator converges to infinity in probability, while the
denominator is bounded above with probability one. Therefore,
this ratio diverges to infinity.

We propose as an alternative to the Farinelli-Tibiletti ratio:

Spr(ry,p, q) =

PrTiog(p, q) := plog M, /(qlog M),

which is the ratio of the logarithm of the numerator to that of the
denominator in ®rr (M7, p, q). The following corollary describes
generalized Taylor’s laws for the ratio of the logarithm of the
upper central moment to the logarithm of the lower central
moment.

Corollary 8. If X 2 F(l,a),0<a<1p>1andq>1, then
as n — oo,
p—a
q(1—a)

log M;" »
log My
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Corollary 8 implies that

Drri0g(P) ) RS p(l1—a)/(p —a),

which is decreasing in « for p >1,¢q>1. Therefore, the
smaller « is, the heavier the distribution is, and the larger the
risk is. Our modified Farinelli-Tibiletti ratio ®eriog(p, q) is
asymptotically scale invariant and distribution based, like the
original Farinelli-Tibiletti ratio, and satisfies F,-asymptotic
quasiconcavity (SI Appendix).

5. Number of Observations Exceeding Sample Mean of Stable
Law
A. Asymptotic Distributions and Moments of N /n>. In a sample
of size n from an approximately stable law with index o € (0, 1),
asymptotically the number of observations above the sample
mean scales as n“ and has a distribution given by Theorem 9. To
prove this result, we use Einmahl (ref. 41, corollary 2.1) together
with SI Appendix, Lemma C.1.

Theorem 9. If X 2 F(l,a),0<a<land U < F(1, ), then
as n — oo,

Nt a4 o, v«
no T T -a)

The asymptotic moments of N, /n“ are the moments of V'
defined in Theorems 9 and 10.

Theorem 10. Let U< F(1,0), 0<a <1, V:=U"*/I(1-

a), and € < Exp(1) (an exponential random variable with mean
and parameter 1), where ¢ is independent of U.

1) U= £ Exp(1).
2) For integer K > 0,
K!
E —Ka _
[0~ rl+Ka)’
|
]E[VK} _ K!

L1+ Ka){T'(1 —a)}K’

Specifically, when K = 1, then E[U %] = {T(1 + «)} ' and
E[V]={l(1+a&)I'(1 — )}~ ';when K =2, thenE[U>*] =
2{I(1 +2a)} 7Y, E[V?] =2{T(1 + 2a){T'(1 — a)}*} L

Hence
e 21
VarlU™) = 5520 ~ T+ o)
1 —a
Var( V) = WVM“(U ).
3) SD(V) < E[V]. For example, when o =1/2, E[V? =2/x,

E[V]=2/m, Var(V)=2(1-2) Numerically, SD(V) =~
0.48097, E[V] ~ 0.63662, “where here “~ > means the numer-
ical approximation is inexact.

4) For K >2 E[VX] < KI(E[V])¥

5) V < ¢ [ie, by the definition of the stochastic ordering <4,
P(V >t)<P(e>t)forall t €R].

Part 1 of Theorem 10 is not well known. The moment results
in part 2 of Theorem 10 are derived using fractional calculus by
Wolfe (42). Because the logarithm of the moment-generating
function of a nonnegative random variable is a convex function
of the moment (by Artin’s theorem) [Marshall and Olkin (ref.
43, theorem B.8)], it follows that log E(U ~*%) =logI'(1 + z) —
log E(W?) is concave in z € [1, c0).

The distribution of U™ approximates the standard exponen-
tial distribution Exp(1) when oo — 0.

Corollary 9. Let U 4 F(1,a). Then, as a — 0,

U4 Exp(1).
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6. Numerical Experiments

A. Tail Estimators. The preceding results describe the asymptotic
ratio of the logarithm of the sample mean to the logarithm of
various forms of the sample variance, such as the ordinary sample
variance v, the upper semivariance v, , the local upper semivari-
ance v, *, and the lower semivariance v,, when a random sample
is from an approximately stable F'(1, «) satisfying Eq. 9. Most of
these ratios (apart from that for the lower semivariance) depend
asymptotically only on «. Based on these results, we propose
estimators of the index o. We define the ratios R1, Rz, R3, and
Ry, where

_logv, p 2—a 710gvf[ p 2—«

TlogM] T 1-da’ logM{ "1—-a’
logv, ™ » 2—0a? logv, a.s,
._ logv, = 08U AS
P logM] T 1-—a’ " log MY

The results generalize to F'(c,a) for ¢ > 0 because as noted

after Eq. 9, X /c ~ F(1,a) if and only if X & F(c, ) for ¢ > 0.
Applying the continuous mapping theorem to the above results
for the variance, the upper semivariance, and the local upper
semivariance yields three consistent estimators of a:

2— Ry 2— Ry
B = By =
! 1-R,’ : 1— Ry’
R3; — \/R2 —4(R3 — 2
Bs = 3 3 (3 )

2

The Hill estimator [Hill (44)] is a traditional tail-index esti-
mator, which requires the largest £ observations where k& — oo
and k/n — 0 as n — oco. However, k depends on the unknown
parameters such as « and the series representation of the survival
function [Hall (45)]. In practice, the number k is based on the
“stable” point in the Hill plot, which may not always be available.
Gomes and Guillou (46) give a comprehensive review.

Theorem 9 implies that N,} /n converges to zero in probability,
which motivates the choice of £ = N, + 1 in the Hill estimator:

>

-1
log(X(i)) — log(X(n—k+1))) ,
i=n—k+1

where X(;) is the ith-order statistic, 1 <4 < n. We evaluate this

choice of k= N, + 1 in the Hill estimator, denoted by HL.N,
numerically. We also replace the smallest (n — k) order statistics
in the original Hill estimator by the sample mean Mj to obtain a
new Hill-type estimator:

—1

HI.M :=

S log(Xi/ M)

x> M|

From Bergstrom (47), the survival function of the stable law

for0<a<l1is
/ _72 kl

., (—1)k+
== Z (sinrak) F(af)
™ T

I'(ak + 1)

tak+1 d

(sinmak) —————=

= C’I_a[l + Dz™% + o(z™9)],

where C' > 0and D # 0. From Hall (45), it is optimal to choose k
tending to infinity at a rate of order n2®/ 22+ = n2/3 We also
consider this choice k = n2/? for another Hill-type estimator,

denoted by HI.Opt, and we compare the behavior with other
estimators.
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Table 1. Bias (x 103; average of [estimate minus true «]) for tail-
index estimators Bq, B,, B3, HI.N, HI.M, HI.Opt, and MHB3 with
sample size n = 10* from F(1, a)

Table 2. MSE (x103) (mean squared [estimate minus true o]) for
tail-index estimators B4, B,, B3, HI.N, HI.M, HI.Opt, and MHB3 with
sample size n = 10* from F(1, a)

@ B1 B2 B3 HI.N HI.LM HIL.Opt MHB3 @ B1 B2 B3 HI.N HI.M HI.Opt MHB3
0.1 -524 -3.87 -3.00 10.25 135.16 —-0.92 —-5.82 0.1 0.14 0.15 0.11 2.61 20.06 0.02 0.10
02 -119 —-6.88 —-3.79 —-931 7352 —-173 —-9.65 0.2 0.53 0.58 0.35 4.73 9.13 0.09 0.31
03 —-19.43 855 -—-238 -—-2560 3089 —-2.05 -—12.03 0.3 1.13 1.23 0.71 7.33 6.31 0.19 0.57
04 -—27.72 —-9.75 0.63 —32.82 487 —154 -—-13.44 0.4 1.86 1.96 1.16 9.15 6.39 0.34 0.85
0.5 —-35.03 —-8.91 596 —29.40 —-5.30 1.42 —12.56 0.5 2.60 2.66 1.76 9.12 6.76 0.54 1.15
0.6 —43.76 —10.44 9.41 —-2421 -8.21 6.67 —10.26 0.6 3.47 3.20 2.32 7.93 6.13 0.84 1.53
0.7 -50.27 —-11.28 1219 —-10.06 0.13 1937 —-3.26 0.7 4.15 3.38 2.60 6.46 5.30 1.52 1.94
0.8 —-53.49 —1255 1148 31.58 37.82 51.80 7.30 0.8 4.32 3.05 2.28 6.97 6.67 4.35 2.13
0.9 -50.31 —13.69 546 204.26 208.27 153.44 5.45 0.9 3.59 2.10 1.33 57.51 58.26 26.36 1.33

In our simulations, we generate 10* independent random sam-
ples, each with sample size n, from F (1, ) by using the rstable
function from the R package stabledist with arguments for the
tail-index parameter alpha = «, the skewness parameter beta
=1, the scale parameter gamma = |1 — i tan(wa/2)| "<, the
location parameter delta =0, and parameterization pm = 1.
Setting pm =1 specifies that we use the parameterization of
stable laws in Samorodnitsky and Taqqu (4). For each random
sample, we calculate the six estimators By, B2, Bs, HI.N, HL.M,
and HI.Opt. Then, we estimate the bias as the average of the
10* differences between each estimator of « and the true a.
We estimate the mean squared error (MSE) as the average of
10* squared differences between each estimator of o and the
true o.

In Table 1 for bias and Table 2 for MSE, the sample size is
n = 10%. According to the bias estimates in Table 1, B; tends
to underestimate «, while B> and Bs reduce the bias from B;
by introducing the upper semivariance, which focuses more on
larger numbers. Bs has smaller bias than B, for most of the «
except a = 0.7 and 0.8. In Table 2, Bs has smaller MSE than B,
and B.. Estimators HI.N and HI.M do not perform as well as Bs.

The estimator HI.Opt with the optimal choice of k = n2/? for
the Hill estimator has the smallest bias, when o < 0.6, and MSE,
when a < 0.7. However, Bs from Taylor’s law of the local semi-
variance has better performance, especially much smaller bias,
than HI.Opt for o > 0.8. Since HI.Opt tends to overestimate «,
especially when a > 0.7, we defined the estimator MHB3 to be

Histogram of U™*/T(1 - o) and N; /n*

the minimum of Bz and HI.Opt. This MHB3 not only reduces
the bias dramatically but also improves the MSE of Bs for «
close to 1.

The advantages of B; and MHB3 gradually vanish when sam-
ple size increases because k = n%/% is an asymptotically optimal
choice. However, for sample sizes smaller than 10*, Bs; and
MHB3 can improve HI.Opt even more. More comparisons are
in SI Appendix for sample sizes n = 102,103, and 10°. On the
other hand, although the behavior of Bi, B2, and Bs depends
on ¢ in F(c, ), one sees similar patterns in bias and MSE. Bs
and MHBS3 still have better bias and MSE for « > 0.8 for small
sample sizes. More comparisons are in SI Appendix for F'(2, a)
and F (0.5, o).

Tables in SI Appendix also show that both bias and MSE de-
crease when sample size increases, as expected of consistent
estimators and as proved in Corollary 1.

B. Asymptotic Distribution of N} /n>. To illustrate Theorem 9, we
generate 10° independent random samples from F(1, ) with
sample size n =10° and calculate N, /n“ for each random
sample. We use the 10% values of N,J" /n® to estimate the distribu-
tion of N,} /n®. To estimate the distribution of U~*/I'(1 — «),
we generate 10° independent random values Ui, . . ., U;gs from
F(1,«) and calculate the corresponding U,”*/I'(1 — «) for ¢ =
1,...,10% Then, we use the 10 values of U, “/T(1 — a) to
estimate the distribution of U~%/I'(1 — «). The histograms and

qgplot of U™*/T'(1 - o) and N, /n*
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S _ ~
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Fig. 1. Histogram and quantile—quantile plot of N¥ /n® and U~%/I’(1 — «) for a = 0.25. The P value of the KS test is 0.1995.
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Histogram of U™/T"(1-a) and N} /n*

1000

U™/r(1-a)
— N!/n®

Frequency
600 800
| |

400
|

200
|

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Fig. 2. Histogram and quantile-quantile plot of N /n® and

quantile-quantile plots of N,f/n® and U~“/I'(1 — «) with
a=0.25 and a =0.5 are in Figs. 1 and 2, respectively. The
histograms mostly overlap. The P values of the two-sample
Kolmogorov—Smirnov (KS) test are 0.1995 and 0.9135, respec-
tively. These observations support the convergence of N, /n® in
distribution.

As expected, the speed of convergence of N, /n® in Theorem 9
depends on «. Similarly, the speeds of convergence of the
moment ratios in Theorems 3 and 6 also depend on both «
and the orders of the moments. We discuss the sample sizes
required to see the convergence in distributions in Theorems 3,
6, and 9 in SI Appendix. From our simulation results, smaller «
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Section A proves the assertions in Section 3 of the main text (semivariances). Section B does the same for Section 4 (higher
moments). Section C does the same for Section 5 (number of observations that exceed the sample mean). Section D establishes
the asymptotic properties of the modified financial ratios, such as quasi-concavity, scale-invariance, monotonicity, and sensitivity
to the tail index of the distribution. Section E amplifies the results of Section 6 with more simulation results for the tail-index
estimators. Section F examines the effects of sample size on the convergence of some distributions and statistics. Section G
gives the references used in these Supplementary Materials.

The indicator function I(A) of an event A is defined as

I(A) = 1, if event A occurs;
T 0, if event A does not occur.

d e D, . - a.s,
Let — mean “converges in distribution to”. Let — mean “converges in probability to”. Let — mean “converges almost surely
to”.

A. Proofs in Section 3: semivariances
Proof of Theorem 1. For a > 0, define

Nyp(a) = #{X; <ali €{1,...,n}}. [S.1]
By definition,
, _ 1, if M{ > a;
I(M; >a) = { 0. if M <a. [S.2]

If X; <a, then

hence

X; — M})? X\ ?
(M/zl):<1M/> 2(1]\&4/) I(Mj > a), [S.3]
1 1 1

and therefore

M? n-1 M? - n-1 M;

X, <M/

vn oL > (Xi = Mi)*  Nu(a) (1— “) I(M] > a). S.4]

The inequality in Eq. (S.4) is obtained by first omitting from the summation any term in which a < X; < M7, and then using
the inequality Eq. (S.3) to replace each term in which X; < a by its lower bound. Eq. (S.4) is a convenient lower bound.

By the strong law of large numbers for nonnegative random variables with mean +oco, Mj 2% 50 as n — oo. Consequently,
for fixed a, as n — oo,

I(M] > a) 251, [S.5]
2
a a.s.
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According to the strong law of large numbers, for fixed a, as n — oo,
N, .S,
(a) as

n—1

From Eq. (S.4), Eq. (S.5), Eq. (S.6), and Eq. (S.7), for any a > 0,

Fx(a) :==P(X < a). [S.7]

linni)iorolf ]1\27”{2 > Fx(a) as.. [S.8]
Letting a — oo, Eq. (S.8) gives
liminf 22 > 1 as [S.9]
n—00 M{z - o ’

According to a similar argument of Brown et al. (1, p. 665), for a given M7, the maximal value of v, is attained when any
n — 1 of X;s equal 0 and the one remaining X; equals nM;. For such values, v, = (n — 1)M{?/(n — 1) = M{2. Thus in all
cases, v, < Mi% and

lim sup In_ <1 as. [S.10]

From Eq. (S.9) and Eq. (S.10), vy, /M2 2% 1 asn — . O
Proof of Corollary 1. From Theorem 1, as n — oo,

logv,  log[v, /(M7)?]  log(Mi)® a.s,

= — 0+2=2
log M| log Mj log M} +
O
Proof of Lemma 1. For any a > 0, by definition,
N o Nol@) pppr s o), S.11]
n n
Hence, for all a > 0,
N-
liminf — > Fx(a), [S.12]
n— 00 n
and, letting a — oo,
limian—” > 1. [S.13]
n—00 n
But by definition N,; /n < 1. Therefore, N,, /n 8% 9 asn — oo O
Proof of Corollary 2. From Eq. (16) in Lemma 1, N, /n 2% 1 asn — oo. By Corollary 1, as n — oo, we have
logv,* logv, +log(n/N,) a.s,
= 2+0=2.
log My log M| et
O
Proof of Corollary 3. We write
Un  Up o (a*—2)
M M2 M, '
From Theorem 1, v;; /M{> 2% 1 as n — co. Since M{ 2% 00 and a* = (2 — a)/(1 — @) > 2, it follows that M{f(a*fm %0
as n — oo. Thus U;/M{C“* 25 0. From Lemma 1, Ny /n a5 1, so U;*/M{a* 250 asn — . O

By the standard definition, a sequence of random variables Y;, indexed by n is defined to be O,(1), and we write Y;, = Op(1),

if for any € > 0, there exist M., 0 < M. < oo and N, 0 < Nc < oo such that P(|Y,| > M.) < e for all n > N.. If Y, Ly,
then Y, = O, (1), but the converse does not hold. We write Y,, = 0,(1) if, for any € > 0, P(|Y,| > €) — 0 as n — oo.

