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Taylor's law (TL) is a widely observed empirical pattern that relates
the variances to the means of groups of nonnegative measure-
ments via an approximate power law: variance; = a X meang",
where g indexes the group of measurements. When each group
of measurements is distributed in space, the exponent b of this
power law is conjectured to reflect aggregation in the spatial dis-
tribution. TL has had practical application in many areas since its
initial demonstrations for the population density of spatially dis-
tributed species in population ecology. Another widely observed
aspect of populations is spatial synchrony, which is the tendency
for time series of population densities measured in different loca-
tions to be correlated through time. Recent studies showed that
patterns of population synchrony are changing, possibly as a con-
sequence of climate change. We use mathematical, numerical, and
empirical approaches to show that synchrony affects the validity
and parameters of TL. Greater synchrony typically decreases the
exponent b of TL. Synchrony influenced TL in essentially all of our
analytic, numerical, randomization-based, and empirical examples.
Given the near ubiquity of synchrony in nature, it seems likely that
synchrony influences the exponent of TL widely in ecologically and
economically important systems.
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Taylor’s law (TL) is a widely observed empirical pattern that
relates the variances to the means of groups of measurements
of population densities or other nonnegative quantities via a
power law: variance, ~ a X meangb, where g indexes the groups of
measurements, a > 0, b is usually positive, and @ and b are both
independent of g. Equivalently, log(variance,) ~ b X log(mean,) +
log(a). The parameter b has the same numerical value regard-
less of whether it appears as the exponent of the power law or
the slope of the linear relation between log(variance;) and
log(mean,). Thus, b may be referred to as the exponent or the
slope of TL.

TL has been verified in data on the population sizes and
population densities of hundreds of taxa, including aphids (1),
crops (2), fish (3, 4), birds (5), and humans (6). TL has also been
discovered in many other nonnegative measurements (7), in-
cluding recently, tornados per outbreak (8) and stocks (9). In
physics, TL is sometimes called “fluctuation scaling.” TL has
been generalized (10) and applied or proposed for application to
fisheries management (3, 4), estimation of species persistence
times (11), and agriculture (2, 12, 13). Potential mechanisms of
TL have been explored extensively (9, 14, 15). Because of its
ubiquity, it has been suggested that TL could be another “uni-
versal law,” like the central limit theorem (16).

There are multiple versions of TL. “Temporal TL” and “spatial
TL,” on which we focus, use time series, Y;(f), of population
densities measured in locations i = 1, ..., n at times ¢t = 1, ...,
T. For temporal TL, the groups, g, consist of all measurements
made in a location, i (means and variances are computed over
time). For spatial TL, groups are measurements at a single time,
¢t (means and variances are over space).

Synchrony (metapopulation synchrony, spatial synchrony) is
another ubiquitous and fundamental ecological phenomenon. It
is the tendency for time series of population densities of the
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same species measured in geographically separated locations to
be correlated through time. It has been observed in organisms as
diverse as protists (17), insects (18), mammals (19, 20), and birds
(21; ref. 22 has many other examples). It relates to large-scale
pest or disease outbreaks and shortages of resources (23, 24) and
has implications for conservation because populations are at
greater risk of simultaneous extinction if they are simultaneously
rare (24).

Although some empirical and theoretical connections have
been made between synchrony and TL (7, 14, 20, 25), the con-
nections are far from completely understood and do not encompass
all versions of TL. Synchrony, like TL, may reflect aggregation,
because the spatial extent of correlations among population time
series indicates the geographic size of outbreaks (26). Engen,
et al. (25) connected TL with synchrony theoretically but did not
use spatial or temporal TL. Temporal TL has been related to a
kind of synchrony that occurs on spatial scales smaller than that
of sampling (7, 14).

The “Moran effect” refers to synchrony caused by synchronous
environmental drivers. Changes in Moran effects as a conse-
quence of climate change may alter synchrony. Long-term in-
creases in the synchrony of caribou populations in Greenland
were associated with increases in the synchrony of environmental
drivers in the area, apparently through modified Moran effects
(19). The latter were, in turn, linked to global warming. Similar
associations held for North American bird species (21). Large-scale
climatic changes in the North Atlantic Oscillation caused changes
in winter temperature synchrony, which in turn caused changes in
the synchrony of pest aphid species in the United Kingdom (27).
Changes in the synchrony of plankton (26) and tree rings (28) have
been associated with climate change. If synchrony influences TL,
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then changes in synchrony may change TL in ecologically and
economically important systems.

We analyze connections between synchrony and spatial TL to
answer the following questions. Do the presence and strength of
synchrony in population time series influence whether TL holds
and if so, how? Do the presence and strength of synchrony in-
fluence the slope b of TL and if so, how? Because of the fun-
damental importance of both TL and synchrony to population
ecology, illuminating connections between these phenomena is
of intrinsic interest, but we are also motivated by the applied
importance of TL and concern that climate change may modify
synchrony.

