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Abstract
Two widely investigated areas of theory in ecology over the past half century are species-abundance distributions (SADs) and
Taylor’s power law of fluctuation scaling (TL). This paper connects TL with a classic SAD, MacArthur’s broken-stick model.
Each of these models is more than 60 years old, but apparently the connection has not been observed previously. For large
numbers of species, the broken-stick model asymptotically obeys TL with exponent 2: the variance of species abundance equals
the square of the mean species abundance. Equivalently, in the broken-stick model, the coefficient of variation of abundance is
asymptotically 1. Because both the broken-stick model and TL have interpretations and applications beyond ecology, the
connection established here has broader than purely ecological interest. This simple but previously unnoticed relationship
between the broken-stick model and the power-law variance function raises the question of how other species-abundance
distributions are related to power law or other variance functions.
Keywords Coefficient of variation . Fluctuation scaling . Order statistics . Spacings . Taylor’s law

Introduction
“Demonstrating the connection between apparently unrelated
theories” is one of six types of useful theory in Caswell’s
(1988, p. 38) “beginning of a list of types of theoretical problems” in science. For example, Zaoli et al. (2017) analyzed
connections and constraints among the species-area relationship, the fraction of individuals in a community that have a
given body mass regardless of species (community-size spectrum), the probability distribution of typical or adult body
masses, the average abundance of a species with given typical
body mass (Damuth’s law), and the scaling of an individual’s
consumption or metabolic rate with the individual’s body
mass. Notable earlier examples of efforts to integrate diverse
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quantitative ecological relationships include those of Brown
et al. (2004) and Marquet et al. (2005).
Two widely investigated areas of ecological theory over
the past half century are species-abundance distributions
(SADs) (Alroy 2015; Baldridge et al. 2016) and Taylor’s
power law of fluctuation scaling (TL) (Taylor 2019). It has
been suggested that TL describes the SAD of bacterial
strains in the human microbiome (Ma 2015), but no mathematically exact demonstration of a connection between any
SAD model and any form of TL appears to have been published so far. The purpose of this paper is to connect TL with
a classic SAD, the broken-stick model (MacArthur 1957),
by means of a precise calculation. Though both TL and the
broken-stick model are more than 60 years old, the connection between them has not been observed until now. This
example opens a field of investigation of the relation of
other SADs to TL and other variance functions. Because
the broken-stick model and TL have interpretations and applications beyond ecology, the connection established here
has broader than purely ecological interest.
MacArthur (1957, p. 293) proposed a “broken-stick” model for the relative abundance of species in a community: “The
environment is compared with a stick of unit length on which
n − 1 points are thrown at random. The stick is broken at these
points, and the lengths of the n resulting segments are
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proportional to the abundances of the n species.” MacArthur
(1960) and others (reviewed by King 1964) found empirical
support for this model.
Independently, Bliss (1941), Fracker and Brischle (1944),
Hayman and Lowe (1961), and Taylor (1961) proposed and
showed empirically that the variance of population size or
population density changed in proportion to a power function
of the mean population size or population density in multiple
samples. Such a power-law relationship of variance to mean is
called a power-law variance function.
Here we show that, in an ensemble of multispecies ecological communities (or, more generally, in a set of samples of
some nonnegative random variable), if the relative abundances of the species within each community (or the relative
magnitudes within each sample) obey the broken-stick model,
then the variance of relative abundance (across species in a
given community) is related to the mean of relative abundance
(across species in a given community), asymptotically for
large numbers of species, by the power-law variance function,
variance = a(mean)b with a = 1, b = 2. In words, asymptotically for large numbers of species (or large sample sizes), the
variance equals the square of the mean of relative abundance.
Equivalently, the coefficient of variation of species relative
abundance is asymptotically 1. Communities with small, finite
numbers of species (or small sample sizes) approach this asymptotic behavior rapidly.
Both the broken-stick model and the power-law variance
function are widely studied under different names in sciences
other than ecology. The relative abundances generated by the
broken-stick model are known in statistics as “spacings” and
have a long history (Pitman 1937; Feller 1966, 1971). Barton
and David (1956), the source of information about this model
for MacArthur (1957), trace spacings back to 1887. Holst
(1980, p. 624) reports and cites some of a “huge literature”
on spacings. Statistical research on spacings continues (e.g.,
Devroye 1986, chapter 5; Kochar 2012). None of the publications I have seen on the broken-stick model or spacings refers
to Taylor’s law or to a power-law variance function.
In parallel, and apparently independently, Eisler et al.
(2008) and Taylor (2019) review physical, meteorological,
hydrological, financial, and other empirical applications and
theories of the power-law variance function, usually known in
the physical sciences as “fluctuation scaling.” Neither review
mentions the broken-stick model, spacings (in the statistical
sense), or MacArthur (1957). Because interest in spacings and
the power-law variance function is widespread, our demonstration that they are closely connected has relevance beyond
ecology.
The connection demonstrated here between the brokenstick model and the power-law variance function with exponent 2 suggests a much broader study of the connection between species-abundance distributions (Baldridge et al. 2016)
and variance functions generally (power law or otherwise).