2 | www.pnas.org/cgi/doi/10.1073/pnas.2108031118 Brown et al.


www.pnas.org/cgi/doi/10.1073/pnas.2108031118

21

22

23
24

25

26

27

Lemma A.1. Let Xi,...,X, be a random sample from Fx 2 F(l,a), 0 < a < 1, satisfying Eq. (9). Given 0 < € < 1, define
ge > 0 to be the quantile of F(1,a) such that F(1,a)(qge) = €. Define b,, := gen =9/ Then as n — oo,
:l:l I(X—L > t)

sup e

t>bn

—n'T{1 - Fx(t)}‘ 20.

Proof of Lemma A.1. Because X is non-atomic and nonnegative, gc > 0 so b, — oo since 0 < o < 1. From Einmahl (2, p. 80,
Corollary 1), for any positive sequences k, < n and m,, such that k, — oo, kn/n — 0 and m,,/ kr/? — 0o as n — 0,

ToI(Xi >t
sup R —El:l (s ) 250,
n

-1 m
t2F (1—kn/n) T

—{1-Fx(t)}

where F;! is the quantile function of Fx. We choose kn, = n{l — Fx (b,)} = n{l — Fx(gen"~*/*)} and m,, = n®. Then

M n® n®

1 1/2
krl/2 - [n{l _ FX(qen(lfa)/oc)}]l/Q T opal/2 (nla{l _ Fx(qgnua)/a)}) .

From Eq. (9), by Definition 1, n'=*{1 — Fx(gn~*/*)} = {¢°T(1 — @)} ~! > 0. Further, n®/n®/? — oo as n — oo since
0 < a < 1. Therefore mn/lfi/2 — 00 as n — co. Applying Einmahl (2, p. 80, Corollary 1) gives the claimed limit. O
We clarify that the quantile g. is specific to the particular stable law F'(«, 1) with the Laplace transform in Eq. [7], so

F(a,1)(ge) = € for 0 < € < 1. By contrast, Fiy' is the quantile function of the distribution Fx of any random variable X that
satisfies Eq. [9].

d
Lemma A.2. Let Xi,...,Xn and X7,...,X;, be two independent random samples from Fx ~ F(1,a) with o € (0,1). Let
these samples have sample means M{ and M1*, respectively. Then

T X > M) (Z?_l (X > M{*))l

ne ne

= 0,(1). [S.14]

We clarify that M{* is the sample mean of the second sample { X}/, and I(X; > M{*) = 1 if and only if the element X;
of the first sample {X;}i-; exceeds the sample mean M7* of the second sample {X; }i.

Proof. Given 0 < € < 1, define g > 0 to be the quantile of F(1,«) such that F(1,a)(g.) = e. Define b,, := gent =)/ Then
b — 00 as n — 0o because 0 < o < 1. To show n™* "  I(X; > Mi*) = Op(1), we let C' > 0 be any positive constant and
let FM{* be the distribution of M{*. Since X1,..., X, and M;* are independent,

"X > M*
P( iz 1 1)>C>

ne«

by n . o n .
:/ P (W > C) dFyp- (t) +/ P (W > C) dFyg- (t). [S.15]
0 b

na

n

The first term on the right side of Eq. (S.15) is bounded above by Fy/- (bn), where

. ¢4 o Xx
Fygg-(bn) =P (Z—n < qen“a)/“) =P (Z— < qe> = F(1,a)(ge) = ¢,

nl/a

because n~1/* Z?:l X7 BN F(1,a) as n — oo from Albrecher et al. (3, p. 362, Remark 2.1). For an upper bound for the
second term on the right side of Eq. (S.15), we observe that

> " I(X; >t " I(X; > b,
/ P(l—l()>0) dFM/*(t)SIP’(H()>C’>.
b ne 1 ne
Therefore it suffices to show that n=* Y " | I(X; > b,) = Op(1). From Lemma A.1, as n — oo,

‘ Z?:l I(XZ‘ > bn)

ne

—n'T{1 - FX(bn)}‘ % o0.
Because b, = ¢en! =/ we have n' = {1 — Fx(by)} = (b%/¢2){1 — Fx(bn)} — {¢°T(1 — @)} ~" as n — oco. Therefore
Yo I(Xi>ba)

e H{gfT -}
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asn —ooand n”* Y " I(X; > ba) = Op(1).
A similar calculation replacing ¢e by gi1—. proves the second claim in Lemma A.2 as follows. For 0 < € < 1, recall that g, is
the quantile of X such that F'(1,«)(gc) = €. Here we define b, := qlfen(lf"‘)/o‘. Then b, — oo and, for a given C > 0, in this

case
"ONX; > M)\ !
P(( i= 1 1)) >C>
nDé

bn TIXs>t) 1 e /N I(Xi >t 1
_ 1=1 v 1=1 v
= /0 P (na < c) dFys (1) + /b P (na < C) APy (t). [S.16]

For the second term on the right side of Eq. (S.16),

oo "I X; >t
/ P (z—l() < é) dF e (t) < 1= Faye (bn).
bn

no

1/

_ d
Because n ?:1 X; — F(1,a), we have, as n — oo,

nl/a

3 X;k —a)/a 1= X:
L= Fype(ba) = P <an > qoent ) =P <Zl > q1_6> —1-F(l,a)(q1-¢) =€

For the first term on the right side of Eq. (S.16), when 0 < t < by,

(B0 1) ¢ p(Zhttxon) 1y,

Q

ne C ne C
From Lemma A.1, as n — oo,
Z?:1 I(Xi > bn)
nDt

Therefore, for large enough C' > 0 such that C™* < {¢f_.T'(1 — @)}™', we have P (nfo‘ o I(Xi>ba) < Cil) — 0 as
n — oo. O

B gt L1 -a)} "

d
Lemma A.3. Let X1,...,X, be a random sample of size n from the distribution satisfying X ~ F(c,a), ¢ >0, 0 < a < 1,
with sample mean M{. Then, with N, defined in Eq. (5),

n« n« n«

Proof of Lemma A.3. Consider k > 1 independent random samples, each of size n, from Fx:
{X£1)7 ot 7X1g,1)}7 {X§2)7 o 7X1S,2)}7 sy {X{k)a ot 7X’£Lk)}7

having sample means M{(l), e M{(k), respectively. Let

I:=1 (M{ > min M{(j)> .
1<j<k
Recall that N,f := #{i : X; > M{} (Eq. (5)) and define N, (a) := Y " | I(X; > a) for a € R with

n
N, (M{(”) = ZI(Xi >MYY, =1,k
i=1
Ny min M9 ) =N"1(X; in M7 ).
(s ) = 20 (20> i

Then N;© = N;*Z + N;F (1 — 7) with

+1 T _ Nt % . 1(5) ) )
Nn (1-1) = Ny I{M; < mnin M, } [S.17]
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31

32

Next,
NiT = #{i: X; > M{}I{M{ > min M9}
1<j<k

< #{i: X; > min M{(j)}I{M{ > min M{(j)}
1<j<k 1<j<k

1<j<k

= { max #{i: X; > M| }} I{M] > min M9} (see below)
=7

{ max N, (M{“)) } I{M{ > min M9y
SV

1<j<k

IA

max N, (M{“)) . [S.18]

1<j<k
The equality #{¢ : X; > mini<j<k M{(j)} = {maxlgjgk #{i: X; > M{m}} holds because min;<j<x M{(j) is the smallest
member among {M{m, .. .,M{”C)}7 soforall 1 <j <k,
#{is Xi > min, MDY > #{i: X; > MDY
Therefore, the inequality above still holds for the maximum on the right-hand side, that is

#{i: X; > min M(])} > max #{z X, > M/(])}

1<j<k 1<)
On the other hand, because maxi<;<x #{i : X; > M;?} is the largest number among {#{i : X; > M|V}, ... #{i : X; >
M;*®}}, then

max #{i: X; > M9} > #{i: X, > M9},
1<5<k

for all 1 < j < k. Therefore,
max #{i: X; > M]9} > #{i: X; > min M9}
1<j<k 1<j<k
because mini<;<x M, ') s still a member of {M'(1> RN M{(k)}. Since we have proved the weak inequality in both directions,
we have the equality max; <<, #{i : X; > M{9} = #{i : X, > minj<;< M|}
From Eq. (S.17) and Eq. (S.18),

N;§ < max ( max N, (M;?), N\ I{M{ < min M{“)}) . [S.19]

1<i<k 1<j<k

For M > 0, N;f I(M} < miny<;<x M,")) > n®M implies that I(M{ < minj<;<i M) = 1. Therefore

N} I(M{ < miny << M| :
P( n ( 1S MINi<i<k 1 ) > M S]P) I{M{ S min M{(J)}:l .
ne 1<5<k
Because Mj, M{(l), e M{(k) are independent and identically distributed, I(M] < mini<;j<g M{m) = 1 if and only if M7 is
the smallest number among M, M{O), ce M{Uv), which has probability 1/(k + 1). Therefore,

+ I < : X 1(9)
p (Nn I(M{ < minj<j<p M{Y) . M) < 1 15.20]
ne E+1 +1°

Furthermore, because the sample { X1, ..., X, } is independent of M{(l), R M{(k), it is also true that N, (M{(l))7 ...,N, (M{(k))
are identically distributed and for 1 < j < k,

Since P (max{Y;,l =1,...,m} > t) = P(Urci<cm{Y1 > t}) < >/ P({V: > t}), from Eq. (S.19), Eq. (S.20), and Eq. (S.21),
we have

N —a nr+ / . 1(5) RN 1(39)
P (n > M) <n NLI(M; < min M) > M ) + > P N (M) > M)

1<j<k

<P (I{Ml < min M, 1@y = 1) + { > P N, (M) > M)}
== 1<j<k
<2 }r o+ kP (n*“NH(M{(”) > M) .
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Given € > 0, we can choose a large enough k to make 1/(k + 1) small enough so that 1/(k+ 1) < €/2. For the chosen k, because
N (M) = 0,(1) from Lemma A.2, we can further choose M large enough that P(n~ N, (M) > M) < ¢/2k for a large
enough n, and then P(n"*N,} > M) < e. O

Proof of Theorem 2. Since vy, = v, + v}, it follows from Eq. (18) for v;; and from Eq. (11) for v, that v;f/(M{)a* LW oas
n — oo. Hence as n — o0,

log v — a* log M 5 log W. [S.22]

Dividing both sides of Eq. (S.22) by log M7, and employing a version of Slutsky’s theorem (Arnold (4, p. 242, Corollary
6.8(c))), gives, as n — oo,

logvy . p

log M a” =0,

which is the first part of Eq. (19). According to Lemma A.3, N,\ /n* = O,(1) and n®/N, = O,(1). Then

O, (1) = log(N,f /n®) =log N;¥ — alogn,
0,(1) = log(n®/N,}) = —log N, + alogn,

SO as n — 00,

+ n
log N;f log - log 7F
BN Py B n g No By g, [5.23]
logn logn logn

Recall that nf(leu)M{ 4 F(1,a) asn — oo [Feller (5, p. 448)]. Then log M{ — (:=2)logn = O, (1) and

[S.24]

From Eq. (S.23) and Eq. (S.24), as n — oo,

log(n/N,") _ log(n/N,;5)/logn EX 1—a —
log M, log M{/logn 1-a)/a

[S.25]

From the definition Eq. (6) of the local upper semivariance,

. n—1
oF —vrf( NT ) [S.26]

Eq. (S.26), Eq. (S.25), and Eq. (19) give, as n — oo,

logvt*  log(vt)  log((n—1)/N}) » 2—a+a72—a2
log M, = log M! log M, l1-«a T l-a’
which is the second part of Eq. (19). O

B. Proofs in Section 4: higher moments
We assume 0 < a < 1 throughout. To prove Theorem 3, we recall a standard definition and prove a lemma.
Definition B.1. For two sequences b,,c, such that b, — oo and ¢, — o0 as n — oo, define b, ~ ¢, to mean that
limp 00 bn/cn = 1.
d
Define a,, as a sequence of nonnegative numbers such that 1 — Fx(an) ~ n~! where Fx ~ F(1,a) as in Definition 1, Eq. (9).
Thus a, ~ {n/T(1 —a)}/*.

Lemma B.1. Given s > 0,t > 0,y > 0, and h1,hy > 0, the equation sx"? + ta"* —y = 0 has ezactly one positive root
T =Thy.n, (U, 5, ) and the equation sz /al? + tz™ /oM — y = 0 has exactly one positive 00t T = anThy.ny (Y, S, 1).
Proof. The function sz”? +tx —y is strictly increasing in « > 0 because it has a positive first derivative s-hoa"2 1 4¢-hi2"t ~1 >
0 for > 0. When z = 0, then sz"2 +tz" —y = —y < 0. When z = (y/t)¥/" > 0, then sz"2 +tz™ —y >tz —y =0 . The
unique positive root must be in the interval (0, (y/t)*/™). If & = anThy.n, (y, s,t), then

sz"? fan? +ta™ fapt —y = s{anthyny (Y, 5,0) 12 /an? + tHanrhg n (y, 5,0} Jant —y

${T oy (U5 8,0} + t{Thyn, (v, 5,8) ) —y = 0. O
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Proof of Theorem 3. The first part of the proof of the convergence in distribution briefly follows the proof of Albrecher et al. (3,
p. 361, Theorem 2.1) and Brown et al. (1). For X 2

Fx and h > 0, we calculate the following integral by integration by parts:

e / (1= " 7") dFx (@) = / (1= Fx (@) }(hoz" ™" + )e "~ dy,
0 0
Set y = 02" 4+ yx. Then

1- E[676X{l7wX1] = /00[1 - FX{Th (y7 97 w)}]e*y dy,
0

[S.27]
where x = r1,(y, 8,v) is the only positive root of 8z" 4+ ¢z — y = 0. Setting 6 = s/a" and o = t/an, we write

—s al " h_ a " i —s a,, - a
E(e (/4 200, XE 0 /am) 300 Xiy . axninlog E(e*(M/am)XT—t(1/an)X1 )y

h h
Because a, — 00 as n — 00, we have E(e™ (/@) X1 —t(1/an)X1) 1 45 n — 00. Then by Taylor’s expansion of the log function,

exp{nlog E(e~*/am X1 ~t1/an)Xi)y o oxpl (1 — E[e*0/em) X0 —t01/an) X))y

= exp {n/ [1 — Fx {anrh(y,s/az,t/an)}} e Y dy} .

The last equality holds because of Eq. (S.27). Lemma B.1 shows that r1(y, s/a", t/an)/an = rn(y, s,t), where z = r1,(y, s, 1) is
the unique positive root of sz” + tx —y = 0. Then for every positive integer n,

h
1= Fx {ru(y, s/al,t/an)} = 1= Fx {ah(y/t/a)} = 1= Fx {anru(y, s, D)}
From Eq. (9) and a, ~ {n/T(1 — a)}'/*, we have

anT s @ G} rr(y, s, e s
1= Fx a0y ~ 1202 o S OE - L),

On the other hand, sz” +tz —y < 0 when = 0 and sz" 4+ tx —y > tx —y = 0 when = = y/t. Then 0 < r(y, s,t) < y/t
because sz + tx — y is strictly increasing in > 0. Because fooo{y/t}fae*y dy = t°T(1 — ) < oo, by the dominated
convergence theorem, the limit of the joint Laplace transform of (G%M[L, %M{) exists and is given by

h n h n ) o
lim E (e_(s/a") Zi:l X =(t/an) Zi:l X1> = exp {/ {run(y,s,t)} “e™? dy} :
n— o0 0

[S.28]
We conclude that (Q%M[L, ﬁM{) % (Un, V) as n — oo where (Uy, V) has the joint Laplace transform Eq. (S.28). Therefore

by Slutsky’s theorem, as n — oo, for h > a,

n !
M, B al/n aTlth d h=1 Uy,
(M0 ~ (ap/n)o0D) (2 M)l = {1 —-a)}T et D O
Lemma B.2. Under the assumptions of Theorem 3,
My _ ()=
IyetoD) = 0p(1), M = 0p(1)
Proof. From Theorem 3, as n — oo,
My =t Un (My)*"D g 1=n YD)
W—){F(l—a)}l Vet T}/L—M[F(l—a)}l O

Then it suffices to show that, for any € > 0,

) Uh ) ch(h,l)

ll_I)I(l)P(W<€) —0, ll_I)I(l)IP)( Uh <€ =0.
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45

46

47

48

49

50

51

Given € > 0 and ¢ > 0,

=P (Un <V*" Ve VoD <o) + P (U < va““)e, e 5 )
<P (U < e,V <) 1P (U < VI v 5 o)
<P(Un < ce) +P (VD 5 0) = P(Un < ce) + P (V > /D).