Results

Analytic Results. Suppose the population size or density in loca-
tion i at time ¢ is modeled by the nonnegative random variable
Yi(t) for i = 1, ..., n. Assume that the multivariate stochastic
process Y(t) = (Yi(¢), ..., Y,(t)) is stationary and ergodic (29);
these assumptions are standard (SI Appendix, SI). We use the
standard spatial sample mean and sample variance: m(t)=
(1/m)>70,Yi(t) and  v(6) =37, Yi(0)*/(n— 1) —nm(e)/(n = 1).
The traditional plot to test spatial TL is the log(v(z)) vs. log(m(t))
scatterplot for a finite realization of these processes. TL hy-
pothesizes that this plot will be approximately linear. The linear
regression slope is b, =cov,(In(m(t)), In(v(z)))/var,(In(m(t)))
(30). The subscripts ¢ indicate that the variance var, and the
covariance cov, are computed across time for the finite re-
alization, whereas each value of m(¢) and v(f) is computed across
space at time ¢. A standard (22) measure of average synchrony,
Q=(1 /nz)Z;'lecor[(Y,-(t),Yj(t)), averages the temporal correla-
tions of every pair of population dynamic time series. This
summation includes the terms with i =j, which equal 1, and hence
Q, is 1/n when the correlations with i #j are 0; €, is zero when the
spatial average time series is constant, and Q, cannot be negative
(SI Appendix, SI). We are interested in how Q, may affect
whether the relationship between the log mean and the log
variance is linear and the value of the slope b, when linearity
holds. For long time series, it suffices (SI Appendix, S1) to con-
sider the population quantities b =cov(In(m), In(v))/var(In(m))
and Q=(1 /nz)zzjzlcor(Y,-,Yj), assuming that all of the expec-
tations, variances, and covariances in these expressions and
others exist (details are in SI Appendix). Thus, we work with the
time-independent distribution Y = (Y7, ..., Y,). Autocorrelation
in time series will not influence the relationships that we study if
time series are long enough for empirical and true marginal
distributions to be similar (SI Appendix, S1).

Applying the delta method (31), In(m) ~In(E(m)) + (m — E(m))/
E(m),In(v)~In(E(v))+ (v—E(v))/E(v), and var(In(m)) = var(m)/
E(m)?; therefore (SI Appendix, SI)

_(n=1)E(m) cov(m,v)
br n (A —var(m))var(m)’ 1]

where the first factor in this expression and the quantity
A=/ B(Y?) - E(m)* depend solely on the marginal dis-
tributions, Y;, and do not depend on the correlations, cor(Y;, Y}).
However, var(m) equals (1/n*)37,_cov(Y;,Y;), which relates to
synchrony, Q, and is similar in form. Eq. 1, therefore, provides
the intuition behind our subsequent analyses: if synchrony [Q or
var(m)] changes and the marginals, Y;, remain fixed, then one
expects the slope b to change. The following theorem supports
this intuition.

Theorem. Suppose Y; are identically distributed (but not necessarily
independent) with E(Y;) =M > 0 and finite var(Y;) =V > 0. Assume
that iy = E((Y; ~ M)(Y, = M), . = E((Y; ~ M)(Y; = M) (Y — M),
and pyy =E((Y; —=M)(Y; = M) (Yi — M) (Y, = M)) are finite for all i,
J k and | and define p; = cor(Y;,Y;) = p; /V and py = . [y Then
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The approximation is better whenever the coefficients of variation
of the sample mean /var(m) /E(m) =V Q/M and sample variance
\/var(v)/E(v) are smaller, and is asymptotically perfect as these
quantities approach zero.

Additional details, alternative mathematically equivalent ex-
pressions for b, and a proof of the theorem are in SI Appendix, S2.

This theorem extends a theorem by Cohen and Xu (15), which
assumes that the Y; are independent and identically distributed
(iid). In that case, the second factor on the right of Eq. 2 is 1, and
b~ (Muy;;/V?), which equals the skewness p;;/V>/? of Y; divided
by its coefficient of variation 17/2/M. Independence of the Y is
not necessary here: the same formula holds if p; =0 for i #; and
i =0 whenever i, j, and k are not all equal. Cohen and Xu (15)
concluded that, in the iid case, skewness of Y; is necessary and
sufficient for TL to have slope b #0. Our theorem extends this
result to the case of identically distributed Y; that may be
nonindependent.

The denominator n?(1 — Q)Q in Eq. 2 is a n-shaped function of
Q (i.e., it increases, has a maximum, and then decreases again as Q
increases). Therefore, Eq. 2 may seem to suggest that b is a
U-shaped function of synchrony (it decreases, has a minimum, and
then increases again). However, the numerator of the second
factor of Eq. 2 may, a priori, also be a n-shaped function of syn-
chrony; therefore, a U-shaped dependence of b on synchrony is not
mathematically certain, and neither are any of the components of
such a dependence (the initial decrease, the internal minimum,
and the subsequent increase of b as Q increases). Dependence of
the numerator of Eq. 2 on Q also means that limg_.0b and limg_,1b
can be finite, although limg_¢(1 — Q)Q and limg_,1 (1 — Q)Q are 0.

Numerical Results. To illustrate the identically distributed case, we
performed numerical simulations based on multivariate normal
random variables X = (X, ..., X,,) with mean (0, ..., 0) and
covariance matrix with diagonal entries 1 and off-diagonal en-
tries equal to a parameter, p >0. We let Y; = @(X;), where the
transformations ¢(.) were chosen, in different simulations, to
make the Y; a variety of Poisson, negative binomial, gamma,
exponential, %, normal, and log-normal distributions. Increases
in p produced increases in Q. Exponential and y? distributions
are special cases of gamma distributions. We produced separate
results for these distributions because they are widely used.
Results are in SI Appendix, S3; Fig. 1 shows typical results for
Poisson and gamma examples.