Methods
Notation and definitions
We consider K > 1 communities, indexed by k = 1, 2, …, K.
We suppose that community k has n(k) > 1 species, indexed
by j = 1, 2, …, n(k). We assume lim nðK Þ ¼ ∞, i.e., asympK→∞

totically as the number K of communities becomes large, the
number n(K) of species per community becomes large.
We write the absolute (not relative) abundance, i.e., number of individuals, of species j in community k as Xjk > 0 and
we include only species with positive abundance. Then the
total abundance in community k is X1k + X2k + … + Xn(k), k,
and the relative abundance of species j in community k is
Rjk = Xjk/(X1k + X2k + … + Xn(k), k) > 0. The sum of the relative
abundances of all species in a community equals 1.

Power-law variance function
The power-law variance function has exact, approximate, and
asymptotic forms. If one considers a family of random variables with positive population mean and positive population
variance, then the exact form of TL states variance = a(mean)b, or equivalently (1) below. If one considers multiple
samples of a nonnegative random variable such as species
abundance with sample mean and sample variance, then an
approximate form of TL states sample variance ≈ a(sample
mean)b, with some error term. If one considers the limiting
behavior of a family of random variables or samples, then an
asymptotic form of TL states variance/(mean)b → a in some
limit. In this last case, the moments may be population moments (exact) or sample moments (subject to sampling
variation).
More precisely, let p be the label of each community, random variable, or sample, and let P ≠ ∅ be the nonempty set of
all labels or distributions being considered. A family of random variables {X(p)| p ∈ P} has a power-law variance function if and only if, for all p ∈ P, 0 < E(X(p)) and 0 < Var(X(p))
and there exist finite real constants a > 0 and b such that
log VarðX ðpÞÞ−blog E ðX ðpÞÞ ¼ log a:

ð1Þ

In this log-log form of the power-law variance function,
logVar(X(p)) is plotted on the ordinate as a function of the
abscissa logE(X(p)). Then, log(a) is called the intercept, and
b is called the slope. We refer to b interchangeably as the slope
(of the log-log form) or the exponent (of the power-law form).
In empirical applications of (1), the exact equality is replaced by approximation, since the sample mean and the sample variance are subject to sampling variation. In theoretical
extensions of (1), exact equality may be replaced by asymptotic convergence as the parameter p approaches some limit.
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In this note, the parameter p is the number n(k) of species in
the kth community and we prove convergence as n(k) → ∞.
The coefficient of variation CV of a random variable with
finite variance is defined to be its standard deviation divided
by its mean, so CV2 = variance/mean2. Then, CV2 = CV = 1 if
and only if the power-law variance function (1) holds with a =
1, b = 2.

Broken-stick model
To define the broken-stick model for each community k = 1,
…, K, let {Ujk| j = 1, …, n(k) − 1} be n(k) − 1 uniformly and
independently distributed random variables on the interval (0,
1). Within the kth community, if the {Ujk| j = 1, …, n(k) − 1}
are sorted in increasing size, their values from left to right on
the real line are the corresponding so-called order statistics, 0
< U(1), k < U(2), k < … < U(n(k) − 1), k < 1, where the strict inequalities hold with probability 1. (Events of probability 0
are ignored.) Define U(0), k = 0 and U(n(k)), k = 1. Thus 0 =
U(0), k < U(1), k < U(2), k < … < U(n(k) − 1), k < U(n(k)), k = 1. In
the broken-stick model, the relative abundance Rjk of species
j in community k is modeled by the distance between successive pairs of adjacent points, namely, Rjk = U(j), k − U(j − 1), k for
j = 1, …, n(k); k = 1, …, K.

Exponential distribution
A random variable X ≥ 0 is defined to be exponentially distributed with scale parameter λ > 0 if, for all x ≥ 0, Pr {X >
x} = e−λx. In this case, we write X=dExp(λ), where =d means
“has the same distribution as.” The mean of Exp(λ) is λ−1, and
its variance is λ−2. The family of exponential distributions
{Exp(λ)| λ ∈ P ≠ ∅} obeys Taylor’s law exactly with a = 1,
b = 2 because, for every λ, Var(Exp(λ)) = [E(Exp(λ))]2.