Choose ¢ = 1/€'/2. Then

Up,
F (V“Wl) = 6)

IA

P (Uh < E1/2) 4P (V > 671/2a(h,1))

b U, - el/2 . v —1/2a(h,1)
- ({m R T a/h)}h/a) * ({m O T a)}l/a) '

Recall Remark 1 that U, < F({T'(1—a/h)}"/®, a/h) and V < F({T(1—a)}"/*, &). Therefore, Uy /{T(1—a/h)}"* L F(1,a/h),
V/{T(1 - o)} £ F(1,a), and

U el/2 e 1/2a(h1)
P (i <) < P (=g ) + {1 7000 (=) |

—a/h

Feller (5, p. 448, XIII(6.1), (6.2)) states that e” F(1,a/h)(z) = 0asz — 0 and z°{1 — F(1,a)(z)} — ﬁ as T — 0o.

Therefore F(1, a/h) (W) —0,1-F(1,a) (%) 0, and hence P (255 < ¢) — 0 as ¢ — 0. Using the
similar arguments, we also have P (Va;:’l) < e) —0ase—0. O

Proof of Theorem 4. From Theorem 3, for h > «, by Slutsky’s theorem, as n — oo,

log M;, _ log{M;/(M{)*™ D} log(M7)*™V)
log M] log M log M|

= a(h,1)

because M{ and log M diverge to infinity, and log Mj, /(M{)*"1) is bounded in probability from Lemma B.2. Using this result
for hi,he > « gives, by Slutsky’s theorem, as n — oo,

log My, logMj, logM{ p h2—a l—a hy—a

= = = .
log My, log M log Mj, l—-ah1i—a h—«

O
To prove Corollary 4, we need a lemma.
Lemma B.3. For all positive integers j < h and h > 1, and for any 0 < a < 1, j — (h — j)a(j,1) — a(h,1) < 0.
Proof. (i) When 1 < j < h,
o j(l-a) (h=j)i—a) h-a
J=(h=5)a(51) —alh,1) = ——r i T
h(l—a) hj—ha—ji*+ja h—a« .
— — . 1—
<5 s & (because j < h, (1 —«a) > 0)
=(1—-a) "{h—ha—hj+ha+j°—jo—h+a}
= (1—a) " {h—hj+j° —ja—h+a}
<(—a) Yh—5*+j>—ja—h+a} (because j < h)
=(1—a) {—ja+a}
(1-a) laf{—j+1}
<0
(ii) When j =1 < h, a(j,1) = 1. Since we assume h > 1, 2 — h < 0. Then
h—« h—a
Sy o .
j=(h=jaiGl) —ahl)=2-h- 37— < 37> <0
(iii) When 0 < j = h,
. N h—a h—ha—h+a «a(l—h)
— — 1) — 1) = — 1) = — = = .
j—(h=ja@,1) —alh,1) =h—a(h,1)=h 1-a 1—a 1—a <0
O
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52

53

54

55

Proof of Corollary 4. Assuming that h > 1 is an integer, the binomial expansion gives

M, M +i(_1)j B\ (MY (M)
arpeen — orens 2V ) e

where

. . , h—j
(M) (M) = (M}~ (rDaG et M; ’
(My)er1) ' (M7)~G-1)

Lemma B.3 shows that the exponent of My, namely j — (h — j)a(j,1) — a(h, 1), is negative for integers 1 < j < h and
h > 1. Therefore as n — oo, (M)~ (h=9e@D=ah1) B o From Lemma B.2, {M]/(M{)*U")}"~7 is bounded in probability.
Therefore as n — oo

h h—j AV
M, M;, R\ (M5)" (M)
— < _— 2
(M])e®D ~ (M])emD) | = ;:1: j (M])a(w1) =0 [S.29]
and
My, d =1 Up
e AT =} 5oy

Proof of Theorem 5. From Corollary 4, by Slutsky’s theorem, as n — oo,

log{ My, /(M})*" D} log(M])*"1)
log My _ log{My,/(M)* ™V} | log(Mi)* ™D 5, ) )
log M) log M| log M;

because M{ and log M diverge to infinity and log{ My, /(M7)*"P} is bounded in probability from Lemma B.2. Since h;,i = 1,2
are assumed to be positive integers, h; > 1,7 = 1,2, so from the first result in Theorem 5, we derive the second result in
Theorem 5 because, by Slutsky’s theorem, as n — oo,

log Mp, _ log Mp, logM{ p ha—a l—a _ha—a
log My,  log M| log Mp, l—a hi—a hi—a

To prove Theorem 6, we need the following lemma.

Lemma B.4. If X 2 Fx such that 1 — Fx(z) ~ 2~%(x) where £ is a slowly varying function, i.e., limgy o0 £(tx)/€(z) =1 for
any t > 0, and further £ is such that limy o €(x) = L, and if ha > h1 > « are two positive real numbers, then as n — oo,

!
My, 4t Uhny

11—

@ yetain 0 F Uny )tz

where the random vector (Un, ,Un,) has a joint Laplace transform with s > 0, t > 0,
E(e "2 = exp {— / {Phan (g 5,0)} e dy} :
0

and T = Thy,n, (Y, 8, 1) is the unique positive root of szt +tah —y =0 fory > 0.

Proof of Lemma B.4. Define the sequence a,,n = 1,2,... as the solutions of n~* = 1 — Fx(a»). Then a, — oo. Following the
line of argument in the proof of Theorem 3, we integrate by parts, with 8 > 0,1 > 0:

h 3 R ,
1-E 679X127wX11} = / (1 —eiezwfwzhl)dFX(m)
0

/oo{l — Fx(z)}(ha82"> ™" + h1@/}xh1_1)e_91h2_whl dz.
0
Define y := 02”2 + a1, If £ > 0, then y > 0 and

h h o
1-E {679}(127“11} = / (1= Fx{rns.n (y,0,9)}) e dy,
0

Brown etal. PNAS | November 15,2021 | vol. 118 | no.46 | 9



56

57

where & = 1, 1, (y,0,) is the positive root of 822 + ¢zt —y = 0. Set § = s/al? and 9 = t/al'. Because
h h h h h h h h
E(efs(l/“f)X127t(1/“"1)xl 1) — 1 as n — oo, we approximate logIE(efs(l/anz)Xlth(l/“"l)xl 1) by

he h h h
E(efs(l/“"z)xl27t(1/“"1>X1 1) — 1 (by the first-order Taylor expansion). Then

5 <exp {—<s/a:2> SOXE (a3 K })

= exp{nlog IE(efS(l/":LLQ>X?2 —t(1/apt)x 't )}

hoy h hiyoh
(1— E[G*S(l/anz)Xl 2—t(1/a,t) X "t N}

2

exp{—n

exp {_ /Oo n [1 — Fx {Th%hl(y, S/GZZ,t/azl)}] - dy} .
0

From Lemma B.1, ay'rn,.n, (v, 5/a%2,t/a?t) = rp, n, (y, 5,t), which implies that
1-Fx {Th%hl (Y, 5/(1227t/a21)} =1- FX{anar_LlrhmM (Y, 5/“227 t/aﬁl)} =1— Fx{anrhyn (y,5,1)}.
Because 1 — Fx(z) ~ 27 %(x),
nll = Fx{antng n (y, 8, )} ~ n{anths ny (Y, 5,6} “anrny ny (y,5,1)}-
From the definition of the slowly varying function, because the constant 7y, 1, (y, s,t) > 0 and a, — 00 as n — oo, we have
n{anthg iy (Y, 8,0} U anThs vy (Y, 5,0} ~ n{anthy vy (Y, 5,0} lan) = n{ra, ni (Y, 5,8)} "0, " lan).
By our earlier definition, a,*f(a,) ~ 1 — Fx(a,) = n~'. Therefore
{Thoy,hy (Y58, 0)} “an “lan) ~ n{rhy,n (ys 5, t)}ianil = {rha,ni (¥, 5, 0)} 7
Hence,
n n [e's}
lim E <exp{—<s/a:12>2x?2 - (t/a?)ZX;“}) = exp{— / {"ha <y,s,t>}—“e—ydy}‘
e i=1 i=1 0

Therefore, (%ZM,’L27 %M;Ll) converges to (Un,, Up, ) in distribution as n — oco. By Slutsky’s theorem, for hi, hs > «,

7 !
Mi, _ al/n drtlis o mte Uk
(M}lll)a(hz,hl) - (azl/n)a(hg,hl) ( N , )a(hz,hl) (Un, )(h2,h1)
afLrl h1
as n — oo because limy,— o0 £(an) = limy o0 £(z) = L. O

Proof of Theorem 6. Theorem 6 is a special case of Lemma B.4 with L = {T'(1 — a)}~".

Proof of Corollary 5. We first show that, for a positive integer h > 1, as n — oo,

My,
M 51 [S.30]

Indeed, the binomial expansion of M), gives

My, . 5 (R (M) (M7)?
v ()

where

(M"Y (MM (M7 ()
M et M

From Eq. (S.29), we have (M;)hij(M{)j/(M{)o‘(h‘l) = 0p(1). From Lemma B.2, we also have (M{)*"Y /M, = 0,(1).
Therefore, (M)~ (M1)’ /Mj, = 0,(1) and

J

M, R (MMM S (h
» 1‘ <3 (]) (L) ()5 <j>op(1)op(1> —0,(1).

=1 h j=1

10 | www.pnas.org/cgi/doi/10.1073/pnas.2108031118 Brown et al.
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58

59

60

This proves Eq. (S.30). We showed in Lemma B.4 and Theorem 6 that (%M;’H, %M,’LQ) 4 (U1,U2) asm — co. So by the

continuous mapping theorem, as n — oo,

n U n /
/ ha —=Mj, —= M,
nMy,  a, a2 2 . a2 2 q Uy
hy T I hy hg g
! VR 1\hy h1 Ry Iz
(nM; )M (an) ™ ( % M,;) ' (—2 M;i) GO
ol 1 Pz 1
n n

Therefore, for positive integers ha > hy > 1, applying Eq. (S.30) and the result immediately above gives

ha
Gz My My, nMj, (M;Ll) R 4y U Un
= A o | . 1= e
(i o M\ agy, )7t |\ O ()"
as n — oo by Slutsky’s Theorem. Now
log (| Mp,, /M,’12 D log M;L2
log [Mn,| _ log(|Mp, /My, |) +log My, log Mj | log Mj
log [M, | log(|Mn, /M |) 4 log Mj | los(Mn /M Dy

log M/
g hy

By the continuous mapping theorem, Eq. (S.30) implies log(| M, /M, |) 2 0 while log M;, “3 0o as m — oco. Therefore
log(|Mn, /M, |)/log My, 5 0 and log(| My, /Mj},,|)/log M}, % 0 as both are close to 0 with probability approaching to 1 as
n — oco. Theorem 4 gives (log Mj,,)/log M, % a(h1,h2) as n — oco. Therefore, another application of Slutsky’s Theorem
gives, as n — oo,
log |Mh2‘ p 0+ Oé(hz, hl)
log | Mp, | 0+1

= a(hz,}h).

O

Proof of Theorem 7. This proof is a general version of the proof of Theorem 1. Denote c+ = max(c,0) for c € R. If 0 < X; < a,
then, because Theorem 7 assumes h > 0,

[(M] = Xi)+)" > [(M{ = a)4]"I(M] > a) = (M] — a)"I(M] > a),

hence

! " h
[(1\41;472(1-)#‘: [(1_ ﬁ/) ] > (1— Aj,) I(M] > a). [S.31]
1 1/ + !

Therefore

Y

=LA (1 S ) I(M] > a). [S.32]

The inequality in Eq. (S.32) is obtained by omitting from the summation any term in which a < X; < M{ and then using the
inequality Eq. (S.31) to replace each term in which X; < a by its lower bound. Eq. (S.32) is a convenient lower bound.

By the strong law of large numbers for random variables with an infinite mean, Mj 23 50 as n — . Consequently, for
y a.s.
fixed a, as n — oo, I(M] > a) =" 1, and

h
a a.s.

From Eq. (S.32), Eq. (S.5), Eq. (S.33), and Eq. (S.7), for all a > 0,

hnrrigf VG > F(a) as.. [S.34]
Letting a — oo in Eq. (S.34) gives
hnnigf M >1 as. [S.35]
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62

63

64

65

66

67

68

69

71

72

73

74

75

Brown et al. (1, p. 665, for h = 2) give an argument that is independent of h > 0 to show that for a given M7 > 0, the
maximal value of M, is attained when any n — 1 of the X;s equal 0 and the one remaining X; equals nM;j. For such values,
M, = (n—1)M{"/n < M{". Thus in all cases, M, < M{" and

.
limsup —2— <1 a.s.. S.36

P G 5:36)

From Eq. (S.35) and Eq. (S.36), M, /(M})" 2% 1 and log M,; — hlog M{ 25 0 as n — . O

Proof of Corollary 6. The first claim is a special case in Theorem 7 when h = 1. For the second claim, note that

M, M, 1
AR A AR .
From Theorem 7, the first factor on the right side of Eq. (S.37), %, converges a.s. to 1 as n — co. In the second factor
1

on the right side of Eq. (S.37), the exponent in the denominator is a(h,1) —h=«a-(h—1)/(1 — @) > 0 because h > 1 and
0 < a < 1. Hence W converges to 0 a.s. as n — oco. According to Slutsky’s theorem, the ratio in Eq. (S.37) converges
to 0 a.s. as n — oo.

For the third claim, we write

log M,” logM, —hlogM;  hlogM; _logM, — hlogM] h
log M} — log Mj log M| ~— log M '

og M,” —hlog M

1
From Theorem 7, S5 3T converges to 0 a.s. as n — oco. Again, according to Slutsky’s theorem, log M, /log M
1

converges to h a.s. as n — oo. By definition, M, * = nM, /N, . Hence
logM, " logn/N,  logM,

log M| log M| log M|

From Lemma 1, N, /n converges to 0 a.s. as n — co. Due to Slutsky’s theorem, log M, */log Mi converges to h a.s. as
n — oo. (I

Theorem B.1. Consider a random sample X1,...,Xn from Fx satisfying Eq. (9), i.e., such that X 2 F(c,a). Then as
n — 0o,

1. for0< h <1,

1 n /h
n = |X7, _M1| M+
(1M{)h —1=0,(1) and 7(M17)h = 0p(1);
2. forh=1,
lZﬁ |X'—M'|h MT
=D iy 1K 1l a.s. 1 a.s.
—1 and 1;
(M7)" My
3. for h > 1,
wd MMMy e ME ML
(LD (ret = Qe ~ Qe = 7

To prove this result, we establish a useful lemma.

Lemma B.5. For any real numbers 0 <r <1 and x and y, ||z|" — |y|T’ < ’a: - y’r.
Proof. Here we apply the ¢ -inequality (6, pp. 319-320, Theorem (8)): for any real numbers z,y € R and r > 0, |z + y|” <
cr(|z|” + |y|™) where ¢, =1 when 0 < r < 1 and ¢, = 2" ! when 1 < r < co.