Results generally agreed with the above intuitions and analy-
ses. The linearity hypothesis of TL was usually, but not always, an
adequate approximation in that linearity and homoscedasticity
could not be rejected statistically (ST Appendix, S6 has details on
how this was tested). In agreement with our theorem and Cohen
and Xu (15), when a shifted normal distribution (which has
skewness 0) was used for Y;, b = 0 for all values of Q. For skewed
distributions, the slope b was generally smaller for larger values
of Q, confirming the prediction that b depends on synchrony.
Although b decreased steeply as Q increased from zero for all
skewed distributions, b most commonly continued to decrease
monotonically as Q increased further, even for large values of Q,
except for a few cases using gamma distributions, for which
modest increases were observed (SI Appendix, Figs. S14-S20):
the b vs. synchrony relationship was only occasionally u-shaped,
and then only mildly so. The right side of Eq. 2 was computed
analytically (i.e., with formulas) for gamma, exponential, x>
normal, and log-normal examples, and the formulas were com-
pared with numerical results. For some distributions and pa-
rameters, the approximation was very accurate, and it was always
at least qualitatively accurate (in the sense that it showed similar
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Fig. 1. Effects of spatial synchrony on spatial TL for a model with populations

identically distributed in different sampling locations and iid through time at
each location. Examples use (A) Poisson (1 = 5) and (B) gamma (shape a = 8,
rate g = 2) distributions (S/ Appendix, S3 shows the parameterization of the
gamma distribution). (Top) m is spatial sample mean and v is spatial sample
variance. Confirming TL visually, approximately linear logo(v) vs. logqo(m) re-
lationships held with selected values of p. Slopes were shallower for greater
synchrony. (Middle) TL had a shallower slope for greater synchrony. Black lines
show the average (across 50 simulations) TL slope plotted against average
synchrony (error bars are standard deviations) and average (over 50 simula-
tions) of the root mean squared errors (RSME) of logqo(v) values from log;o(v)
vs. logqo(m) linear regressions (labeled TL RMSE in the axis label). (B) Red lines
are analytic approximations (Eq. 2 and Theorem 5 in S/ Appendix, 52.3),
computable with readily available software for continuous distributions (S/
Appendix, $3), with + and x symbols indicating points for which approxima-
tions were deemed adequate via two different methods, respectively; both
symbols are plotted when both methods indicate an adequate approximation.
Each simulation consisted of 25 populations sampled 100 times each. (Bottom)
Fractions of m and v values, which were 0 and therefore ignored, and fractions
of 50 simulations, for which statistical tests rejected linearity or homo-
skedasticity of the logo(v) vs. logso(m) relationship with 95% confidence. Frac,
fraction; Homosk, homoskedasticity; Lin, linearity. S/ Appendix, Figs. S1-S32
show other parameters and distributions, which often showed similar patterns.
Additional details are in S/ Appendix, S3 and S6.

declines of b with increasing synchrony), except for the log-
normal distribution, for which it was very inaccurate for some
parameters because of insufficient sampling as previously ob-
served (15). As expected from the theorem, Eq. 2 was a better
approximation for smaller Q.

We also constructed nonidentically distributed examples by
applying transformations to multivariate normal random vari-
ables. Our theorem, which assumed identically distributed Y7, did
not apply here. The random variable X was the same as above,
and Y; = ¢,(X;), where the ¢;(.) differed for different i. The ¢;(.)
values were chosen so that all of the Y; were from the same
family (Poisson, negative binomial, gamma, exponential, ¥,
normal, or log normal), although with different parameters. For
gamma, normal, exponential, and log-normal examples, the ¢;(.)
were chosen so that Y; was distributed in the same way as (but
was not equal to) f;Yy, where 0 < f; < ... <f,. This Erocedure was
not possible for negative binomial, Poisson, or y~ distributions
because these families are not closed under multiplication by
positive real numbers. Distributions used for these families and
the results are described in SI Appendix, S4.

Results reinforced most of the generalities that emerged from
the above analytical results and simulations, although a U-shaped
dependence of b on Q was more common and stronger in these
examples (SI Appendix, S4). Exceptions to general tendencies did
occur. For gamma, exponential, normal, and log-normal examples,
TL was usually a good approximation. Although linearity was of-
ten statistically rejected, departures from linearity were modest:
log(v) vs. log(m) plots stayed very close to the regression line. The
slope b always showed an initial steep decrease as Q increased
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from zero for all gamma, exponential, normal, and log-normal
examples. As Q — 1, these examples approached the case for
which Y; equals f;Y; almost surely in addition to having the same
distribution as f;Y;. In that limit, m = mean;(Y;) =mean;(f;Y7) =
Yimean;(f;), whereas v =var;(Y;) =var;(f;Y1) = Yvar,(f;). There-
fore, TL should hold exactly with slope two. This argument holds
even for symmetric distributions like the normal. Our numerical
simulations confirmed that, as Q increased toward one, root
mean squared errors from log(v) vs. log(m) regressions went to
zero, and b went to two, sometimes from above and sometimes
from below. An approach from below was paired with U-shaped
dependence of b on Q, which was common and often pro-
nounced in these examples. The earlier result (15) that skewness
is required for TL to have slope b#0 if Y; are identically dis-
tributed does not hold when Y; are not identically distributed:
simulations with Y; normally distributed had b #0 (SI Appendix,
Figs. $45-850). For Poisson and y* examples, TL was usually a
reasonable approximation, and b declined steeply as Q increased
from zero and continued to decrease for larger Q. Negative bi-
nomial examples often strongly violated TL, especially for large
values of Q (e.g., SI Appendix, Figs. S63 and S64). Nonetheless,
the slope b tended to decrease with increasing Q whenever lin-
earity held approximately.