Results
First, we give a heuristic argument to suggest that, for every
    2
j = 1, …, n(k), lim Var Rjk = E Rjk
¼ 1, which is an

random variables, or species abundances in the ecological
interpretation) Xj in community k. Then




X nðk Þ
X1 X2
R1k ; R2k ; …; Rnðk Þ;k ¼d
;
; …;
:
ð3Þ
S nðk Þ S nðk Þ
S nðk Þ
In words, the joint distribution of the relative abundances in
the broken-stick model (on the left side in (3)) is identical to
the joint distribution generated by a set {X1, X2, …, Xn(k)} of
independent and identically distributed exponential random
variables, taking the ratio of each exponential random variable
to the sum of them all (on the right side in (3)). This beautiful
fact appears in Feller (1966, 1971, Sections I.6 and III.3),
Holst (1980, p. 625), and elsewhere. Cohen (1968) observed
that the expected values of the order statistics of {Rjk| j = 1,
…, n(k)} are the same as the expected values of the order
statistics of {Xj/Sn(k)| j = 1, …, n(k)}, but not that their joint
distributions are identical, as stated above.
Since the denominator Sn(k) of each ratio Xj/Sn(k) is the same
for all j = 1, …, n(k), it is tempting (though wrong) to imagine
that the mean and variance of each ratio are determined by the
numerators {Xj| j = 1, …, n(k)} alone. Under this false supposition, the numerators X1, X2, …, Xn(k) are a random sample of
size n(k) from Exp(λ(k)). As noted, Exp(λ(k)) has finite mean
and variance that obey Taylor’s law with a = 1, b = 2, so large
samples will too. The temptation is to suppose that large samples of Xj/Sn(k) will behave likewise.
This heuristic argument, though it leads to the right answer,
suffers from three problems. First, each Xj appears alone in the
numerator and also as one term in the sum Sn(k) in the denominator. Therefore, the numerator and denominator of each ratio
Xj/Sn(k) are not independent. Second, the fractions {Xj/Sn(k)| j =
1, …, n(k)} are not independent because they sum to 1. Third,
Sn(k) is not constant.
We present two proofs that solve these problems. The proof
in the following subsection determines exactly the distribution
and moments of each Rjk on the left side of (3). The proof in
the Appendix determines exactly the distribution and moments of each Xj/Sn(k) on the right side of (3). Each proof is
revealing in a different way. Happily, both proofs reach the
same conclusion (6).

nðk Þ→∞

asymptotic version of Taylor’s law with a = 1, b = 2. Then,
we give a simple, exact proof.

Heuristic argument
Let X1, X2, …, Xn(k) be independently and identically distributed as Exp(λ(k)) and let
S nðk Þ ≔X 1 þ X 2 þ … þ X nðk Þ :

ð2Þ

The scale parameter λ(k) may vary from one community
(or sample) to another but is the same for all observations (or

Proof
Feller (1971, p. 22, I.7(b)) proved the following fact, which
even he called “surprising”: in the broken-stick model that
partitions the unit line into n(k) segments of length {Rjk| j =
1, …, n(k)}, every one of the segments has the same distribution of length with upper tail probability or survival function


Pr R jk > t ¼ ð1−t Þnðk Þ−1 ; 0 < t < 1; j ¼ 1; …; nðk Þ: ð4Þ
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For any continuous nonnegative random variable X, the rth
moment μr ≔ E(Xr) about the origin is given in terms of the
survival function Pr{X > x}, x ≥ 0 by (Feller 1971; Hong 2012;
Chakraborti et al. 2019)
Z ∞
μr ¼ r
xr−1 PrfX > xgdx; r ≥ 1:
ð5Þ
0

When X = Rjk, the survival function Pr{X > x} becomes
Pr{Rjk > t} from (4) and the upper limit of integration in (5)
becomes 1. Then (5) gives, by elementary calculus,
μ1 ¼