Lemma B.5 assumes 0 < r < 1. From the ¢,-inequality, |z|" = |z —y + y|" < |z — y|" + |y|” and then |z|" — |y|" < |z — y|".
Exchanging = and y gives |y|” — |z|” < |z — y|". The two inequalities imply that ||w|r — |y|r’ < ’x — y‘r

12 | www.pnas.org/cgi/doi/10.1073/pnas.2108031118 Brown et al.
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Proof of Theorem B.1. 1. When 0 < h < 1, we write

% Z?:l |Xi — M“h
(M)™

—1‘ ZIX Mi|" = (MD)™)] .

From Lemma B.5,

3\!—‘

< %ZHM{ - X" = (M7
72|Ml Xi - Mi|" = th M,

Z (1Xs = Mi|" — (M)")

I A

where the penultimate equality follows because all X; > 0. From Lemma B.2, M} /(M{)*™Y = 0,(1). Because

a.s,
M{ == 0o as n — 00,

M/ M/ M/ a(h,1) e _ ,
any (M{)a'?h,n( d&{)h = Op()(M)™ "™ = 0, (1) (M) = = 0p(1),

76 as the exponent is negative.

2. When h = 1, the identities |X; — M| = (X; — M{);+ + (M — X;)+ and X; — M{ = (X; — M{)+ — (M] — X;)+ imply that
| Xi — M{| = (Xi = M1)4 + (M{ — Xi)4 = {Xs — M{ + (M — Xi)+} + (M1 - X; )+ Xi — Mi +2(M] — Xi)+. Then

n n

n
%Zp{i—Mﬂh: %Z(Xi—M{)—&-%Z(Ml 722 Xi)4 = 2M; .
i=1

i=1 i=1 i=1

7 From Theorem 7, M; /M| 3 1 as n — 00. So n™! Yo |1 Xs = M| /My = 8 2 asn — co. But M = M; because
78 My = Mj" — M; and M; = 0 by definition Eq. (2). Thus M+/M,as 1 asn — oo.

3. When h > 1, let |h| be the largest integer not greater than h. If h = | k], then as above,

S - %Z{(Xi — M)} Do (0 - x0)"

= 72 Xi— M)+ Z{1+ — X)) =M, + {1+ (=)}
From Eq. (S.29) in the proof of Corollary 4 , we have (M,;Vi’},hl) - (1\4/§i}1(’t,1) 0p(1). On the other hand, from Theorem
1 1
7, Mh_/M{h 2 1asn— oo. Therefore, as n — oo,
2Mh_ _ 2Mh_ _ Mh_ th—a(h,1) P, -
’ O ) B B e
since M| 2% 0o as n — oo and h — a(h,1) <0 for h > 1. Hence
Pl X -Mt M | M {0+ (DM
(D (D (M) (W)
My, Mj, 2M, _
< |iarem ~ e |+ [ | = oo 858
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But if h > | k], then

5 X — )" M;, 1 "
2 i=1 ‘ ! h — o 1 h _ h
(M) (1) T (M))e®D | T n(a])ann Z;(\XZ M" - X3
1 n
= (M)t D (X = Myl = X — gy 4 (P - g™ - x
1 =1
1 - h—Lh h—Lh h helh N N
= n(M)eD Z{“Xi—Mﬂ XX - M J}+{XZ. (- g - x ! J)}
L =1
. (1 — MU XU, g 1 N he Uy gy LA
S W Zl(|Xz—M1| _Xi )le_Ml‘ +W ZIXZ (|XZ—M1| _Xi )
1= i—

IA

| X — M“[hJ _ XZULJ

1 = ‘ /{h—h] h—h] ‘ Iy 1 = h—h] ‘
n(M])a1) Z “Xi — M| -X; | Xs — My |- + W ZXZ (because X; > 0)

1
= n(Mj )Mhl)Z{’_M/'h w“X M‘W}Jr n(M; a(hl)ZXh LhJ‘ M|
i=1
_ (M )t Lk (]\/-fl)wJ 1 h—h)
(M)t Z'X M| (M/)a(h ) ﬁz;Xi

— a n alh— n h—|h
et (ST X = MM W et D (E ST X
- (M) (1) (M])e(r]D) (M) (1) (M])eth=1rlD) ]

Since |h| is a positive integer, from Eq. (S.38) and Lemma B.2, we have

n n h
2l XM (R XM M ML) 6,00 = 0,01
G = Qe aneen ) T agsen = oW+ o =00,
In addition, since h — |h| > 0, from Lemma B.2, we also have
n h—|h
lzi 1 X i M;,_ L]

Op(1) = (M{);(hflhj,l) = (M7)eh=Th]. 1)

Therefore, we claim

Foa | XMt M
(M7)*D (M7)*(D

< (M{)h—|_hJ+a(|_hJ,l)—o¢(h,l)Op(1) + (Ml)\_hj-‘roz(h—th,l)—a(h,l)op(l) _ Op(l).

To verify this claim, we check that h — |h] + a(|h],1) — a(h,1) < 0 and |h] + a(h — |h],1) — a(h,1) <0 for h > |h]:

— [h] + a(lh],1) —a(h,1) = h— |h] + lhl—a h—«a

l-« 11—«
(h—1h))1=-@a)  |h]—-a h-—«
= + —
l-«o l-« l-«
_h—ha—|h]+alh]+|h] —a—h+a
B l-«
_ —ha + a|h] _ a(lh] —h) <0
l-«a l-«
and
- h—|h]l—a h-—«a
[h] +alh = h],1) = a(h, 1) = [A] + == - 220
A —alh]+h—|h]—a—h+a —alh] <0
o 1-« T l-a '
79 Because Mj 3% o asn — o0, the last claimed equality holds.
80 D
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81

82

83

84

85

Proof of Theorem 8. For 0 < h < 1, from Theorem B.1, M, /(M{)" = 0,(1). For h = 1, from Theorem B.1, M, /M{ % 1

as n — oo. For h > 1, from Theorem B.1, M;"/(M{)*"V — M} /(M])*"™V = 0,(1). From Theorem 3, Mj,/(Mj)*"D 4
h—

{ra- a)}ﬁUh/Va(h’l) as n — oo. Therefore, by Slutsky’s theorem, for h > 1, as n — oo,

M;F Mt M, M, d h=1 Uy
(M) (D) - <(M{)oz(h,l) - (M) (D) + (M])e(rD) =0+ {I'l—a)}== Vat) "

Consequently,
log M;" — a(h,1)log M{ = O,(1). [S.39]
Dividing both sides of Eq. (S.39) by log M], and employing Slutsky’s theorem, (Arnold (4, p. 242, Corollary 6.8(c)))

log M;'

D
g M~ a(h,1) 50, [S.40]

because log M 8% o as n — o0o. Definition 3 of the local upper centered moments is

* n
M = M, (m) : [S.41]

Eq. (S.25) gives [log(n/N;7)]/log Mi 2 o as n — oo. Therefore, from Eq. (S.25) and Eq. (S.40), as n — oo,

log M;™*  logM;” 1 Nt —a?
og h _ og h Og(n/ n) ﬁ) a(h, 1) toa= h 8] .
log M{ log M{ log M{ 1-a

Proof of Corollary 7. For fixed ¢ >0, p > 1, and ¢ > 1, if M > ¢, then

(230 (X — )4 ]P]HP . Ay
% 21;1[(0 — X)) e — [% ZZL:I[(M{ — X;)1]9] 4

Prr(cp,q) =

Then, given C' > 0, we have
P (®%r(c,p,q) > C) = P (Fr(c,p,q) > C, M{ > ¢) + P (®gr(c,p,q) > C, M{ < c)
> P (@5 (Mi,p,q) > C, M{ > ¢) + P (®Fr(c,p,q) > C, Mj < c)
> P (®pr(Mi,p,q) > C) +P(M]>c) -1
+ P(M] <¢) =P (®pr(c,p,q) < C, Mj <c)
> P (®pr(Mi,p,q) > C) — P (Ppr(c,p,q) < C, M{ < c)
> P (®pr(Mi,p,q) > C) —P (M <c).

Because M 28 o asn — oo, P(M] < ¢) — 0. Therefore, to show that P(®%r(c,p,q) > C) — 1 as n — oo, it suffices to show
that % (M1, p,q) 2 0 as n — oo. To do so, we write

n M/ M* 1/p ap1) M 1/q
q)FT(M{ap7q): ( p_)l/ = /a?pl) (M{) P 1. 71_ .
(Mg )/a M My

a.s

From Lemma B.2, (M, /M;*®""V)1/? = 0,(1). From Theorem 7, (M{q/Mq_)l/q =" 1. Because {a(p,1)/p} — 1 = a(p —

a(p,1) S.
1)/{p(1 — @)} > 0 and because M &% o as n — oo, we have (M) 7128 o as n — co. Thus OR (M1, p,q) 2 0o as

n — oo, as desired. O

Proof of Corollary 8. Theorem 8 gives (log M,")/log M} % a(p,1) as n — co. Because ¢ > 0, Corollary 6.2 gives
(log M7)/log M, N 1/q as n — oo. Then by Slutsky’s theorem, as n — oo,

logMI;r B 10gM;r log M| »

1 p—«
= = a(p, 1) - =
log M, log M| log M, (p, 1) q

q(l—a)

O
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s C. Proofs in Section 5: number of observations that exceed the sample mean

d
Lemma C.1. Assume that two independent random sanﬂjles {X Vo1 and {X[}i, from Fx = F(1,a) with a € (0,1)

have sample means, M1 and M7*, respectively. Define N,(a) = #{X; > ali € {1,...,n}} and recall the definition
Np(a) :=#{X; >ali € {1,...,n}}. Then

Na(Mj) N, (Mj)

ne ne

= o0p(1).

a7 We clarify that, in both terms on the left side above, M1 is the sample mean of the first sample {X;}}—1 and NZ(M{) counts
s how many members of the second sample { X}, exceed the sample mean M of the first sample.

Proof of Lemma C.1. Define F,, and T to be the emplrlcal survival functlons of the random samples {Xi}ie, and {X}iL,,

respectively. By the definitions, N, (M{)/n® = (Ml) =% and N, (Ml)/n = F,(M{)n'=*. Given € > 0, recall b, :=
qen' =)/ as defined in Lemma A.1, where ¢ := F~'(1,)(e) and F~'(1, ) is the quantile function for F(1, a). Then
P (|Nn(Mi)/n® = N (M7)/n®] > )
=P (|Fu(M)n'~* = Fo(M{)n' | > ¢)
=P (|Fn(M{)n'™* = F(M)n' ™| > ¢, M{ < by)

P
P

+ P(|Fa(M)n' ™ = Fo(M)n'~| > e, M{ > by,)

<P (M] <bn) +P(|[Fu(M)n'™® = Fo(M{)n' ™| > e, M > by) .

Asn — oo,

¢ —o . ¢
P(M{ <b,) =P (’_1 < qenla> =P (1_1 < qe) — F(1,a)(ge) =€

n nl/a

because » " X, /nt/ 4 F(1,a) as n — oo (Albrecher et al. (3, Remark 2.1)). On the other hand,

F (M{)n'~® —fZ(M{)nl_a’ > ¢, M, > bn)
(sup ’F e —f;(t)n17a| > e, My > bn>
t>b
< (sup 1o fF:L(t)nlia| > e)
t>by,
<P (sup ’F —Fx(t)nl_a| > e/2> +P <sup |FX n'® —F;(t)nl_a| > e/2>
t>by, t>byp
= 2P <Sup |Fo(t)n' = = Fx(t)n' | > 6/2)
t>bp

8o The last equality holds because the two samples are identically distributed. From Lemma A.1, sup,;, ’fn(t)nl_o‘ —Fx(t)n'™® ’
w 5 0asn— oo Hence 2P (supt>b” ’fn(t)nl_a — fx(t)nl_o" > 5/2) — 0 as n — co. The claim follows. O
Proof of Theorem 9. Let {X1,...,X,} and {X7,..., X,;} be two independent random samples from the same distribution Fx

satisfying Eq. (9) with sample means M; and M{*, respectively. Lemma C.1 shows that
DI(Xi > My) Y I(X7 > M)

ne ne

= o0p(1).
Because both samples have the same distribution, for all ¢ € R,
P (ZI(X{‘ > Mj) < t) _p (ZI(X,- > M{Y) § t) .
ne ne
Consequently, Lemma C.1 justifies the second equality below:
D IXe > My) Y I(Xa> M) YUI(XT > M) L I > M)

ne ne ne ne

(1) 4 DA > M)

na

ot Because n=* Y I(X; > Mj) and n”* ) I(X; > Mj) are identically distributed for every finite sample size n, they must have
92 the same limiting distribution.
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Define

l1—a
o

U, ::nf( )M{*,

Zy=n""Y 1 (Xi > n(l’T“)Un) =n ) I(Xi > M),
i=1

=1
Then as n — oo, Up, 4 F(1,a). The conditional distribution of n®Z;; given U,, = u is
— 11—«
Binomial (m Fx ( Tu)) .
For any ¢ > 0 and for any € > 0, the Laplace transform of Z;; satisfies
E {e—tzi} =E [e_tZ:LI(Un < e)} +E [e‘tzil(Un > e):| .

For the first term on the right side, Z; > 0 implies E [e‘tz; (U, < e)] <E[I(Un <€) =PU, < ¢). For the second term
on the right side, using the tower property,
Un” .

Ifu<eRE [eftZ:rI(Un > €)|Un = u} = 0; and if u > ¢, then E [eftZ:LI(Un > €)|U, = u] =E [eftZ:L|Un = u] and

E [e*tZZI(Un > e)} —E [IE [e*tZZI(Un > o)

E {e_tz’t

Un = u} =E {e_n%("azm

Unzu}

1—a J— 1—a n
(FX(nTu) + FX(nTu)e_n%>

l—a

(1 -(1- efn%)FX (n"= u)) (due to the conditional Binomial distribution of Z|U, = )

{1_ {n% +R1n(t)} {m +R2n(u)}]n

tu™ t ne g
_ 1 R, n -
{ nl(l—a) no Rzn(u) I'(l-a)

n

Rin(t) — Rln(t)Rgn(u)}

Here |R1,(t)| < t2/(2n%*) by the mean value theorem and | Rz, (u)| < en® *u™%/T(1 — a) because of Eq. (9) for large enough
n (also see Albrecher et al. (3)). Then

t et e -1 no 1y 2 o —a—1
7R n < 71\ b 7R n t S a1\ b
no 2 (“)‘ STi-—a " ra—a) e S sramat
| Run () Ran ()] < 5 Syt
1n 2n 2F(1 — a)
Let Ran(u,t) i=n {H%R%(u) Lot R () + Rm(t)Rgn(u)}. Then
e+ t2n" +t2en™ _,  2Ae+te+te _, 4te o
Rsn(u,t)] < < =
| Ran (1, ) (1 — a) b M —a) T(l—a)"

for a large enough n such that tn™* < min{e, 1}. Therefore

E [e—tZ; U, = u} = {1 - % {F(tf_aa) +R3n(%t)}] ;
and
u”(t + 4te) |" ezt |y u (¢t — 4te) "
= I R Bl
Hence

E{{l—(m] I(Un>e)}§E[e_tZ;I(Un>e)}gE{{l—W} I(Un>e)}.
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93

94

Applying the monotone convergence theorem gives

lim ]E{ [1 W}nl(w > e)} < lim E [e*”i[(Un >e)] < lim E{ [1 U"_a(t_‘l“)]nf(m > e)}.

Because (1 —t/n)" — exp(—t) uniformly over [0, 00) and U, Lyl F(1,a) as n — oo, the bounded convergence theorem
yields

E {exp{—W}I(U> €)

< nl;rr;OE [eitZ;I(Un > 6):| <E [exp {—W} I(U >¢)

Then, for € small enough that t — 4te > 0, as n — oo and € — 0,

0<E _exp{WI(U < e)}

I rl— o) -
0<E exp{(ml(Uge)}] < E[I(U <€) =PU <€) =0,

0<E|e % I(U, < e)} <E[I(Un <€) =PU, <€) = PU <€) = 0.

By the bounded convergence theorem, as € — 0,
E [exp {_U;Z”j)te) } > e):| S E [exp {—t (Fg_aa)> H :
E [exp {—W} I(U>¢| —-E |:exp {—t (I‘((ljaa)> }} .
nh_{I;OE [efthL} =E |:exp {—t (F(llj_aa)> }:| .