Another way to create families of random variables Y with
fixed marginal distributions but varying synchrony is based on
sums of independent random variables representing local and
regional influences on populations (32). It is well-known that, for
independent Poisson random variables X and X, the sum X + X;
is Poisson distributed. Similar facts are also true for the negative
binomial, gamma, and normal families. Therefore, ¥ was gen-
erated by setting Y; = X + X; for independent X and X; for
i=1, ..., n. The variable X can be interpreted as the influence of
a large-spatial-scale environmental or other factor that affects all
populations; the X; are local effects. Different relative variances
of X and the X; led to different amounts of correlation (syn-
chrony) among the Y;. By this approach, we constructed Y,
such that the Y; were identically distributed according to
a desired Poisson, negative binomial, gamma, exponential, Xz’
or normal distribution, with a desired level of synchrony
among the Y;. Details of this construction and the results are
in SI Appendix, S5.

Results were the same in some respects as the results above
and differed in others. Larger values of synchrony always
decreased the slope b (except for normal Y;, for which b was
always zero as expected from the theorem because Y; are again
identically distributed). The slope b went to zero as Q
approached one. The approximation Eq. 2 applied reasonably
accurately. In all cases, the right side of Eq. 2 reduced to simple,
monotonically decreasing functions of Q. However, contrary to
prior simulations, log(v) vs. log(m) plots often strongly violated
the linear hypothesis of TL. Values of synchrony Q larger than
zero smeared points rightward in log(v) vs. log(m) space,
destroying the linear relation expected from TL. This smearing
decreased b but also changed its meaning from representing the
slope of a linear pattern to representing the slope of a linear
approximation to a nonlinear pattern. The decrease in b did not
reflect maintenance of a linear pattern with a changed slope as in
prior examples (Fig. 1 and SI Appendix, S3 and S4). SI Appendix,
S5 gives an explanation for this effect.

Empirical Results. We examined the influence of synchrony on
empirical data using 82 spatiotemporal population datasets. The
datasets included annual time series of population density for
20 species of aphid sampled for 35 y in 11 locations across the
United Kingdom, annual density time series for 22 plankton
groups sampled in 26 regions in the seas around the United
Kingdom for 56 y, and chlorophyll-a density time series mea-
sured at several locations at each of 10 depths in four distance
categories from the coast of southern California over 28 y. We
henceforth refer to distance categories from shore in the chlo-
rophyll-a data as groups 1-4, where group 1 refers to the closest
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category to shore and larger group numbers correspond to far-
ther categories from shore. Methods has additional descriptions
of the data and their processing.

The spatial TL was reasonably well-supported by all 82 data-
sets. SI Appendix, Figs. S91-S96 plots log(v) vs. log(m) and gives
statistical tests of TL. Conformity to TL was not perfect, but
quite good overall, except for the chlorophyll-a data in group 3
(81 Appendix, Fig. S95). Linearity or homoskedasticity of the log(v)
vs. log(m) relationship was rejected at the 1% level for 7 of
82 datasets (1 aphid species, 1 depth from group 1, and 5 depths
from group 3).

We examined correlations across species, taxonomic groups,
or depths (for the aphid, plankton, and chlorophyll-a datasets,
respectively) between measurements of b and Q. Factors other
than synchrony may have influenced these results and are
accounted for below after examining the raw correlations here.
Fig. 2 A4, D, G, J, M, and P shows that b and Q were significantly
negatively correlated across aphid species and across depths in
the chlorophyll-a data, groups 1 and 2, and nonsignificantly
negatively correlated across plankton groups in the plankton
data. Higher synchrony Q was associated with lower slope b in
these data, despite possible confounding influences.

However, significant positive correlations occurred in the
chlorophyll-a data, groups 3 and 4 (Fig. 2 M and P). These
positive associations seem to conflict with simulation results,
which generally support a negative association between b and Q,
unless confounding factors overwhelmed a negative influence
of synchrony on b in these data. For instance, changes across
depths in b may be influenced for the chlorophyll-a data, groups
3 and 4, by changes across depths in © and possible changes in
time series marginal distributions. Simulations carried out above
held time series marginal distributions constant when synchrony
was varied.