1
2
6

;
; μ2 ¼
; μ3 ¼
nðk Þ
nðk Þðnðk Þ þ 1Þ
nðk Þ nðk Þ2 þ 3nðk Þ þ 2

μ4 ¼

24

:
nðk Þ nðk Þ3 þ 6nðk Þ2 þ 11nðk Þ þ 6

Therefore Var(Rjk) = μ2 − (μ1)2 = (n(k) − 1)/(n(k)2(n(k) +
1)). Thus
 
Var R jk
nðk Þ−1
CV R jk :¼
;
¼
nðk Þ þ 1
μ21
 
 
Var R jk
2
limnðk Þ→∞ CV R jk ¼ limnðk Þ→∞   2 ¼ 1:
E R jk
2





ð6Þ

The last equality in (6) is the asymptotic power-law variance function variance/(mean)b → a with a = 1, b = 2. The
difference between the limiting value of a = 1 and the value
of CV2(Rjk) for finite n(k) is
 
nðk Þ−1
2
¼
≤0:1 f or nðk Þ ≥19:
a−CV2 R jk ¼ 1−
nðk Þ þ 1 nðk Þ þ 1

ð7Þ

vðk Þ:¼



2
1 X n ðk Þ 
1 X n ðk Þ 2
1 2
R
−m
ð
k
Þ
¼
R
−
:
jk
j¼1
j¼1 jk
nðk Þ
nðk Þ
nðk Þ

ð9Þ
In the expressions in (9) for the variance v(k), the denominator
to the left of the summations is n(k) and not n(k) − 1 because the
simulation enumerates completely all n(k) relative abundances
(or spacings), not a random sample of them. The simulation
was independent for each k, that is, the uniformly distributed
pseudorandom points were generated afresh for each different k.
For small k (in the upper right corner of Fig. 1), the asymptotic variance (red circle) deviates slightly below or above the
variance of the simulation (blue x). For n(k) ≥ 19, from (7), the
difference is small since 2/(19 + 1) = 0.1.
The order statistics of relative abundance are defined as the
values of relative abundance arranged in order of increasing size,
with the least abundant species first and the most abundant species last. The order statistics are written with parentheses around
the relevant subscript. Thus, the order statistics of relative abundance in community k (or of spacings or of segment or interval
lengths) are 0 < R(1), k ≤ R(2), k ≤ … ≤ R(n(k)), k. Like the sum of the
relative abundances, the sum of the order statistics of relative
abundance of all species in a community equals 1.
Empirical tests of the broken-stick model usually compare
the order statistics of the observed relative abundances of the
species in community k with the expected value of the order
statistics of relative abundance. According to the broken-stick
model (MacArthur 1957 and many others), the expected value
of the jth order statistic of relative abundance is



 1 1
1
1
E Rð jÞ;k ¼
þ
þ⋯þ
; j ¼ 1; …; nðk Þ:
n n n−1
n þ 1− j
ð10Þ

Numerical illustration
To illustrate this result, we simulated one realization of the
broken-stick model for each of K = 20 communities (or samples)
with n(k) = 2k species, k = 1, 2, …, K. For the kth community, we
simulated n(k) − 1 = 2k − 1 independent, uniformly distributed
pseudorandom points {Ujk| j = 1, …, n(k) − 1} on the unit interval
(0, 1), sorted those points in increasing order 0 = U(0), k < U(1), k <
U(2), k < … < U(n(k) − 1), k < U(n(k)), k = 1, and took the first differences of these order statistics Rjk = U(j), k − U(j − 1), k as the predicted relative abundance of species (or as the sampled spacings).
The spacings, intervals, or line segments Rjk are not necessarily in
increasing order; they are simply labeled from left (j = 1) to right
(j = n(k)). For this unique realization, we calculated the sample
mean and the sample variance of this single realization of the
spacings:
1 Xnðk Þ
1
mðk Þ:¼
;
R jk ¼
j¼1
nðk Þ
nð k Þ

ð8Þ

Fig. 1 On log-log coordinates, for each k = 1, …,20, (m(k), v(k)) (blue x)
based on one independent realization and (1/n(k), 1/[n(k)]2) (red circle)
considering that necessarily m(k) = 1/n(k) and assuming v(k) = [m(k)]2
exactly. The number to the right of each blue x is n(k) = 2k
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For example, in a hypothetical community with n = 2 species, the expected relative abundance of the less abundant
species is 1/4 and the expected relative abundance of the more
abundant species is 3/4. With three species, the expected relative abundances are, in increasing order, 1/9 = 2/18, 5/18,
and 11/18. With four species, the expected relative abundances are 1/16 = 3/48, 7/48, 13/48, and 25/48.
To calculate the means and variances in Fig. 2, we replaced
each in Rjk in (8) and (9) with the expected order statistic
E(R(j), k) from (10). For small k (in the upper right corner of
Fig. 2), the asymptotic variance (red circle) is above the variance of the expected values of the order statistics (blue x), but
for large n(k), the difference is small.
The empirical cumulative distribution function of the simulation and the empirical cumulative distribution function of
the expected order statistics both converge to the cumulative
distribution function of the broken-stick model for large numbers of species. Hence it is expected that Figs. 1 and 2 show
good agreement with the asymptotic theory for large numbers
of species or large samples.