Because the Laplace transform is unique, we conclude that, as n — oo,

Thus we have shown that

U—a

% d
Z _—.
" TI—a

Proof of Theorem 10. To prove claim 1, from & A Exp(1), we have, for any = > 0, P(¢ > ) = ¢~ ®. Hence

e

]P’(% >t) —PE>tU) =E [ V] =2(t) =,

since U < F(1,«). Because U and ¢ are independent, it follows that

P ((%)a > t) =P (% > tl/a> = e_(tl/a)a =e "

Thus U~ %> < Exp(1), which proves claim 1.
To prove claim 2, define W,:=e“. Then, for any = > 0, = not necessarily an integer, by the definition of the gamma function,

E(Wy) =E(e™) = / t*etdt = T(1 4 za).
0

Now, from claim 1, (Exp(1))* 2 U~ "" and by independence,

E(U"WZ) = E(U**)E(W)
= E(U (1 + za) = E[(Exp(1))*] = I(1 + x)

or

'l+2z) TI'(l+4+2x) >0

E(U™) = T(l+za) E(W2) & ——
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95

96

97

98

99

100

101

102

103

104

105

To prove claim 3, again defining W, := %, we have

EV?] _ {fA+a)}? _ (EWl))?

SEV])® - T(+2a) — EWE -

The final inequality holds because W > 0 and for K > 2, E[WX] > (E[W,])® with equality if and only if T is constant. Since
W is not constant, the inequality is strict. Thus

E[V?] < 2(E[V])? <= Var(V) < (E[V])*
<~ SD(V) < E[V].
To prove claim 4, since E(WX) = I'(1 + Ka), we have, for K > 2,

BV T(+a)* _ EW.)C _
KI(EV)E ~ T+ Ka)  E[WE] '

The argument for the strict inequality is the same as in the proof of claim 3.
To prove claim 5, we use a random series representation of stable laws (Samorodnitsky and Taqqu (7, p. 22, their Prop.
1.4.1)),

UL{T1—a)} Y s,
j=1

where {S;} are the event times from a Poisson process with rate 1 and .S; Leis Exp(1). It follows that
U > {L(1—a)} Vo5 = D1 — a)} MoV,

Then U™ <. T'(1 — a)e, which implies V = U~*/T(1 — @) <st &. Thus P(V >t) <e ! forall ¢t > 0. O

Proof of Corollary 9. Claim 1 of Theorem 10 shows that U~ %¢® 4 Exp(1). As o — 0, we have e 5 1. By Slutsky’s theorem,
U~ % Exp(1). O

D. Asymptotic properties of the modified financial ratios

A real-valued function f of real n-vectors (n > 1) is defined to be quasi-concave if, and only if, for all X :={X1,...,X,} €
R™Y = {Y1,...,Y,} € R*, X\ € [0,1], we have f(AX + (1 — N)Y) > min{f(X), f(Y)}. For any two random samples
X ={Xy,...,Xn}and Y = {Y1,...,Yn} such that X;,Y; 2 F(1,«) for some « € (0,1), 4,5 =1,...,n, a real-valued function
f of real n-vectors (n > 1) satisfying, for any € € (0,1) and A € [0, 1],

FOX+(A=NY)
P ( min{f(X). )} ~ ) o

as n — 00, is said to be F,-asymptotically quasi-concave. A real-valued function f of a real random n-vector X as just defined
that satisfies, for any € € (0,1) and ¢ > 0,
fleX)
P — <e|]—1
(1755

as n — 00, is said to be F,-asymptotically scale-invariant.

Proposition D.1. Let X be a random sample from F(1,a) for some a € (0,1). Let X have sample variance 02(X) == vn,
sample mean X := M, and sample size n. Then, for the sample X, as n — oo, the modified Sharpe ratio log(M{ — 1)/ log(vy,)
forry >0 is (i) Fa-asymptotically quasi-concave, (i) Fa-asymptotically scale-invariant, (iii) asymptotically dependent only
on the tail index o of the distribution, and (iv) asymptotically monotonic with respect to a shift by a constant (Y = X + d,
0<d<oo).

-1

Proof. (i) Fa-asymptotic quasi-concavity: Let o2 (X) be the sample variance of a random sample X with sample mean X
and sample size n. Consider another random sample Y with sample mean Y, sample variance o2 (Y), and the same sample size
n. For A € [0, 1],

oa(AX + (1-N)Y)

= Non(X) +2M\(1 = X)Cova (X, Y) + (1 = A)?on (Y)

< M max{o;(X), 00 (Y)} + 201 — A) max{o; (X), o7 (Y)} + (1 = N)* max{o7 (X), o7 (Y)}
= max{o;(X), 07 (Y)},

Brown etal. PNAS | November 15,2021 | vol. 118 | no.46 | 19
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where Cov, is the sample covariance between X and Y. The inequality above holds because |Cov,(X,Y)| < 1/02(X)o2(Y) <

max{o2(X),o2(Y)}. For A € [0, 1], we also have

logAX + (1= NY —rf) _ log{AX —7y) + (1 = N(Y —rs)}
log o (AX + (1 = \)Y) log o (AX + (1 = \)Y) '

If min{m% (X)»Ui(X)} > 1 and min{X,Y} > 1+ ry, which hold asymptotically a.s., then because of U?L()\X +(1-NY) <
max{oy,(X), 07 (Y)}, we have

log\X —r) + (1 -NT =1} { log{A(X —rp) + (1= N(¥ )} logfAX —r) + (1 - N — rf>}}
logo?(AX +(1-NY) = log 02 (X) ’ log o2 (V)

. log(X —ry) log(Y —ry)
> .
= mln{ logoz(X) ' logoZ(Y)

The last inequality holds because the log function is concave, so log{\(X — ;) + (1 — A\)(Y — rf)} is larger than or equal to
log(X — r;) when X\ = 1 or is larger than or equal to log(Y — r;) when X\ = 0. Because X and Y are assumed to be positive
and drawn from F(1,«) with an infinite expectation, as n — oo, P(min{c2(X),c2(Y)} > 7+ 1,min{X,Y} > 1) — 1 because
all 02(X), 02(Y), X, and Y converge to infinity a.s.. Therefore, given 0 < € < 1, as n — o0,

logAX +(1 =AY —7f) / . [log(X —rf) log(Y —ry)
P( log rZ(AX + (1= N)Y) /m”“{ log o (X) " Togod(Y) }>1‘6>

Hence this modified Sharpe ratio is Fy-asymptotically quasi-concave. .
(ii) F,-asymptotic scale-invariance: Since X is from F(1,a), as n — oo, X

02(X) “S co. Then
_ { log(cX) }
log(cX —ry)
Hence the modified Sharpe ratio is F,-asymptotically scale-invariant.

log(X —7y) /log(cX —ry)
log o2 (X) log o2 (cX)

(iii) Distribution-based: The modified Sharpe ratio converges to (2 — «)/(1 — ), which depends only on the tail index «

of F(1,«).

(iv) Monotonicity under a constant shift: Consider ¥ = X +d with 0 < d < co. Then X <Y a.s. by definition.
When min{X —r;, Y —r;,02(X),02(Y)} > 1, we have

a. a.s.

2% o0 for any ¢ > 0, cX 3 oo; and

log(X —74)

log(X) + logc

log o2 (X) + log ¢
log 72 (X)

5.

log(X —rf) _log(X+d—r5) log(X+d—rs) log(Y —ry)
logo?(X) ~ logoi(X+d) logoa(X) — logoi(Y)

Since X 3" 00 and ¢2(X) 3" 0o as n — oo, and since 7 is finite, we have P(min{X — 77, Y —rs,02(X),02(Y)} > 1) — 1.
Therefore, the modified Sharpe ratio is monotonic with a probability converging to 1 as n — co.

Proposition D.2. For samples from F(1,a),a € (0,1), the modified Sortino ratios log(M; — r¢)/logv;,, and log(M; —
ry)/logv, ™ for vy > 0 are Fy-asymptotically quasi-concave and Fy-asymptotically scale-invariant, but do not depend on the
distribution, asymptotically as n — oo. They are asymptotically monotonic with respect to a constant shift.

Proof. Fo-asymptotic quasi-concavity: Let v, (X) denote the lower semivariance of a random sample X with sample mean
X. Consider another random sample Y with sample mean Y and lower semivariance v, (Y). According to Example 1 in
Rockafellar et al. (8), the square root of lower semivariance has the following properties:

Von (X +Y) < Vom (X) + V/om (Y) and /vy (cX) = ey/vn (X),

for ¢ > 0. Therefore, whenever X € [0, 1], we have

Vor AX + (1 - NY) < Vor OX) + Vur {1 = MY} = A on (X) + (1 - 2)Vur (V) < max{\/v;m, Ve @)} :

Following the lines of the proof in Proposition D.1 that the modified Sharpe ratio is Fau-asymptotically quasi-concave, if
min{X,Y} > r; + 1 and min{v, (X),v, (Y)} > 1, one can see again that, for 0 < e < 1, the probability that

log(/\?Jr (1 -=NY —ry) > (1— ¢) min { log(yif rf)7 log(Vif r) } 1S.42]
logv, AX + (1 = X)Y) logvn, (X) ~ logu, (Y)

converges to 1 as n — oo.

Because X and Y are positive and drawn from distributions with infinite means, it follows that P(min{v; (X), v, (Y)} >
1,min{X,Y} > 1+47r;) = 1 as n — oo because X and Y converge to infinity a.s. and v, (X) and v, (Y) converge to infinity
a.s. as n — oo by Corollary 1. Therefore, the modified Sortino ratio log(M{ — rf)/logv,, is Fa-asymptotically quasi-concave.

20 | www.pnas.org/cgi/doi/10.1073/pnas.2108031118 Brown et al.
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For the modified Sortino ratio log(M] — r¢)/logv; *, we need some properties of the local lower semivariance. Let N, (X)
denote the number of observations in X less than or equal to the sample mean X. From the definition of the local lower
semivariance, we have

nv, A X+ (1 -NY)  _,

o) = e X) oy (Y)

v AX A+ (1= NY) = e o) =

TN (X +(1-NY)

We aim to show that, for A € [0,1], for 0 < € < 1, as n — oo, the probability converges to 1 that

log(X — ) log(Y —ry)
log v, *(X) ’ log v, " (Y) '

log(AX + (1 - \)Y)
logvn " (AX + (1 = \)Y)

> (l—e)min{

Now
log(AX + (1 = \)Y) _ log(AX + (1 = \)Y) 543
logvn "(AX + (1= A)Y)  logvy"(AX + (1 = N)Y) + log{n/N; AX + (1 - )Y)}’ '
min{log(er) log(er)} _ min{ log(X —7¢) log(Y —7y) } . (S.44]
log v, *(X) " log v, *(Y) log vy, (X) + log{n/Ny (X)} log vy, (Y) + log{n/N, (Y)}

Therefore, if we can show that, as n — oo, log{n/N,; (AX + (1 — A)Y)} & 0 in Eq. (S.43), and both log{n/N, (X)}
and log{n/N, (Y)} in Eq. (S.44) converge to 0 in probability, then the modified Sortino ratio log(M] — rf)/logv, ™ is
F,-asymptotically quasi-concave. Since both samples X and Y are drawn from F(1,a),a € (0,1), by Lemma 1, both
log{n/N,; (X)} and log{n/N,; (Y)} converge to 0 a.s. as n — co. Therefore, log{n/N, (AX + (1 — A\)Y)} also converges to 0
a.s. as n — oo from Lemma 1 because AX + (1 — A\)Y has an infinite mean.

F,-asymptotic scale-invariance: The proof of Fi-asymptotic quasi-concavity above gives \/ v (cX) = c\/ v, (X) and
vV or " (cX) = cy/vy *(X). Then the proofs of the F,-asymptotic scale-invariance for the modified ratios log(M{ — rs)/logv,,
and log(M{ — rf)/logv,* are the same as that for the F,-asymptotic scale-invariance for the modified Sharpe ratio in
Proposition D.1 if we replace o2 by v;, or v, *, respectively.

Not distribution-based: Because both log(X — rf)/logv, (X) and log(X — rf)/log v, *(X) converge to 2 a.s. when X
comes from F'(1,a),« € (0, 1), the modified ratios are not sensitive to a.

Monotonicity under a constant shift: Consider Y = X 4+ d with 0 < d < co. Then X <Y a.s. by definition. When
min{X —r;, Y —rs, v, (X),v, (Y)} > 1, we have

log(X —ry) < log(X +d —ry) _ log(X +d — ry) _ log(Y —7¢)

logv, (X) — logv, (X +d) log v, (X) logv, (Y) [S.45]

Since X % 0o and v, (X) % oo (from Corollary 1) as n — oo, and since 7¢ is finite, we have P(min{X — r;,Y —
rs,vn (X),vn (Y)} > 1) — 1 as n — oo. Also, because v, * 2% oo (from Corollary 2) as n — oo, we may replace v, in
Eq. (S.45) by v, *. Therefore, the probability that the modified Sortino ratios are monotonic converges to 1 as n — oo. O

Proposition D.3. For samples X of size n from F(1,a),a € (0,1), as n — oo,

a) the ratio log(M{ —r¢)/log v} for vy >0 (i) is Fu-asymptotically quasi-concave; (ii) is Fa-asymptotically scale-invariant;
(iii) depends only on the tail index o of the distribution; and (iv) is asymptotically monotonic with respect to a constant shift;
and

b) the ratio log(M{ —r¢)/logvt™ for vy > 0 (i) satisfies, for 0 <e <1, 0<A<1,Y =X +d for 0 < d < oo,

log(AX + (1 = N)Y) . log(X —7y) log(Y —7y) .
P (mv#(uﬂl ~NY) > (1 e)mln{ log 01" (%) ' Tog ol " (Y) }> -1 [S.46)

(i) is Fo-asymptotically scale-invariant; (iii) depends on «; and (i) is asymptotically monotonic with respect to a constant

shift.

Proof. a) (i, ii) F.-asymptotic quasi-concavity and scale-invariance: Let v;} (X) denote the upper semivariance of the
random sample X. From Example 1 in Rockafellar et al. (8), parallel to the lower semivariance, we have

Vi (X +Y) < Vo (X) + Vol (Y) and /o7 (eX) = ey/vi (X).

Therefore, the proofs of quasi-concavity and scale-invariance for log(M] — r¢)/ log vl for r ¢ > 0 are the same as those for the
modified Sortino ratio log(Mj — r¢)/logv;, in Proposition D.2. Simply replace v, by v;'.

a) (iii) Distribution-based: The ratio log(M; — r¢)/logv; converges to (2 — a)/(1 — a), which depends only on c.

a) (iv) Monotonicity under a constant shift: Consider Y = X + d with 0 < d < oo. Then X <Y a.s. by definition.
When min{X —7;,Y —rs, v, (X), v} (Y)} > 1, we have

log(X —7¢) < log(X 4+ d — ry) _ log(X 4+ d — ry) _ log(Y —7¢) . [S.47]
log vt (X) ~ logut (X +d) log vyt (X) log vt (Y)
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Since X %% oo and v (X) % oo (from Theorem 2) as n — oo and since r; is finite, we have P(min{X — r;,Y —
rs, 05 (X), v, (Y)} > 1) — 1. Therefore, the ratio log(M{ — rf)/logv;’ for r¢ > 0 is asymptotically monotonic with respect to
a constant shift.

b)(i) Quasi-concavity under a constant shift: Consider Y = X + d with 0 < d < co. Then Y; = X, + d and

Xn:I(Xi >7):Zn:l(mfd>?fd):znzl(1’i >Y),

ZIAX+(1—>\)Y>>\X+ (1— Z[ (Y; —d) + (1 )\))’i>)\(?—d)+(1—>\)7):ZI(}Q->7).

i=1 i=1

Hence Nf (X +Y) = NJ(X) =N, (Y).
Because C\/Un X \/UTJ[(CK) for ¢ > 0 and \/UTJ{(X—FX) < \/ ) + \/vn Y) from the definition v, *(X) :=

nvt (X)/NH(X )wehave
i (S 3 7
NF ((;)):;)) S\ N (Gx ) (\/”’T (;X>+\/”I (;Y)>

One can check that

3
~
<
+

I~
~

N = N | =

>
—

Il

5

—

>

ol

=N (%(z+£)) =N (X+Y),

N | =
\

=
3

3
TN TN

I~
~
Il
3
=

Then

i (1 () - () = e (Ve + v )

-5 7 (V@) + 5 5 (VE®) = 5 (Vi @) + 5 (Ve @)

and therefore

\/+* X+Y) (\/1#* 7) ( vi*(X))

As in the proof of Proposition D.3 a) (i), using the fact that \/U,J{* cX) = C\/er* ), the ratio log(M] — rf)/logv;i* satisfies
Eq. (S.46) as n — oo.

b)(ii) F.-asymptotic scale-invariance: Because \/v;f*(ci) = c\/vn *(X), the proof of F,-asymptotic scale-invariance
for log(M{ — rf)/logvt* is the same as that for the modified Sortino ratio in Proposition D.2, after replacing v,, by v;i*.

b)(iii) Distribution-based: As n — 0o, both log(M{ — 7¢)/logv;t and log(M; — r)/logv,}* converge in probability to
(2 —@)/(1 — @), which depends on the tail index « of the distribution.

b)(iv) Monotonicity under a constant shift: Theorem 2 gives that v;i* 5 0o as n — co. Replacing v} in Eq. (S.47)
by v * gives asymptotic monotonicity for large n. O

Proposition D.4. For a random sample of size n from F(1,a),a € (0,1), as n — oo, the modified Farinelli-Tibiletti
ratio ®rriog(p, q) := plog M /(qlog M;}) for p>1,q > 1 (i) is Fa-asymptotically quasi-concave; (ii) is Fo-asymptotically
scale-invariant; and (iii) depends on the tail index o of the distribution; but (iv) is not monotonic with respect to a constant
shift.