To control for changes in time series marginal distributions
that may have occurred in concert with changes in synchrony, we
decomposed slopes b = barg + bsync into contributions due to
synchrony, by, and due to time series marginals, by.re. We
computed the marginal contribution, by, by independently ran-
domizing time series and then recomputing the log(v) vs. log(m)
slope (Methods) to eliminate synchrony and ensure that it cannot
contribute to bpare. Then, we defined byyye as b — by, Fig. 2 C,
F,I,L, O, and R shows that b, was negatively associated with
Q in all cases (albeit not always significantly), even for chlo-
rophyll-a data, groups 3 and 4 (Fig. 2 O and R). For these
groups, bmlrg was strongly positively associated with Q (Fig. 2 N
and Q). This positive association overwhelmed the negative
association of by, with Q to produce the overall positive as-
sociation of b with Q observed in Fig. 2 M and P. Thus, groups
3 and 4 results did not conflict with simulation results, but
rather showed that other factors dominated. The change in
time series marginal distributions for the chlorophyll-a data was
not surprising, because these data were gathered across dif-
ferent depths, and chlorophyll-a density varies with depth in the
ocean. SI Appendix, Fig. S99 is like Fig. 2 but identifies the
species/groups/depths of plotted points; panels for the chloro-
phyll-a data show that depth probably played a role. Differing
thermocline depths across groups 1-4 (SI Appendix, Fig. S101)
may also have been important.

To examine in more detail the influence of synchrony on
spatial TL in empirical data, we performed additional random-
izations (Methods). Randomizations reduced or increased the
synchrony in each of our 82 spatiotemporal population datasets
while not modifying the marginal distributions in each sampling
location. In virtually every case, increasing synchrony decreased
b, whereas decreasing synchrony increased b (Fig. 3). The
strength of the effect varied across datasets and was typically
steeper for smaller values of synchrony. Values of by corre-
spond to the y-axis intercepts of the curves in Fig. 3. In a few
cases, b appeared to depend in a U-shaped way on synchrony, as
in some simulations, but the U shape was modest when it oc-
curred, also in agreement with simulations (i.e., only modest
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Fig. 2. Plots of TL slope b against synchrony Q for (A) 20 species of aphid in
the United Kingdom, (D) 22 plankton groups in the seas around the United
Kingdom, and (G, J, M, and P) chlorophyll-a density time series measured at
10 depths in groups 1-4 (Methods), which are distance categories from
shore. A, D, G, J, M, and P are paired with contributions to the slope, b, of (B,
E, H, K, N, and Q) marginal distribution structure (bmarg) and (C, F, /, L, O, and
R) synchrony (bgync), respectively (Methods). Associations between synchrony
and TL slope b can be due to associations between synchrony and bmarg,
associations between synchrony and by, or both, because b = bmarg + bsync.
SI Appendix, Fig. S99 shows another version of the figure that labels indi-
vidual species/groups/depths.

increases in b with increasing Q were observed in Fig. 3 B, D, and
F). The linearity of TL was approximately supported across the
range of synchrony values, except possibly for the highest syn-
chrony values and the chlorophyll-a data in group 3 (SI Appendix,
Figs. S97 and S98).
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Fig. 3. The dependence of the spatial TL slope b on synchrony Q, where
synchrony was manipulated through randomizations or sorting of time series
(Methods) for (A) aphid species, (B) plankton groups, and (C-F) a chlorophyll-
a density index measured at 10 depths. C is for 19 group-1 locations, F is for
12 group-4 locations, and D and E are for 12 locations in each of two in-
termediate distance categories (groups 2 and 3) (Methods). Red points on
plotted lines correspond to individual unrandomized (A) aphid species,
(B) plankton groups, and (C—F) sampling depths detailed in S/ Appendix, Table
S1. Gray points are averages over randomizations or sortings (Methods).
Values for individual randomizations are shown in S/ Appendix, Fig. S100.

All results are summarized, with hyperlinks to supporting
figures and derivations, in SI Appendix, Tables S3 and S4.

Discussion

Understanding the relationship of synchrony with TL is impor-
tant, because both patterns are widespread in population ecol-
ogy, and because TL and recent observed climate change-
induced modifications in synchrony have applied importance
(19, 21, 26-28).

We showed that the strength of synchrony substantially influ-
ences the log(variance) vs. log(mean) scatterplot, of which TL is
one special form. It can destroy linearity of TL, but more com-
monly, it preserves linearity and changes the slope b of the plot.
Synchrony influenced the slope of TL in essentially all of our
analytic, numerical, empirical, and randomization-based exam-
ples. The one systematic exception occurred when the marginal
distributions of time series in different locations were normally
and identically distributed, so that a nonzero slope of TL was not
expected with or without synchrony (15). As synchrony increased
from zero, slope b almost always decreased quite sharply. For
some theoretical and randomization examples, increasing syn-
chrony starting from higher levels of synchrony increased the
slope b modestly, but analogous increases were not seen in em-
pirical examples when confounding changes in time series mar-
ginal distributions were controlled. Our analytic results generalize
a theorem of Cohen and Xu (15). We provided a simple method

6792 | www.pnas.org/cgi/doi/10.1073/pnas.1703593114

of decomposing b into its contributions due to synchrony, bypc,
and due to time series marginal distributions, bp,re.