Discussion and conclusions
The goal of this paper is to give an example of a mathematical
analysis of the connection between SADs and TL. Here, exact
calculations connect the broken-stick model of the relative abundance of species (or “spacings” in statistics) and Taylor’s power
law (a power-law variance function in statistics and fluctuation
scaling in physics). We showed analytically that, for large numbers of species (or large samples of spacings), asymptotically the
relative abundances of the broken-stick model have variance
equal to the square of their mean; equivalently, the coefficient

Fig. 2 On log-log coordinates, for each k = 1, …,20, (m(k), v(k)) (blue x)
based on the expected values of the order statistics (10) and (1/n(k), 1/
[n(k)]2) (red circle) considering that necessarily m(k) = 1/n(k) and assuming v(k) = [m(k)]2 exactly. The number to the right of each blue x is
n(k) = 2k

of variation of relative abundance converges to 1. We confirmed
this result by simulations and exact numerical calculations.
Communities with as few as 19 species conformed closely to
the predicted asymptotic behavior.
The SAD of the broken-stick model asymptotically obeys
variance = a(mean)b with a = 1, b = 2, but observing that TL
holds with a = 1, b = 2 does not imply a broken-stick SAD.
Infinitely, many families of probability distributions give rise to
Taylor’s law with a = 1, b = 2 or with any other parameters
(Cohen 2020). For example, Cohen (2014b) showed that
Taylor’s law with b = 2 can (but need not necessarily) arise in
three different density-independent stochastic population models:
a scalar discrete-time Markovian multiplicative growth model,
the discrete-generation Galton–Watson branching process, and
the continuous-time linear birth and death process. Giometto
et al. (2015) showed that for multiplicative growth models in
Markovian environments, if the duration of observation exceeds
a logarithmic function of the number of replicates, then the exponent of TL estimated from the replicates will be close to 2,
regardless of the exact exponent that mathematical analysis of the
underlying model would yield. For this class of models, a reported sample exponent of 2 could be a statistical artifact of too few
observations. Other theoretical examples also lead to Taylor’s
law with exponent 2.
Another widely confirmed model of SADs is the lognormal
distribution or its discretized form, the Poisson lognormal distribution (e.g., Baldridge et al. 2016). In an analysis of tornado
outbreaks, Tippett and Cohen (2016) showed that a family of
lognormal distributions can obey TL exactly with exponent 2,
approximately with exponent 4, or approximately with exponent
2 + 2/3, depending on how the parameters of the lognormal are
assumed to vary or covary. Other values of the TL exponent are
also possible for other relationships of the lognormal parameters.
This example shows that the broken-stick model is not the only
SAD to have a variance function given by TL.
On the other hand, not every SAD has a variance function
given by TL. One of the four SADs tested empirically by
Baldridge et al. (2016) is the negative binomial distribution
(NBD). The negative binomial distribution has two parameters. If one of these parameters varies while the second parameter remains constant, the family of NBDs obeys TL with
exponent 1 (Cohen et al. 2016). But if the second parameter
varies while the first remains constant, then the variance is a
quadratic function of the mean and log variance is a strictly
convex function of log mean, so TL does not hold exactly,
though TL may sometimes be a plausible approximation
(Cohen et al. 2016).
These lognormal and NBD SADs show that the brokenstick model is not the only SAD that can be consistent with
TL, and that not every SAD is consistent with TL. It is therefore desirable to find out whether and how other speciesabundance distributions are related to power-law or other variance functions.
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This paper’s demonstration of a theoretical link between
TL and the broken-stick SAD is part of a larger project of
exploring the connections of TL to the rest of ecological theory, e.g., to Damuth’s law of allometry of population density
and body mass (Marquet et al. 2005; Cohen et al. 2012), to
stochastic multiplicative population growth models (Cohen
et al. 2013; Cohen 2013; 2014b), to abrupt change in a
smoothly changing environment (Cohen 2014a), to the parasitic mode of life and the negative binomial distribution
(Lagrue et al. 2015 Cohen et al. 2016), to models of agespecific human mortality by Gompertz, Makeham, and Siler
(Bohk et al. 2016; Cohen et al. 2018), to the Gompertz model
of density dependence for rodent populations (Cohen and
Saitoh 2016; Saitoh and Cohen 2018), to estimation of fisheries stocks to specified precision (Xu et al. 2019), to synchrony
(Reuman et al. 2017), to Chagas disease vector control (Cohen
et al. 2017), and beyond ecology even to the prime number
theorem in number theory (Cohen 2016). This exploration is
far from complete.
Acknowledgments I thank Roseanne Benjamin for assistance during this
work.