Proof. (i) Fu-asymptotic quasi-concavity: We shall show that, for any 1 < p < oo and for any 0 < A < 1,

{(MFOAX + (1= NI < max{{M; (X)}/7, (M} (¥)}/*},
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where X = {X1,..., Xp}and Y = {Y1,...,Y,} as before. To see this, we write the left side as

{MSOX + (1= NY)}?

|
VR
:\»—‘

n 1/p
Z {AXi+ (1 =AY = AX + (1 = DY)HOAX; + (1 =AY — AX + (1 = A)Y) > 0)r>

=1

i=1

|
VR
3\’—‘
3

1/p
Z{)\X X)+(1 /\)(Yi—Y)}I(A(Xi—X)—l—(l—/\)(Yi—Y)>0)]p>

1/p
(i Z >\Ul — NV)IOU; + (1= \)V; > o)}p> ,

where U; := X; — X and V; :=Y; — Y, and therefore Z:zl U, = Z:;l Vi = 0 by definition. For any p > 1, we have

0< zn: {(AUi + Q= NVE) - IOU; + (1= NV > o)}p

n

= U (L= NV} IO + (= Vi > 0) - {0+ (1= NV)TOT: + (1= Vi > 0)}’)71

=3 {[AUi{I(Ui >0)+ I(U; <0)} + (1 — NVi{I(Vi > 0) + I(V; <0} - I(\Us + (1 — \)V; > 0)}

: {()\Ui (L= VIO + (1= AV > 0)}?71

-y [{)\Uil(Ui > 0)+ (1= VIV > 0} (AU + (1 — \)V; > 0)} : {()\Ui (1= NVHIU; + (1= AV > o)r_1

=1

n i [{AUiz(Ui <0) 4+ (1= NViI(Vi < M OAU; + (1= ANV > 0)} : [(/\Ui (1= VIO + (1= MV > 0)} o

i=1

n p—1
<> [{AUiI(Ui >0) 4+ (1= NViI(V; > 0) M (\U; + (1= M)V > 0)} : [{(,\Ui + (1= NVDIAU; + (1= AV, > 0)} ,
i=1
where the inequality holds since the obvious inequalities U; I(U; < 0) < 0 and V;I(V; < 0) < 0 imply

n -1

3 [{AUil(Ui <0)+ (1= NViI(Vi < OMAU; + (1= \V; > 0)] : {()\Ui (1= VI + (1= AV > o)r <o.
=1
Fori=1,2,...,n,and any 0 < A < 1, {\UI(U; > 0) 4+ (1 = MV I(V; > 0)} > 0 and I(AU; + (1 — A\)V; > 0) < 1. Hence
UI(U: > 0) 4+ (1= WVII(Vi > 0} (AU + (1 — \Vi > 0) < AUI(Us > 0) + (1 = NViI(Vi > 0). [S.48]
We next show that, for i =1,2,...,n,and any 0 < A < 1,

Ui + (1 = MV)IAU; + (1 = Vi > 0) < AU (U; > 0) 4 (1 — M)V (Vi > 0). [S.49]

When U; > 0 and V; > 0, Eq. (S.49) is trivial. When U; < 0 and V; < 0, Eq. (S.49) also holds since 0 < 0. When U; < 0 and
Vi > 0, then AU; 4+ (1 — A\)V; > 0 implies V; > 0 and Eq. (S.49) holds by noting that

0< Ui+ (1= NVIAU; + (1 =NVi>0) < (A-04+ (1 = NV)IAU; + (1 —A)Vi > 0)
={AUI(U; >0)+ (1 - NVI(V; > 0)H(AU; + (1 — N)V; > 0)
< MNULI(U; > 0) 4+ (1 = NVI(Vi > 0),

15« where the last inequality holds since {A\U;I(U; > 0) + (1 — M)ViI(V; > 0)} > 0 and I(AU; + (1 — A\)V; > 0)
15 symmetry, Eq. (S.49) also holds when their roles are interchanged, i.e. U; > 0 and V; < 0. Therefore, Eq. (S.
156 possible cases.

<1
49) holds for all

. Finally, by
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Using Eq. (S.48) and Eq. (S.49), we eventually have the following inequality:

i [{/\Uil(Ui > 0) + (1= VIV > 0)}(AU; + (1 — \)V; > 0)} : [()\Ui (1= VI + (1 — AV > 0)}

=1

p—1

i: {AUiI(Ui > 0)+ (1= NVI(V; > 0)} : {AUZ'I(UZ' S 0)+ (1= NVII(V; > ())}p_1

i=1

IA

Zn: {AUiI(Ui > 0)+ (1= NVI(V; > 0)}p.

i=1
Applying the Minkowski inequality and using AU;I(U; > 0) > 0 and (1 — A)ViI(V; > 0) > 0 for 0 < X < 1 gives

n 1/p

" 1/p 1/p n
(Z {)\UJ(UZ' >0)+ (1 — NViI(V; > 0)}p> < <Z{>\U¢I(U¢ > 0)}p> + (Z{(l —NViI(Vi > 0)},,)

i=1 i=1

n 1/p n
=\ (Z{Uu(w > 0)}"> +(1-N) <Z{m(w > 0)}p>

By construction, {U;1(U; > 0)}? = {(X; — X)I(X; — X > 0)}? and {V;I(V; > 0)}? = {(V; = Y)I(Y; =Y > 0)}*. Hence

1/p

(M (AX + (1= V)P < MMy (O + (1= ){M, ()},
which easily yields
(M DX + (1= NY)M? < max{{M, (X)}"" {M; (V)}"/*}.

It is straightforward that {M; (cX)}'/? = ¢{M, (X)}'/? for ¢ > 0. Therefore, by replacing v, by M,", we can use the
arguments for the modified Sortino ratio in Proposition D.2 to show that log M7/ log M;' is Fy-asymptotically quasi-concave.
The modified Farinelli-Tibiletti ratio can be expressed as

plog My plog My log M
qlog M;f — qlog M{ log M5

, ;;1; gg];\z? 2% pas n — oco. Therefore, the modified Farinelli-Tibiletti ratio is Fn-asymptotically quasi-concave

because log M7/ log M;' is Fy-asymptotically quasi-concave while the constant p does not affect the quasi-concavity.

From Corollary 6

(ii) F.-asymptotic scale-invariance: X is drawn from F(1,a),a € (0,1). So log M, (X) 5 oo as n — oo because
log My (X)/log X % ¢ >0 as n — oo from Corollary 6.3, and X =% 0o as n — co. From Theorem 8.3, log M (X) B o as
n — oo because log M, (X)/log X % a(h,1) as n — 0o and X =% 0o as n — co. Hence, for any ¢ > 0,

/

which converges to 1 in probability as n — oo because both log MZ]" and log M, diverge to infinity in probability as n — co.
This proves F,-asymptotic scale-invariance.

(iii) Distribution-based: The modified ratio

log My (X)
log M (X) +logec

log M (X) +logc
log My (X)

)

plog My (X) /plog My (cX)| _
qlog M (X)/ qlog M, (cX)

log M (X) », :
m = (p— a)/{q(1 — a)} as n — oo, which depends on a.

(iv) Invariance and monotonicity under a constant shift and a positive scaling: Let M, (X) and M, (X) denote
the upper and the lower pth central partial moments of sample X. Define Y = ¢X + d, where ¢ > 0 and d > 0. Then

plog M (X)

plogc
plog My (Y) plogMy (cX+d) plogM; (cX) plogMy(X)+ploge  qlogm(X) " qlog M (X) 15.50]
qlog M;f (Y)  qlog M (cX +d) qlog M (cX) qlogM,; (X)+qloge b e s ’
o p (X

plogM, (X) P

When X is drawn from F(1, @), according to Corollary 8, a0 {p(1 —a)}/(p — @) as n — oco. Thus, from Eq. (S.50),
o p (X

% L {p(1 — a)}/(p — ), the same limit, because logc is a constant and log M, converges to infinity a.s. (from
og M, (Y.

Theorem 8 and the fact that log M; 2% 0o ) as n — oo.
When ¢ =1 and d > 0, then Y > X element-wise. From Eq. (S.50), plog Mg (X) _ plog My (¥)

qlog MY (X) ~ qlog M (Y)~

O
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E. More simulation results for the tail-index estimators

Here we provide additional comparisons of the tail-index estimators. The main text defines

_ - Rs — \/R2 —4(R3 — 2
B1—2 Ry Bg-—2 Ra By = 3 3 (Rs )

TI-R TI1-Ry : 2

with Ry := logv,/log M1, Ry := logv,} /log M{ and Rj3 := logv,'* /log M{. The estimator HI.N considers the k largest order
statistics in the Hill estimator, where k = N,I + 1, which is the number of observations larger than the sample mean plus one.
The estimator HI.M replaces the smallest (n — k) order statistics in the Hill estimator by the sample mean Mj. The estimator
HI.Opt is the Hill estimator with k = n2/3. The estimator MHB3 is the minimum of Bs and HI.Opt.

Tables 1, 3, and 5 are the biases and Tables 2, 4, 6 are the MSEs for the estimators when the underlying distribution is
F(c,o) with ¢ =0.5,1,2, a = 0.1,0.2,...,0.9 with respective sample sizes n = 10%,10%,10*,10°. HL.N, HL.M, and HI.Opt are
independent of the choice of c. One sees that for larger sample sizes, the choice of ¢ has negligible influence on the asymptotic
behavior of the estimators.

Table 7 and Table 8 provide the bias and MSE of R;, which converges to 2 a.s. as n — oo, by Corollary 1. Ry converges
much more slowly when « is near 1 and much faster when « is close to 0.

Table 1. Bias (><103) (average of [estimated o minus true «]) for tail-index estimators B1, B>, B3, HLN, HI.M, HI.Opt, and MHB3 with 10* Monte
Carlo independent samples from F'(1, o), for sample sizes n = 102,103, 104, 10°.

a n B1 B2 B3 HI.N HI.M HI.Opt  MHB3
0.1 102 -8.19 -5.77 -4.85 28.71  355.02 -1.67 -10.00
02 102 -19.08 -9.96 -5.72 21.34  286.41 -1.79 -16.44
03 102 -32.94  -13.59 -3.65 562 227.71 0.08 -20.40

04 102 -48.74  -17.40 1.22 -11.37 179.72 7.34 -19.83
05 102 -67.66  -23.07 5.33 -22.42  143.29 19.30  -19.00
0.6 102 -87.89  -30.11 8.06 -20.93  127.39 48.98 -12.55
07 10%2 -109.73 -36.21 9.34 1250 145.87 110.65 -3.19
0.8 102 -143.81 -44.43 4.65 11554 24148 248.13 1.16
09 102 -147.70 -56.17 -6.63 479.82 607.47 661.17 -6.74
0.1 103 -6.26 -4.48 -3.65 18.72  208.08 -1.51 -7.52
02 10 -14.84 -8.19 -4.81 112 139.58 -2.87 -12.78
03 10 -24.26 -9.75 -2.44 -15.69 86.75 -296 -15.36
04 10 -34.98 -11.78 1.36 -31.90 46.89 -0.84  -16.02
05 10 -47.37 -13.71 5.84 -40.13 20.39 355 -15.44
0.6 10 -57.48 -1436 11.59 -35.06 11.99 16.86 -9.48
07 10 -67.08 -16.48 14.25 -15.90 20.19 46.62 1.32
0.8 10 -75.76  -20.44 11.29 44.06 71.90  109.68 7.95
09 10 -82.40 -23.57 2.94 279.43 302.82 313.66 2.91

0.1 104 -5.24 -3.87 -3.00 10.25 135.16 -0.92 -5.82
02 10* -11.96 -6.88 -3.79 -9.31 73.52 -1.73 -9.65
03 104 -19.43 -8.55 -2.38 -25.60 30.89 -2.05 -12.03
04 10* -27.72 -9.75 0.63 -32.82 4.87 -1.54  -13.44
05 10% -35.03 -8.91 5.96 -29.40 -5.30 1.42 -12.56
0.6 10* -43.76  -10.44 9.41 -24.21 -8.21 6.67 -10.26

07 104 -50.27 -11.28 12.19 -10.06 0.13 19.37 -3.26
0.8 10* -63.49 -1255 1148 31.58 37.82 51.80 7.30
09 10% -50.31 -13.69 546 204.26 208.27 153.44 5.45
0.1 10° -4.25 -3.16 -2.32 4.62 93.62 -0.49 -4.43
02 10° -9.90 -5.89 -3.07  -14.72 38.99 -0.93 -7.40
03 10° -16.11 -7.62 -2.05 -25.85 6.25 -1.05 -9.19
04 10° -22.43 -8.15 0.40 -25.06 -6.58 -0.85 -10.65
05 10° -28.54 -7.56 4.50 -18.40 -8.70 0.33 -10.79
06 10° -34.65 -7.82 8.08 -12.02 -6.73 2.83 -9.99
07 10° -40.22 -8.75 10.27 -3.33 -0.69 8.95 -6.54
0.8 10° -41.39 -8.08 11.38 23.97 25.24 24.25 3.14
09 10° -36.82 -8.54 6.66 155.70 156.34 73.70 6.65

F. Effects of sample size on convergence

In this section, we study the convergences of Theorems 3, 6, and 9 in distributions with sample sizes n = 102,10%,10%,10° and
a=1{0.1,...,0.9}. We also examine the convergence of the Sortino ratio (M] — r¢)/v; discussed after Theorem 1 with sample
size n = 10%.
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Table 2. MSE (x103) (mean squared [estimated o minus true o) for tail-index estimators B, B2, Bs, HI.N, HI.M, HI.Opt, and MHB3 with 10*
Monte Carlo independent samples from F(1, «), for sample sizes n = 102, 103, 104, 10°.

a n B1 B2 B3 HI HIL.M HI.Opt MHB3
0.1 102 0.44 048 0.43 6.69 129.57 0.47 0.46
02 10?2 1.62 1.85 1.59 11.42 89.75 1.93 1.71
03 102 3.43 3.90 3.31 15.82 64.35 4.61 3.68
04 102 5.70 6.03 522 21.89 50.79 8.50 5.84
05 102 8.66 8.06 7.02 29.28 46.20 14.68 8.14
06 102 1225 9.53 8.01 39.71 52.45 25.28 9.58
07 10> 16.68 10.13 7.89 57.73 75.42 50.26 9.31
0.8 102 29.07 983 643 116.70 160.64 131.64 7.08
09 10% 53.46 8.62 3.95 556.50 708.05 646.60 3.98

0.1 103 0.23 0.24 0.20 4.11 45.76 0.10 0.19
02 102 0.85 0.93 0.67 6.36 24.47 0.41 0.66
03 10 1.75 196 1.31 9.85 15.10 0.88 1.26