Ballantyne and Kerkhoff (14) and Eisler, et al. (section 3 in
ref. 7) described interesting links between small-spatial-scale
synchrony and temporal TL. To explain the basic idea, we con-
struct an idealized example using aphids monitored by suction
traps. Suppose trap i fori =1, ..., n has A4; agricultural fields that
can produce aphids within its sampling range. Suppose traps are
placed so that no fields contribute to more than one trap. Sup-
pose fieldij i=1, ...,n;j =1, ..., A;) contributes a random
variable V(f) to trap iin year f, and suppose all of the Vj(t) are
1dentlcally distributed with mean p and variance ¢°. Then if, for
fixed i, Vj(t) are perfectly correlated so that all fields near i
produce the same number of sampled aphids per year (this as-
sumption constitutes very strong small-spatial-scale synchrony,
the spatial scale being smaller than the spatial resolution of
sampling), the mean of the number of aphids ;V;(¢) sampled
by trap i in year ¢ is y; = A; X u, and the varlance is 62 = A %
o°. Assuming that random Varlables for different times ¢ are in-
dependent, the mean and variance across time of numbers of
aphids sampled by trap i will converge almost surely, in the limit of
long time series, to these same values (strong law of large num-
bers). Log transforming and doing basic algebra give In(c;") = 2 x
In(y;) + C; for a constant Cy; this equation demonstrates a
temporal TL with slope two. If, for fixed i, V;(r) are independent,
then the mean of E] Vj(t) is again p; = A; X p, but the variance is
now ;> = A; x 6>. Log transforming and doing basic algebra give
temporal TL with slope one. (This example shows, incidentally,
that observing TL with slope one need not be evidence that the
aphids or other organisms are Poisson distributed, although
Poisson-distributed aphids or other organisms lead to TL with
slope one.)

The above example differs in at least two important ways from
our results. First, it concerns temporal TL, whereas we studied
spatial TL. Second, the above example concerns synchrony at a
different spatial scale from our study. Although dependence
between numbers of aphids sampled at different traps seems
likely to imply dependence between numbers contributed by
fields within the range of individual traps, the reverse need not
be true.

It seems worthwhile, in future research, to examine the pos-
sibly complex relationships between the above example (7, 14)
and our study. Although Eisler, et al. (7) focus on temporal TL,
they state without proof or details that many of their results also
apply to TL more generally. Relationships between spatial and
temporal TL have recently been examined (20) and may help
connect the TL in the above example to the spatial TL of our
study. Perhaps all of these versions of TL could be formally re-
lated to each other and synchrony.

Engen, et al. (25) produced a general model for analyzing a
version of TL, in which each group of measurements of pop-
ulation density comes from plots of the same size, but different
groups use different plot sizes (distinct from spatial and temporal
TL). On p. 2,620 in ref. 25, they remind the reader that in-
creasing population migration leads to increasing synchrony,
which causes “the slope [of this version of TL] ... to increase
from 1 to 2 ... as the migration increases.” Engen, et al. (25)
seem to indicate in the final sentences of their paper that their
model could be extended to address spatial TL, possibly helping
to illuminate connections among spatial, temporal, and their
versions of TL and synchrony.

Cohen and Saitoh (20) examined relationships among syn-
chrony and spatial and temporal TL in voles. Their example is
consistent with our work and illustrates the value of our general
results for understanding TL in specific systems. Using 31 y of
population density data for the gray-sided vole, Myodes rufoca-
nus, at 85 locations in Hokkaido, Japan, Cohen and Saitoh (20)
verified that spatial and temporal TL held for the data as well as
simulations of a previously validated Gompertz model of the
dynamics of these populations. However, simulated time series
had spatial and temporal TL slopes substantially steeper than

Reuman et al.


http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1703593114/-/DCSupplemental/pnas.1703593114.sapp.pdf
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1703593114/-/DCSupplemental/pnas.1703593114.sapp.pdf
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1703593114/-/DCSupplemental/pnas.1703593114.sapp.pdf
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1703593114/-/DCSupplemental/pnas.1703593114.sapp.pdf
www.pnas.org/cgi/doi/10.1073/pnas.1703593114

those from data. Cohen and Saitoh (20) observed that most pairs
of vole populations were significantly temporally correlated and
modified the Gompertz model accordingly. When density-
independent perturbations in model dynamics were synchro-
nized, inducing synchrony in simulated population time series, and
when simulated populations with higher mean density had a re-
duced variance of density-independent perturbations, the modeled
slopes of spatial and temporal TL were reduced to values similar
to those of the data. Our results here account qualitatively for the
effect on TL slopes of the first of these two modifications of the
Gompertz model (i.e., the introduction of synchrony).

Our theoretical models and our randomizations kept the
marginal distributions of time series fixed as synchrony changed
to exclude confounding factors. In our empirical analyses, we
identified the contribution of synchrony, bgyn, to the empirical
TL slope b. In reality, synchrony may change jointly with mar-
ginal distributions across species, or depths, or some other axis of
variation, as in some of our empirical data (Fig. 2). Covariation
between changes in bgyne and b,y should be context-dependent,
may be biologically revealing, and is worth examining when
multiple values of b are computed.

Increasing evidence shows that changing Moran effects, possibly
due to climate change, modify synchrony (19, 21, 26-28). This work
indicates that changed synchrony will modify the slope and possibly
the validity of TL, with ramifications for applications of TL in many
areas, including resource management (3), conservation (11), hu-
man demography (6), tornado outbreaks (8), and agriculture (2, 12,
13). Given the ubiquity of synchrony in nature (22), it seems highly
likely that synchrony often affects values of TL slopes in real
populations, as Hokkaido voles showed. It is important to un-
derstand better how TL is affected by synchrony and other factors.