Olkin (2007) graph the diverse forms of the exponential, gamma, and beta probability density functions.
The mean and variance of the beta distribution are (Feller
1971, p. 50, II.4(c), Marshall and Olkin 2007, p. 485)
E ðBðk 1 ; k 2 ÞÞ ¼

k1
;
k1 þ k2

k1k2
i
VarðBðk 1 ; k 2 ÞÞ ¼ h
2
ð k 1 þ k 2 Þ ð k 1 þ k 2 þ 1Þ
¼

½EBðk 1 ; k 2 Þð1−EBðk 1 ; k 2 ÞÞ
:
ðk 1 þ k 2 þ 1 Þ

It follows that
CV2 ¼

VarðBðk 1 ; k 2 ÞÞ
½EBðk 1 ; k 2 Þ

2

¼

k2
:
k 1 ð k 1 þ k 2 þ 1Þ

If k1 = 1, k2 = n − 1, then CV2 = (n − 1)/(n + 1). If k1 is any
positive constant and k2 → ∞, then CV2 → 1/k1, and in the
special case when k1 = 1, CV2 → 1.

Connections among exponential, gamma, and beta
distributions

Appendix. Alternate proof that
variance/(mean)2 → 1 in the broken-stick
model

A random variable X ≥ 0 is defined to have the gamma distribution with shape parameter k > 0 and scale parameter λ > 0,
and we write X=dΓ(λ, k), if its probability density function at
x ∈ (0, ∞) is λke−λxxk − 1/Γ(k), where Γ(k) is the gamma function. The mean of Γ(λ, k) is E(Γ(λ, k)) = k/λ and its variance is
Var(Γ(λ, k)) = k/λ2. For fixed k and varying λ, the family of
gamma distributions {Γ(λ, k)| λ ∈ P ≠ ∅ , k fixed} obeys
Taylor’s law exactly with a = 1/k, b = 2 because, for every
λ, Var(Γ(λ, k)) = k−1[E(Γ(λ, k))]2. By contrast, for varying k
and fixed λ, the family of gamma distributions {Γ(λ, k)| k ∈ P
′ ≠ ∅ , λ fixed} obeys Taylor’s law exactly with a = 1/λ,
b = 1 because, for every λ, Var(Γ(λ, k)) = λ−1[E(Γ(λ, k))]. As
this example shows, in parametric families of distributions
with more than one parameter, the behavior of each parameter
must be specified explicitly when Taylor’s law is asserted to
hold.

The exponential, gamma, and beta probability distributions
are closely connected.
For λ > 0 and positive integer n, Γ(λ, k) is distributed as the
sum of k independently and identically distributed copies of
Exp(λ), i.e., if X1, X2, …, Xk are independently and identically
distributed as Exp(λ), then Sk ≔ X1 + X2 + … + Xk=dΓ(λ, k). As
immediate consequences, Γ(λ, 1)=dExp(λ), and if Γ(λ, k1) and
Γ(λ, k2) are independent, then Γ(λ, k1) + Γ(λ, k2)=dΓ(λ, k1 + k2).
Any function f of n > 0 real arguments x1, …, xn is defined
to be scale-free (or homogeneous of degree 0) if and only if,
for all c > 0 and all x1, …, xn, f(cx1, …, cxn) ≡ f(x1, …, xn). For
example, f(x, y) = x/y and f(x, y) = x/(x + y) for xy ≠ 0 are both
scale-free. If Xi=dΓ(λ, ki), i = 1, …, n, are independently distributed (but not necessarily identically, as ki may vary with i),


and if Sn ≔ X1 + X2 + … + Xn, then S n ¼d Γ λ; ∑ni¼1 k i and any
scale-free function f(X1, …, Xn) of the Xi are independent
(Pitman 1937, pp. 216–217).
If Γ(λ, k1), Γ(λ, k2) are independent, then Γ(λ, k1)/[Γ(λ,
k1) + Γ(λ, k2)]=dB(k1, k2) (Çinlar 2011, p. 62).
Proof that variance/(mean)2 → 1.
By (3), for every j = 1, …, n(k), k = 1, …, K, we have

Beta distribution

Rjk ¼d

A random variable 0 < X < 1 is defined to have the beta distribution with shape parameters k1 > 0, k2 > 0, and we write
X=dB(k1, k2), if its probability density function at x ∈ (0, 1) is

where Γ(λ(k), 1) refers to the same exponential random variable Exp(λ(k)) in the numerator and denominator, and where
Γ(λ( k), 1) and Γ(λ (k), n(k ) − 1) are indep ende nt.
Consequently,