04 103 2.92 311 2.1 13.37 12.23 1.59 1.97
05 10 4.44 439 3.16 16.97 12.84 2.60 2.91
06 102 5.73 5.07 3.87 18.33 14.29 4.32 3.68
07 10 6.94 530 4.08 19.80 17.00 8.28 4.07
0.8 102 7.91 486 3.38 28.47 28.39 21.43 3.49
09 10 8.54 348 1.91 14427 153.30 119.16 1.91

0.1 104 0.14 0.15 0.1 2.61 20.05 0.02 0.10
02 10* 0.53 0.58 0.35 4.73 9.13 0.09 0.30
03 10* 1.13 1.23 0.71 7.33 6.31 0.19 0.57
04 10* 1.86 196 1.16 9.15 6.39 0.34 0.85
05 10 2.60 266 1.76 9.12 6.76 0.54 1.15
0.6 10* 3.47 320 231 7.93 6.13 0.85 1.53
07 10 4.15 3.38 260 6.46 5.30 1.52 1.94
0.8 10* 4.32 3.06 228 6.97 6.67 4.35 2.13

09 10 3.59 210 1.33 57.51 58.26 26.36 1.33
01  10° 0.09 0.10  0.07 1.91 10.16 0.01 0.06
02 10° 0.37 039 0.22 3.88 4.49 0.02 0.18

03 10° 0.75 0.80 0.40 5.51 4.00 0.04 0.29
04 10° 1.25 131 071 5.66 4.03 0.07 0.46
05 10° 1.75 1.77 1.1 4.38 3.39 0.12 0.61

0.6 10° 2.29 215 1.54 2.86 2.30 0.18 0.81
0.7 10° 2.81 240 1.86 1.88 1.63 0.32 1.06
0.8 10° 2.77 2.1 1.69 1.85 1.78 0.92 1.27
09 10° 2.09 1.36 0.97 28.91 28.99 5.90 0.97

From Theorems 3 and 6, where a(hi, he) = (h1 — a)/(he — ) for h1 > a and h > «, as n — oo,

M, d LESU /8
(M])a(w1) = Il —a)}1 VoD’ [S.51]
M, 4 T
et (D= @} iy 552
From Theorem 9, as n — oo,

NI 4 v«
ne I'l—ow) [5:53]
To evaluate the convergence rate in Theorems 3 and 6, we generate random samples {Xi,...,X,} from F(1,a) and

’

calculate in Eq. (S.51) and in Eq. (S.52). We repeat the process independently 1000 times to

My ha
U,
(Uhl)“(h2=h1) ’
independently generate 1000 random vectors (Un, V) and (Us,, Us,) satisfying the moment generating functions defined in
Theorems 3 and 6, respectively. To test the null hypotheses that the left sides of Eq. (S.51) and Eq. (S.52) have the same
distribution as the respective right sides of Eq. (S.51) and Eq. (S.52), we perform the two-sample Kolmogorov-Smirnov test
100 times independently and estimate the probabilities of rejecting the null hypotheses. The margin of error, assuming a
99% confidence level, is approximately 0.05. The probabilities of rejecting the null hypothesis are provided in Table 9 for
(h1,h2) = (1,2),(1,3),(1,4),(2,3), (2,4), (3,4), n = 10%,10%,10*,10° and o = {0.1,0.2,...,0,9}.
To generate random vectors (U, V) and (Up,, Up,) that have the moment generating functions defined in Theorems 3
and 6, we use the approximations by sequences of independent, identically distributed random variables from an exponential

h—1 hg—hy
estimate their marginal distributions. To simulate the ratios {I'(1 — o)} 1=« % and {T'(1 — o)} P1—= we
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Table 3. Bias (><103) for tail-index estimators B;, B, B3, HI.N, HL.M, HI.Opt, and MHB3 with 10 Monte Carlo independent samples from
F(0.5, ), for sample sizes n = 102,103, 104, 10°.

a n B1 B2 B3 HI HI.M HI.Opt  MHB3
0.1 102 -6.79 -4.34 -3.33 28.71  355.02 -1.67 -9.30
02 102 -13.35 -3.99 0.96 21.34  286.41 -1.79  -13.68
03 102 -19.58 0.33 12.66 562 227.71 0.08 -14.18

04 102 -23.68 8.19 31.93 -11.37 179.72 7.34 -8.49
05 102 -25.34 1839 54.39 -22.42  143.29 19.30 -0.00
06 102 -18.83 3275 78.12 -20.93  127.39 48.98 20.43
0.7 102 9.67 57.41 102.09 1250 145.87 110.65 54.94
0.8 102 53.85 8392 11270 11554 24148 248.13 91.91
09 102 -4891 68.65 78.37 479.82 607.47 661.17 76.85
0.1 103 -5.33 -3.53 -2.65 18.72  208.08 -1.51 -7.09
02 103 -11.08 -4.32 -0.51 1.12  139.58 -2.87  -11.20
03 10° -15.59 -0.80 7.95 -15.69 86.75 -296  -12.10
0.4 103 -19.09 4.41 20.72 -31.90 46.89 -0.84  -10.39
05 10% -21.37 1210 36.84 -40.13 20.39 3.55 -6.96
06 103 -17.15 23.89 56.10 -35.06 11.99 16.86 4.44
07 10 -6.78  37.57 72.57 -15.90 20.19 46.62 27.85
0.8 102 21.66 54.96 83.07 44.06 71.90 109.68 62.02
09 10 63.31 67.40 7598 279.43 302.82 313.66 75.38
0.1 10* -4.54 -3.16 -2.24 10.25 135.16 -0.92 -5.49
02 10* -9.13 -3.99 -0.58 -9.31 73.52 -1.73 -8.44

03 10* -12.94 -1.91 5.30 -25.60 30.89 -2.05 -9.54
04 10* -15.92 2.23 14.91 -32.82 4.87 -1.54 -9.41
05 10* -15.83 10.21 28.97 -29.40 -5.30 1.42 -6.76
0.6 10* -1485 17.42 42.24 -24.21 -8.21 6.67 -2.02

07 10* -7.93  27.42 55.22 -10.06 0.13 19.37 9.31
0.8 10* 9.10 39.89 64.16 31.58 37.82 51.80 35.52
09 10* 50.68 58.14 67.22 204.26 208.27 153.44 66.55
0.1 10° -3.69 -2.58 -1.71 4.62 93.62 -0.49 -4.15
02 10° -7.62 -3.58 -0.50 -14.72 38.99 -0.93 -6.37
03 10° -10.92 -2.33 4.05 -25.85 6.25 -1.05 -7.05
04 10° -13.00 1.40 11.75 -25.06 -6.58 -0.85 -7.28
05 10° -13.34 7.61 22.75 -18.40 -8.70 0.33 -6.16
0.6 10° -11.94 1427 34.27 -12.02 -6.73 2.83 -3.90
07 10° -7.62  21.66 44.62 -3.33 -0.69 8.95 1.48
0.8 10° 549 3273 53.49 23.97 25.24 24.25 15.99
09 10° 3491 46.44 56.17 155.70  156.34 73.70 51.34

distribution with the mean 1 in LePage et al. (9) and Cohen et al. (10). From LePage et al. (9, Theorem 2) and Cohen et al.
(10, equation (2.8)), it follows that, for hi, hs > «,

oo oo

d
S 302 ) £ Wi, 550
j=1 j=1
where Z; = F;l/o‘, I'; = 23:1 FE; for j > 1 and Fn, Es, ..., is a sequence of independent and identically distributed exponential

variables with mean 1.

To prove Eq. (S.54), we check that a, defined (in Section B) such that 1 — Fx(an) = n~ 1 also satisfies LePage et al.
(9, equation (3)) so that we can apply the results in LePage et al. (9). Since Fx satisfies Eq. (9) in the main text and
an ~ {n/T(1 — a)}/®, we have

l/at —a
lim n{l — Fx(ant)} = lim n{”l/a} JT(1—a)=t"°,

which satisfies LePage et al. (9, equation (3)).
Next, we replace the function ¢(z, d) in the proof of LePage et al. (9, Theorem 1) by (1, ¢2) where ¥;(z,d) = {Z;’il [2;1{z; €

(€,00)}]"}¥/hi for i = 1,2. Therefore, as in LePage et al. (9, Theorem 2) and Cohen et al. (10, (2.8)), we have, as n — oo,

" 1/hq n 1/hy oo 1/hq o 1/ho

ai > xp RO PP S (D2 >z

i=1 i=1 j=1 j=1

—_

3

Brown et al. PNAS | November 15,2021 | vol. 118 | no.46 | 27



193

194

195

196

197

198

199

Table 4. MSE (><103) for tail-index estimators B;, B2, B3, HI.N, HI.M, HI.Opt, and MHB3 with 104 Monte Carlo independent samples from
F(0.5, a), for sample sizes n = 102,103,104, 105.

a n B1 B2 B3 HI HI.M HI.Opt  MHB3
0.1 102 0.44 0.49 0.45 6.69 129.57 0.47 0.46
02 102 1.60 1.99 1.79 11.42 89.75 1.93 1.76
0.3 102 3.28 4.50 4.32 15.82 64.35 4.61 3.99

04 102 5.11 7.53 8.21 21.89 50.79 8.50 6.85
05 102 7.08 11.04 13.36 29.28 46.20 14.68 10.76
0.6 102 9.24 1478 18.68 39.71 52.45 25.28 15.28
0.7 10% 13.81 19.67 23.41 57.73 75.42 50.26 20.52
0.8 102 2236 21.79 2230 11670 160.64 131.64 21.61
09 102 5775 10.69 9.40 556.50 708.05 646.60 9.44
0.1 10° 0.22 0.24 0.20 4.1 45.76 0.10 0.18
02 103 0.81 0.96 0.71 6.36 24.47 0.41 0.63
03 10° 1.56 2.09 1.59 9.85 15.10 0.88 1.19
04 103 2.41 3.50 3.05 13.37 12.23 1.59 1.89
05 10 3.32 5.29 5.44 16.97 12.84 2.60 2.91
0.6 103 3.81 6.83 8.22 18.33 14.29 4.32 4.14
07 10 4.25 8.32 10.67 19.80 17.00 8.28 6.23
0.8 10 5.91 9.83 11.64 28.47 28.39 21.43 9.45
09 10° 8.12 8.27 7.90 14427 153.30 119.16 7.87

0.1 10 0.14 0.15 0.11 2.61 20.05 0.02 0.09
0.2 10* 0.50 0.57 0.36 4.73 9.13 0.09 0.27
03 10% 1.00 1.27 0.82 7.33 6.31 0.19 0.49
04 10* 1.50 2.10 1.59 9.15 6.39 0.34 0.69
05 10 1.91 3.09 2,97 9.12 6.76 0.54 0.90
0.6 10* 2.24 4.00 4.60 7.93 6.13 0.85 1.22
07 10 2.40 4.80 6.19 6.46 5.30 1.52 1.77
0.8 10* 2.64 5.39 6.90 6.97 6.67 4.35 3.58

09 10% 5.45 6.11 6.23 57.51 58.26 26.36 6.15
01 10° 0.09 0.10 0.07 1.91 10.16 0.01 0.05
02 10° 0.34 0.39 0.22 3.88 4.49 0.02 0.15

03 10° 0.65 0.81 0.46 5.51 4.00 0.04 0.23
04 10° 1.00 1.36 0.96 5.66 4.03 0.07 0.33
05 10° 1.26 1.98 1.81 4.38 3.39 0.12 0.40

0.6 10° 1.47 2.61 2.96 2.86 2.30 0.18 0.51
0.7 10° 1.62 3.22 4.12 1.88 1.63 0.32 0.69
0.8 10° 1.62 3.58 4.77 1.85 1.78 0.92 1.12
09 10° 2.78 3.87 4.32 28.91 28.99 5.90 3.73

Applying the continuous mapping theorem gives, as n — oo,

n oo oo

L Ly ) (a3 2

an 7 =1 j=1 j=1
On the other hand, from the proof of Lemma B.4 in the supplement, we also have, as n — oo,

n n

1 1 . d
leXihl’TzZXihz — (Uny, Uny),

n
i=1

where (Up,,Us,) has the joint moment generating function defined in Theorem 6. Because the asymptotic distribution is

unique, the identity in distribution in Eq. (S.54) has been proved.

Since (Un,, Uny) 4 (Z;’il Z;'H»Z;il ZJ’}?)7 it is straightforward to approximate (Z;‘;l Z]}_Ll , E;‘;l Z;"") by

m m

IEAD LAY DRI B 539
j=1 j=1

j=1 j=1

for large m. To examine the sensitivity of results to the choice of m, we set m = 1000, m = 500, and m = 2000 in Tables
9, 10 and 11, respectively. The probability of rejecting the convergence in distributions in Theorems 3 and 6 is similar for
m = 500, 1000, 2000 except when o = 0.7 with pairs of moments (1,2), (1,3),(1,4). In these simulations, at & = 0.7, a larger
value of m leads to a lower power of the Kolmogorov-Smirnov test to reject the identity of the distributions for pairs of moments
(1,2),(1,3),(1,4). Even larger values of m may be required to demonstrate the convergence in distributions for o > 0.7.
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Table 5. Bias (><103) for tail-index estimators B;, B, B3, HI.N, HL.M, HI.Opt, and MHB3 with 10 Monte Carlo independent samples from
F(2, a), for sample sizes n = 102,103, 10%, 10°.

a n B1 B2 B3 HI HIL.M HI.Opt MHB3
0.1 102 -9.54 -7.16 -6.32 28.71  355.02 -1.67 -10.74
02 10?2 -24.46 -15.56 -11.96 21.34 286.41 -1.79 -19.60
0.3 102 -45.03 -26.22 -18.34 562 227.71 0.08 -28.12

04 102 -70.47 -39.86 -25.60 -11.37  179.72 7.34 -35.16
0.5 102 -102.51 -568.16 -36.76 -22.42  143.29 19.30 -45.39
0.6 102 -140.81 -81.19 -51.87 -20.93  127.39 48.98 -57.23
0.7 10%2 -190.21 -108.89 -71.53 1250 145.87 110.65 -73.57
0.8 102 -267.83 -149.30 -101.92 11554 24148 24813 -102.21
0.9 102 -296.19 -234.98 -159.99 479.82 607.47 661.17 -160.00
0.1 103 -7.17 -5.41 -4.63 18.72  208.08 -1.51 -7.98
02 103 -18.44 -11.90 -8.92 112  139.58 -2.87 -14.66
0.3 102 -32.41 -18.16 -12.16 -15.69 86.75 -2.96 -19.72
04 103 -49.57 -26.70 -16.40 -31.90 46.89 -0.84 -24.49
0.5 102 -70.61 -37.01 -22.19 -40.13 20.39 3.55 -29.84
0.6 103 -92.39 -48.13 -28.53 -35.06 11.99 16.86 -34.09
0.7 10® -118.01 -63.05 -38.82 -15.90 20.19 46.62 -40.71
0.8 10® -151.10 -83.45 -55.39 44.06 71.90 109.68 -55.62
09 10® -21164 -113.75 -81.87 279.43 302.82 313.66 -81.87

0.1 104 -5.93 -4.57 -3.73 1025 135.16 -0.92 -6.17
0.2 10* -14.71 -9.68 -6.90 -9.31 73.52 -1.73 -11.08
0.3 10* -25.62 -14.89 -9.68 -25.60 30.89 -2.05 -15.30
04 10* -38.80 -21.03 -12.76 -32.82 4.87 -1.54 -19.40
0.5 10* -562.74 -26.65 -15.37 -29.40 -5.30 1.42 -22.25
0.6 10* -69.88 -35.88 -20.95 -24.21 -8.21 6.67 -25.99

0.7 10* -87.61 -46.04 -27.86 -10.06 0.13 19.37 -29.80
0.8 10* -106.79 -568.79 -38.33 31.58 37.82 51.80 -38.43
0.9 10* -132.80 -76.56 -55.44 204.26 208.27 153.44 -55.44

0.1 10° -4.81 -3.72 -2.92 4.62 93.62 -0.49 -4.73
0.2 10° -12.13 -8.16 -5.58 -14.72 38.99 -0.93 -8.61
03 10° -21.12 -12.72 -7.93 -25.85 6.25 -1.05 -12.01

04 10° -31.41 -17.25 -10.39 -25.06 -6.58 -0.85 -15.60
05 10° -42.82 -21.85 -12.67 -18.40 -8.70 0.33 -18.47
0.6 10° -55.64 -28.37 -16.49 -12.02 -6.73 2.83 -21.46
07 10° -69.84 -36.69 -22.12 -3.33 -0.69 8.95 -24.38
0.8 10° -83.01 -44.97 -28.86 23.97 25.24 24.25 -28.95
09 10° -98.01 -57.47 -41.57 155.70 156.34 73.70 -41.57

From Table 9, the two-sample Kolmogorov-Smirnov test cannot tell the differences between distributions in Eq. (S.51) and
Eq. (S.52) with a large probability for o < 0.7. When « > 0.7, the convergence slows down and the Kolmogorov-Smirnov test
starts to reject the identity of the distributions with high probabilities. The Kolmogorov-Smirnov test also suggests that, for
ratios with higher orders (hi, h2) = (2,3),(2,4), (3,4) of moments, the corresponding rates of convergence are faster than for
those with orders (h1, h2) = (1,2),(1,3), (1,4).