Methods

Analytic and Numerical Methods. Full details of analytic results are in S/
Appendix, ST and S2, and full details of numerical simulations are in
SI Appendix, S3-56.

Data. The Rothamsted Insect Survey runs a network of suction traps that
sample flying aphids. Daily aphid counts are collected throughout the flight
season for many species at multiple locations. Data were processed to pro-
duce annual total counts for 20 species (S Appendix, Table S1) at 11 locations
(SI Appendix, Table S2) for the years 1976-2010, forming 20 spatiotemporal
population datasets.
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The Continuous Plankton Recorder survey, now operated by the Sir Alister
Hardy Foundation for Ocean Science, has sampled the seas around the United
Kingdom for plankton abundances since before World War Il using a sam-
pling device towed behind commercial ships. Data were processed to produce
annual abundance time series for 22 phytoplankton and zooplankton taxa (S/
Appendix, Table 51) for 26 2° x 2 areas around the United Kingdom for the
years 1958-2013, forming 22 spatiotemporal population datasets.

The California Cooperative Oceanic Fisheries Investigations have surveyed
the California Current System since 1949, measuring chlorophyll-a regularly
since 1984. Time series of spring chlorophyll-a were based on measurements
at 55 sites, which were divided into four groups based on distance from
shore, with group 1 near to shore (average 87.7 km) and group 4 far from
shore (average 539.3 km). For each site and sampling occasion, annual chlo-
rophyll abundances were calculated for 0-, 10-, 20-, 30-, 50-, 75-, 100-, 125-,
150-, and 200-m depths, forming 10 spatiotemporal datasets for each group.

Additional data details are in SI Appendix, S7.

Randomizations and the Decomposition of b. Given a T x n matrix, with each
column containing a time series of population size or density from one lo-
cation (therefore, T is the length of the time series and n is the number of
sampling locations), synchrony was reduced without affecting time series
marginal distributions for the sampling locations by selecting k rows ran-
domly and then randomly replacing the entries in those rows with randomly
chosen (with replacement) values from the same column; this replacement
was done independently within each column. Larger values of k destroy a
larger fraction of any synchrony that was originally present in the time se-
ries. Setting kK = T completely eliminates synchrony by randomizing each
complete time series independently. To increase the synchrony, starting
from the original time series, k rows were again selected randomly. Within
each column of this kK x n submatrix separately, entries were sorted into in-
creasing order. For each value of k, k rows were selected randomly in
100 ways, with values of b and Q averaged for Fig. 3. The value bmarg Was
computed by randomizing time series with k = T as described above to destroy
synchrony and then computing b = bmarg for the randomized dataset.
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Effects of synchrony on Taylor’s law: Supporting information

Daniel C. Reuman, Lei Zhao, Lawrence W. Sheppard, Philip C. Reid, Joel E. Cohen

Section S1 states the general framework for the main mathematical analysis. Section S2 carries out the
main analysis, which covers the case that the Y; (see main text for a definition of Y;) are identically
distributed but not necessarily independent. Section S3 analyzes (via the results of section S2) and sim-
ulates case studies of distributions Y = (Y1,...,Y},) constructed by transforming multi-variate Gaussian
random variables, and with identically distributed Y;. Section S4 considers case studies of distributions
constructed by transforming Gaussian variables so that the resulting distributions have non-identically
distributed Y;. Section S5 considers case studies using an alternate construction of Y with identically
distributed Y;. Section S6 has plotting methods. Section S7 has details of data. Sections S8-S10 contain
plots associated with sections S3-S5. Remaining sections have additional figures and tables.
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S1 Framework for mathematical analysis of spatial Taylor’s law

Suppose the population size or density in location ¢ at time ¢ is modeled by the non-negative real-
valued random variable Y;(t) for ¢ = 1,...,n. Assume that the stochastic process Y (¢t) = (Y1,...,Y,) is
stationary and ergodic. Roughly speaking, a “stationary” stochastic process is one whose joint probability
distribution is not affected by shifts in time, so that mechanisms of population dynamics are not shifting
in time. And an “ergodic” process is one for which statistical characteristics can be deduced from a
single, sufficiently long realization of the process, so that, for instance, long-term statistical outcomes are
independent of initial conditions. Precise definitions are in standard texts | , ]. These are
common features or assumptions of ecological models | , , , , ,

]. Define the spatial sample mean and sample variance as the random variables m(t) = 27, Y;(t)
and v(t) = 557 (Yi(t) — 12’” Y1) = L3 Yi(t)2 — S25m(t)?, which are also ergodic stationary
stochastic processes. We are 1nterested in the log( )-versus-log(m) scatter plot for a finite-duration
realization of these processes (ignoring times ¢ for which m(t) or v(t) was zero), and particularly in the
slope and intercept of an ordinary linear regression through such a plot,

_ covi(In(m(t)), In(v(t)))
b= var(In(m(t)) ’ (1)

(1))
In(a) = Ey(In(v())) — bE;(In(m(t))). (2)

These are the basic quantities in spatial TL. The subscripts ¢ indicate that the covariance, variance, and
expected value (mean) are sample quantities computed through time for the finite-duration realization.
By ergodicity of Y and consistency of the sample mean, variance, and covariance, for large samples, we
instead consider

cov(ln(m),In(v))
var(ln(m)) 3)

In(a) = E(In(v)) — bE(In(m)), (4)

where the covariance, variance, and expected value are computed for the marginal distributions of the
processes m and v conditional on positive values of these quantities. We assume these quantities are
finite.