Gamma distribution

fΓðk 1 þ k 2 Þ=½Γðk 1 ÞΓðk 2 Þgxðk 1 −1Þ ð1−xÞðk 2 −1Þ . Marshall and

Γðλðk Þ; 1Þ
¼d Bð1; nðk Þ−1Þ
Γðλðk Þ; 1Þ þ Γðλðk Þ; nðk Þ−1Þ

Theor Ecol

 
Var R jk
nðk Þ−1
2
→1 as nðk Þ→∞:
  2 ¼ CV o f Bð1; nðk Þ−1Þ ¼
n ðk Þ þ 1
E R jk

This completes the proof.
Incidentally, our argument also yields a proof of Feller’s
formula given above as Eq. (4). Specifically, if k1 = 1, k2 = n −
1, then the probability density function at x ∈ (0, 1) of B(1,
n(k) − 1) simplifies to {Γ(n(k))/[Γ(1)Γ(n(k) − 1)]}(1 − x)n(k) −
2
= (n(k) − 1)(1 − x)n(k) − 2. The survival function at t ∈ (0, 1) is
the integral of this probability density function from t to 1,
which is (4).

References
Alroy J (2015) The shape of terrestrial abundance distributions. Sci Adv
1(8):e1500082. https://doi.org/10.1126/sciadv.1500082:E1500082
Baldridge E, Harris DJ, Xiao X, White EP (2016) An extensive comparison of species-abundance distribution models. Peer J 4:e2823.
https://doi.org/10.7717/peerj.2823
Barton DE, David FN (1956) Some notes on ordered random intervals.
Journal of the Royal Statistical Society Series B 18(1):79–94
Bohk C, Rau R, Cohen JE (2016) Taylor’s power law in human mortality.
Demographic Research 33(21):589–610
Bliss CI (1941) Statistical problems in estimating populations of Japanese
beetle larvae. J Econ Entomol 34:221–232
Brown JH, Gillooly JF, Allen AP, Savage VM, West GB (2004) Toward
a metabolic theory of ecology. Ecology 85:1771–1789
Caswell H (1988) Theory and models in ecology: a different perspective.
Ecol Model 43:33–44
Chakraborti S, Jardim F, Epprecht E (2019) Higher order moments using
the survival function: the alternative expectation formula. Am Stat
73:191–194
Çinlar E (2011) Probability and stochastics. Springer, New York
Cohen JE (1968) Alternate derivations of a species-abundance relation.
Am Nat 102:165–172
Cohen JE (2013) Taylor’s power law of fluctuation scaling and the
growth-rate theorem. Theor Popul Biol 88:94–100 http://
www.sciencedirect.com/science/article/pii/S004058091300035X
Cohen JE (2014a) Taylor’s law and abrupt biotic change in a smoothly
changing environment. Theor Ecol 7(1):77–86. https://doi.org/10.
1007/s12080-013-0199-z
Cohen JE (2014b) Stochastic population dynamics in a Markovian environment implies Taylor’s power law of fluctuation scaling. Theor
Popul Biol 93:30–37
Cohen JE (2016) Statistics of primes (and probably twin primes) satisfy
Taylor’s law from ecology. Am Stat 70(4):399–404. https://doi.org/
10.1080/00031305.2016.1173591
Cohen JE (2020) Every variance function, including Taylor’s power law
of fluctuation scaling, can be produced by any location-scale family
of distributions with positive mean and variance. Theor Ecol 13:1–5.
https://doi.org/10.1007/s12080-019-00445-7
Cohen, Joel E. and Saitoh, Takashi 2016 Population dynamics, synchrony, and environmental quality of Hokkaido voles lead to temporal
and spatial Taylor’s laws Ecology 97(12):3402–3413, Dec. DOI:
https://doi.org/10.1002/ecy.1575
Cohen JE, Xu M, Schuster WSF (2012) Allometric scaling of population
variance with mean body size is predicted from Taylor’s law and
density-mass allometry. Proceedings of the National Academy of
Sciences, USA 109(39):15829–15834. https://doi.org/10.1073/
PNAS.1212883109