To examine the convergence in distribution in Theorem 9 or equivalently in Eq. (S.53) here, we perform the two-sample
Kolmogorov-Smirnov test stated in Subsection 6.B independently 100 times for each o = 0,1,0.2,...,0.9 and approximate

the probabilities of rejecting N, /n® 4 U™*/T'(1 — @) in the column Thm9 in Table 9. It is clear that the two-sample
Kolmogorov-Smirnov test cannot distinguish between the sampled distributions of N, /n® and U~*/T'(1 — &) for most of
the sample sizes with o < 0.7. For a > 0.7, it requires sample size n = 10* before the Kolmogorov-Smirnov test does not
distinguish the distribution of N, /n® from the distribution of U~*/T'(1 — ) most of the time.

To examine the convergence in M7 /(v;, )1/ 2 2% 1 as n — oo in Theorem 1, we independently generate 100 random samples
from F(1, ) with the sample size n = 10% and calculate M{/(v;)l/2 for each sample. Then we calculate the proportions of the
samples such that |Mj/(vy )% — 1| is smaller than the tolerance levels {1072,107*,1075,107°} in Table 12. We conclude
that M /(v )1/ 2 converges to 1 slowly, especially for larger values of a. For example, | M7/ (v, )1/ 2 — 1| < 107° only rarely for
a > 0.5, even with a sample size n = 10%.
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Table 6. MSE (><103) for tail-index estimators B;, Bs, B3, HI.N, HL.LM, HI.Opt, and MHB3 with 10* Monte Carlo independent samples from
F(2, a), for sample sizes n = 102,103, 104, 10°.

30

a n B1 B2 B3 HI HI.M HI.Opt  MHB3
0.1 102 0.44 0.47 0.42 6.69 129.57 0.47 0.46
0.2 102 1.70 1.79 1.50 11.42 89.75 1.93 1.69
0.3 102 3.96 3.79 2.98 15.82 64.35 4.61 3.51
04 102 7.48 6.05 4.49 21.89 50.79 8.50 5.34
0.5 102 13.31 8.83 6.08 29.28 46.20 14.68 7.25
0.6 102 2266 12.26 7.62 39.71 52.45 25.28 8.71
0.7 102 39.44 16.83 9.42 57.73 75.42 50.26 9.99
0.8 102 82.77  25.51 13.22 116.70 160.64 131.64 13.33
0.9 102 150.05 56.92 26.77 556.50 708.05 646.60 26.77
0.1 103 0.23 0.24 0.20 4.11 45.76 0.10 0.20
02 103 0.92 0.95 0.67 6.36 24.47 0.41 0.70
0.3 102 2.07 1.99 1.27 9.85 15.10 0.88 1.37
04 103 3.87 3.26 1.97 13.37 12.23 1.59 2.16
05 102 6.71 4.84 2.88 16.97 12.84 2.60 3.18
0.6 103 10.29 6.15 3.54 18.33 14.29 4.32 3.90
0.7 102 15.50 7.71 4.20 19.80 17.00 8.28 4.40
0.8 103 24.17 9.95 5.17 28.47 28.39 21.43 5.21
09 102 48.59 14.40 7.64 14427 153.30 119.16 7.64
0.1 104 0.14 0.15 0.11 2.61 20.05 0.02 0.10
0.2 10* 0.58 0.59 0.36 4.73 9.13 0.09 0.34
0.3 10%* 1.34 1.29 0.72 7.33 6.31 0.19 0.68
04 10 2.46 2.1 1.14 9.15 6.39 0.34 1.10
0.5 10* 3.93 2.95 1.63 9.12 6.76 0.54 1.59
0.6 10* 6.10 3.89 2.19 7.93 6.13 0.85 2.19
0.7 10* 8.84 4.77 2.66 6.46 5.30 1.52 2.71
0.8 10* 12.32 5.68 3.07 6.97 6.67 4.35 3.08
09 10* 18.34 7.16 3.94 57.51 58.26 26.36 3.94
0.1 10° 0.10 0.10 0.07 1.91 10.16 0.01 0.06
0.2 10° 0.41 0.41 0.23 3.88 4.49 0.02 0.20
03 10° 0.90 0.86 0.42 5.51 4.00 0.04 0.38
04 10° 1.66 1.43 0.73 5.66 4.03 0.07 0.66
05 10° 2.64 2.00 1.08 4.38 3.39 0.12 0.97
0.6 10° 4.00 2.63 1.49 2.86 2.30 0.18 1.40
07 10° 5.80 3.33 1.91 1.88 1.63 0.32 1.89
0.8 10° 7.62 3.70 2.09 1.85 1.78 0.92 2.09
09 10° 10.04 4.28 2.43 28.91 28.99 5.90 2.43
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Table 7. Bias (x 103) (average of [R;, minus 2]) sample size n = 102,102, 10%, 10° from F(1, ) for « = 0.1,0.2,...,0.9.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
10° 0.00 0.00 -0.02 -0.10 -0.52 -2.61 -13.43 -80.07 -680.29
10 0.00 -0.02 -0.11 -0.49 -2.10 -8.37 -35.09 -167.29  -1185.48

102 -0.02 -0.17 -0.74 -2.65 -9.00 -29.96  -103.42 -404.20  -2430.44
102 -0.23 -1.48 562 -17.01 -47.47 -129.41 -387.66  -1393.54  -8169.25

Table 8. MSE (x10%) (mean squared [R;, minus 2]) with sample size n = 102,103, 10%, 10° from F(1, ) for « = 0.1,0.2,...,0.9.

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
n=10 0.00 0.00 0.00 0.00 0.00 0.01 0.27 8.90 591.68
n=10* 0.00 0.00 0.00 0.00 0.01 0.12 1.94 40.75 1900.70
n=103 000 000 000 001 0.16 1.64 18.14 260.27 9088.88

n=10%2 0.00 001 0.08 074 546 37.33 343.31 5262.76 13123327.23
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Table 9. Probability of rejection of the convergence in distribution in Theorems 3, 6, and 9, according to the two-sample Kolmogorov-Smirnov
test with margins of error = 0.05, for sample size n = 102,103,104, 10° from F'(1, a) for « = 0.1,0.2,...,0.9, and m = 1000 in Eq. (S.55).

o n_ (12 (1.3 (14 @3 (24 (34) Thm9
0.1 102 0.02 0.02 002 0.04 004 0.05 0.02
102> 0.05 0.04 0.03 004 0.07 0.07 0.01

10*  0.05 006 0.06 004 0.04 0.05 0.00

10  0.05 005 0.07 0.07 0.07 0.07 0.00

02 102 0.04 005 005 0.04 003 0.03 0.01
102>  0.04 004 0.03 0.04 004 0.03 0.02

10*  0.06 005 0.07 006 0.06 0.06 0.00

105 0.05 0.07 0.07 006 008 0.08 0.00

03 102 0.05 005 003 003 004 0.03 0.00
102 0.03 004 0.03 002 0.02 0.02 0.02

10*  0.04 004 0.04 004 0.03 0.04 0.00

10° 0.07 006 0.04 004 0.05 0.07 0.00

04 102 0.07 0.06 005 0.02 004 0.02 0.00
10 003 005 0.05 004 0.03 0.04 0.02

10¢ 0.08 006 0.05 004 004 0.05 0.00

10 0.06 0.05 0.06 0.07 0.04 0.01 0.00

05 102 0.05 0.04 004 0.03 002 0.04 0.00
108 0.03 0.02 0.02 004 004 0.03 0.03

104 0.02 002 0.02 003 0.03 0.05 0.00

105 0.08 0.07 0.07 0.07 0.07 0.04 0.00

06 102 0.03 0.04 003 0.03 006 0.07 0.02
102> 0.04 004 0.04 002 0.04 0.04 0.03

10+ 0.08 0.06 0.05 004 004 005 0.00

10° 0.10 008 0.09 005 0.06 0.05 0.00

0.7 102 043 044 046 054 0.4 0.16 0.07
10> 098 088 077 005 0.04 0.02 0.07

104  1.00 092 0.87 002 0.03 0.04 0.00

10 098 085 079 006 0.06 0.05 0.00

0.8 102 100 100 1.00 1.00 1.00 0.95 0.28
103 1.00 1.00 1.00 0.1 0.07  0.04 0.20

104 1.00 1.00 1.00 0.03 0.04 0.04 0.00

10° 1.00 1.00 1.00 0.05 0.04 0.03 0.00

0.9 102 1.00 100 1.00 1.00 1.00 1.00 0.78
103 100 100 1.00 1.00 1.00 0.18 0.76

104 1.00 1.00 1.00 0.08 0.08 0.06 0.00

10° 1.00 1.00 1.00 0.03 0.04 0.03 0.00
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Table 10. Probability of rejection of the convergence in distribution in Theorems 3, 6, and 9, according to the two-sample Kolmogorov-Smirnov
test with margins of error = 0.05, for sample size n = 102,103, 10%, 10° from F(1, ) for & = 0.1,0.2,...,0.9, and m = 500 in Eq. (S.55).

a n (12 (13 (14 3 (@4 @4 Thm9
0.1 102 0.05 0.06 007 0.07 008 0.08 0.00
10®  0.03 002 0.02 003 0.01 0.01 0.01

10*  0.04 003 0.04 005 004 0.04 0.00

105 0.03 004 0.05 004 0.04 0.04 0.00

02 10® 0.5 0.06 005 0.07 006 0.05 0.02
103 0.00 0.01 0.02  0.01 0.01 0.02 0.01

104 0.07 006 0.07 006 0.07 0.05 0.00

10° 0.02 002 0.02 002 0.01 0.02 0.00

0.3 10® 0.08 0.08 006 0.07 0.08 0.09 0.00
10 0.02 002 0.02 002 002 0.05 0.03

10+ 0.06 0.08 008 006 005 0.04 0.00

10°  0.01 0.00 0.01 0.03 0.03 0.02 0.00

04 102 0.8 0.07 008 0.07 007 0.07 0.01
102 0.04 0.02 0.01 0.02 0.02 0.02 0.01

10* 0.05 006 0.04 006 005 0.03 0.00

10> 0.01 0.02 0.02 002 002 0.03 0.00

05 102 0.09 0.09 007 0.06 007 0.08 0.01
10 0.01 0.01 0.01 0.02 0.02 0.01 0.05

104  0.07 009 0.09 005 006 0.08 0.00

105 0.03 002 0.02 002 0.03 0.05 0.00

0.6 10® 0.06 0.05 006 0.08 0.07 0.07 0.03
102 0.03 0.01 0.01 0.02 0.02 0.01 0.08

104 0.1 0.09 0.09 005 0.06 0.09 0.00

10> 0.08 005 0.06 0.02 0.01 0.02 0.00

07 102 093 090 085 050 033 0.16 0.05
103 1.00 097 096 0.01 0.01 0.01 0.10

104 1.00 0.99 0.97 0.08 0.07 0.08 0.00

10° 1.00 1.00 0.99 0.03 0.04 0.03 0.00

0.8 102 1.00 1.00 1.00 1.00 1.00 0.98 0.30
102 1.00 1.00 1.00 0.04 0.03 0.01 0.23

104 1.00 1.00 1.00 0.07 0.09 0.09 0.00

10° 1.00 1.00 1.00 0.03 0.03 0.02 0.00

09 102 1.00 1.00 1.00 1.00 1.00 1.00 0.78
103 1.00 1.00 1.00 1.00 1.00 0.08 0.70

10 1.00 1.00 1.00 0.09 0.07 0.10 0.00

10° 1.00 1.00 1.00 0.03 0.04 0.03 0.00
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Table 11. Probability of rejection of the convergence in distribution in Theorems 3, 6, and 9, according to the two-sample Kolmogorov-Smirnov
test with margins of error = 0.05, for sample size n = 102,103,104, 10° from F'(1, @) for o = 0.1,0.2,...,0.9, and m = 2000 in Eq. (S.55).

o n (1,2 (13) (1.4 (23) (24) (34) Thm9
01 10® 0.06 006 006 005 0.06 0.06 0.00
10> 0.04 003 0.03 004 0.03 0.03 0.01

104 0.01 0.01 0.00 0.00 0.00 o0.01 0.00

10 0.05 005 0.05 005 0.05 0.04 0.00

02 102 0.06 0.05 004 0.05 006 0.07 0.02
103 0.05 0.04 0.04 002 0.03 0.02 0.01

104 0.03 002 0.04 004 0.04 0.06 0.00

105 0.03 004 0.04 005 0.05 0.04 0.00

03 102 0.09 0.08 008 0.06 005 0.05 0.01
102 0.04 0.04 0.04 0.01 0.01 0.02 0.01

104 003 006 005 002 003 0.02 0.00

10°  0.03 004 0.05 003 0.03 0.02 0.00

04 102 0.2 009 009 006 0.05 0.06 0.00
102 0.03 005 0.05 006 0.04 0.04 0.01

10+ 0.02 0.02 0.03 003 002 001 0.00

10 0.04 005 0.05 004 0.05 0.06 0.00

0.5 102 0.1 0.08 0.08 0.04 0.04 0.05 0.01
102 0.01 0.02  0.01 0.04  0.01 0.02 0.02

10*  0.05 0.04 0.06 0.01 0.00 0.00 0.00

105 0.03 003 0.04 004 0.05 0.05 0.00

06 102 010 0.07 006 0.09 0.08 0.07 0.03
103 0.01 0.03 002 002 0.03 0.038 0.02

10*  0.06 007 0.06 003 0.02 0.02 0.00

105 0.07 0.05 0.04 004 004 004 0.00

07 102 0.5 018 017 057 040 0.13 0.05
102 0.76  0.51 043 0.02 0.02 0.02 0.05

10* 079 055 048 0.02 004 0.01 0.00

10° 0.83 0.61 043 002 0.03 0.03 0.00

0.8 102 100 100 1.00 1.00 1.00 0.96 0.32
102 1.00 100 1.00 0.10 0.06 0.04 0.17

104 100 100 1.00 0.05 0.04 0.01 0.00

10° 1.00 1.00 1.00 0.03 0.04 0.03 0.00

0.9 102 1.00 100 1.00 1.00 1.00 1.00 0.81
103 1.00 100 1.00 1.00 0.99 0.18 0.72

104 1.00 1.00 1.00 0.09 0.07 0.10 0.00

10° 1.00 1.00 1.00 0.09 0.09 0.04 0.00

Table 12. Proportions of the ratios M} /(v;, )'/2 satistying | M} / (v, )}/? — 1| < « for tolerances ¢ = 10~3,10~%,1075,10~ in 100 random
samples of size n = 102 from F(1,a) for a = 0.1,0.2,...,0.9.

a 1073 107* 107> 10°°
0.1 1.00 1.00 1.00 1.00
0.2 1.00 1.00 1.00 0.98
0.3 1.00 1.00 1.00 0.49
0.4 1.00 1.00 0.46 0.09
0.5 1.00 0.66 0.05 0.00
0.6 0.93 0.06 0.00 0.00
0.7 0.11 0.00 0.00 0.00
0.8 0.00 0.00 0.00 0.00
0.9 0.00 0.00 0.00 0.00
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