Cohen, Joel E., Xu, Meng and Schuster, William S. F.2013 Stochastic
multiplicative population growth predicts and interprets Taylor’s
power law of fluctuation scaling. Proceedings of the Royal Society
Series B 280(1757):20122955. 10.https://doi.org/10.1098/rspb.
2012.2955
Cohen JE, Poulin R, Lagrue C (2016) Linking parasite populations in
hosts to parasite populations in space through Taylor’s law and the
negative binomial distribution. Proceedings of the National
Academy of Sciences, USA 114(1):E47–E56. https://doi.org/10.
1073/PNAS.1618803114
Cohen JE, Rodriguez-Planes LI, Gaspe MS, Cecere MC, Cardinal MV,
Gurtler RE (2017) Chagas disease vector control and Taylor’s law.
PLoS Negl Trop Dis 11(11):e0006092. https://doi.org/10.1371/
journal.pntd.0006092
Cohen JE, Bohk-Ewald C, Rau R (2018) Gompertz, Makeham, and Siler
models explain Taylor’s law in human mortality data. Demogr Res
38(29):773–842. https://doi.org/10.4054/DemRes.2018.38.29
Devroye L (1986) Non-uniform random variate generation. SpringerVerlag, New York
Eisler Z, Bartos I, Kertész J (2008) Fluctuation scaling in complex systems: Taylor’s law and beyond. Adv Phys 57(1):89–142
Feller W (1966) An introduction to probability theory and its applications, Vol. 2, 1st edn. John Wiley, New York
Feller W (1971) An introduction to probability theory and its applications, Vol. 2, 2nd edn. John Wiley, New York
Fracker SB, Brischle HA (1944) Measuring the local distribution of
Ribes. Ecology 25(3):283–303
Giometto A, Formentin M, Rinaldo A, Cohen JE, Maritan A (2015)
Sample and population exponents of generalized Taylor’s law.
Proceedings of the National Academy of Sciences, USA 112(25):
7755–7760
Hayman BI, Lowe AD (1961) The transformation of counts of the cabbage aphid (Brevicoryne brassicae (L.)). N Z J Sci 4:271–278
Holst L (1980) On the lengths of the pieces of a stick broken at random. J
Appl Probab 17:623–634
Hong L (2012) A remark on the alternative expectation formula. Am Stat
66(4):232–233
King CE (1964) Relative abundance of species and MacArthur’s model.
Ecology 45:716–727
Kochar, S. 2012. Stochastic comparisons of order statistics and spacings:
a review. International scholarly research network, ISRN probability
and statistics. Article ID 839473
Lagrue C, Poulin R, Cohen J E (2015) Parasitism alters 3 power laws of
scaling in a metazoan community: Taylor's law, density-mass allometry, and variance-mass allometry. Proceedings of the National
Academy of Sciences, USA 112(6):1791–1796
Ma Z(S) (2015) Power law analysis of the human microbiome. Mol Ecol
24:5428–5445. https://doi.org/10.1111/mec.13394
MacArthur RH (1957) On the relative abundance of bird species.
Proceedings of the National Academy of Sciences, USA 43:293–
295
MacArthur RH (1960) On the relative abundance of species. Am Nat 94:
25–36
Marquet PA, Quiñones RA, Abades S, Labra F, Tognelli M, Arim M,
Rivadeneira M (2005) Scaling and power-laws in ecological systems. J Exp Biol 208:1749–1769. https://doi.org/10.1242/jeb.01588
Marshall AW, Olkin I (2007) Life distributions: structure of nonparametric, semiparametric, and parametric families. Springer Series in
Statistics, New York
Pitman EJC (1937) The "closest" estimates of statistical parameters. Proc
Camb Philos Soc 33(2):212–222
Reuman DC, Zhao L, Sheppard LW, Reid PC, Cohen JE (2017)
Synchrony affects Taylor’s law in theory and data. Proceedings of
the National Academy of Sciences, USA 114(26):6788–6793 www.
PNAS.org/cgi/doi/10.1073/PNAS.1703593114

Theor Ecol
Saitoh T, Cohen JE (2018) Environmental variability and density dependence in the temporal Taylor’s law. Ecol Model 387:134–143.
https://doi.org/10.1016/j.ecolmodel.2018.07.017
Taylor LR (1961) Aggregation, variance and the mean. Nature
189(4766):732–735
Taylor RAJ (2019) Taylor’s power law: order and pattern in nature.
Elsevier Academic Press, Cambridge, MA
Tippett MK, Cohen JE (2016) Tornado outbreak variability follows
Taylor’s power law of fluctuation scaling and increases dramatically

with severity. Nat Commun 7:10668. https://doi.org/10.1038/
ncomms10668
Xu M, Kolding J, Cohen JE (2019) Sequential analysis and design of
fixed-precision sampling of Lake Kariba fishes using Taylor’s power law. Can J Fish Aquat Sci 76(6):904–917. https://doi.org/10.
1139/cjfas-2018-0091
Zaoli S, Giometto A, Maritan A, Rinaldo A (2017) Covariations in ecological scaling laws fostered by community dynamics. Proceedings
of the National Academy of Sciences, USA (July), Washington, DC.
https://doi.org/10.1073/pnas.1708376114