Suppose the population correlations p;; = cor(Y;,Y;) exist for all 4,j = 1,...,n. These temporal
correlations between populations represent spatial synchrony between locations ¢ and j (again making use
of ergodicity, and consistency of the sample covariance and variance). The synchrony Q = —;%;;p;; is an
average correlation across all pairs of sampling locations (including comparisons of a locat1on with itself,
which give p; = 1), and is commonly used in empirical studies. We will analyze the influence of Q on b.

b:



) is naturally interpretable as a measure of average synchrony for the following additional reasons.
First, letting Z; = Y;/y/var(Y;), we have

1
Q=3 cor(ti,Y)) (5)
ij

= %Zcor(Zi,Zj) (6)
]
= %ZCOV(ZZ',ZJ‘) (7)

ij

= %cov ZZi’ZZj (8)
i J

= var (711 Z Zi> 9)
_var (555 %)

N %ZZ var(Z;) ’

where equation (10) is the variance of a mean divided by the mean of the variances. This well known
measure of synchrony is readily interpretable as the extent to which oscillations in local (normalized) time
series reinforce each other or cancel in the average time series. Second, equation (10) and the definition
of Q show that 0 < @ < 1. The value 0 occurs when the variability in the Z; exactly cancels, i.e.,
var (23, Z;) =0 and 23", Z; = L 3" E(Z;), perfect asynchrony. The value 1 occurs when Z; = Z; for
all 4, j, perfect synchrony. The summation ﬁz#j pij is an alternative measure of synchrony but may

(10)

be less natural because it can take negative values (its minimum is —1/(n — 1)). The difference between
this measure and () is essentially in whether 0 should represent perfect asynchrony (independence) or
perfect antisynchrony (cancelation).

To understand the relationship between synchrony and TL for large samples under assumptions of
stationarity and ergodicity, it is sufficient to work with the marginal distribution Y, instead of with the
process Y (t). We therefore consider families of distributions of the form Y = (Y1,...,Y,,) such that for
each i, all members of the family have the same marginals Y;, and we consider how 2 and b covary through
the family. In the theoretical development, marginals are kept constant to understand the influence of
synchrony §2 in isolation from other potential influences on b.

To describe the intuition of the mathematical analyses that will be described in detail in section S2,
we need a lemma, taken directly from [2015]. They cite [ | and
[ | pp. 355-358.

Lemma 1. Let X be a real-valued random variable with finite mean E(X) and finite variance var(X). If
a real-valued function f of real x is twice differentiable at E(X), then the delta method gives

F(X) = F(B(X)) + (X — B(X)f/(B(X)) (1)
B(F(0) ~ FEx) + T v x) (12)
var(£(X)) = [/ (B(X)) var(X). (13)



We now use the lemma with f(x) = In(z):

In(m) ~ In(E(m)) + E(m) (14)
In(v) ~ In(E(v)) + ”E(Evgv) (15)
var(In(m)) = %’Q (16)

where the approximation is good as long as m and v do not vary too much around E(m) and E(v), relative
to the range of = for which first- and second-order Taylor expansions of In(z) at E(m) and E(v) are good
approximations. Therefore,
cov(In(m),In(v)) _ E(m) cov(m,v)
var(In(m)) ~ E(v) var(m)

But E(v) = 25 3" | E(Y} ) —_E(m?) and var(m) = E(m?) — E(m)?, so E(m?) = var(m) + E(m)? and

(17)

?év) = i1 L B(Y?) - ( r(m) + E(m)?) = 25 (A — var(m)) where A = L7 B(Y;?) — E(m)?
w cov( n(m),In(w)) _(n—DE@m)  cov(m,0)
var(In(m)) n (A — var(m))var(m)’ (18)

The first factor on the right of this approximation depends only on n and the marginals Y; and not
on their correlations. The quantity A also depends only on marginals. The quantity var(m), however,
equals 5 > ;cov(Y;,Y;), which relates to synchrony € and is similar in form to 2. The expression in
(18) therefore provides the intuition behind our analysis: if synchrony (2 or var(m)) changes and the
marginals Y; remain fixed, then (18) suggests that the slope b will be affected. Since the denominator of
(18) is a N-shaped function of var(m), b may be a U-shaped function of synchrony, decreasing as synchrony
increases for small values of synchrony, and increasing again for larger values of synchrony. These are
hypotheses rather than conclusions because cov(m,v) in the numerator of (18) may also covary with
synchrony.

S2 Mathematical analysis of the identically distributed case

S2.1 Setup of an identically distributed model

Assume the Y; are all identically distributed (but not necessarily independent) with finite E(Y;) = M > 0
and finite var(Y;) = V > 0. Let p;; = E((Y; — M)(Y; — M), pijr = BE(Y; — M)(Y; — M)(Y — M)),
pijkt = E((Y;—M)(Y;—M)(Yy,—M)(Y;—M)), and assume these are all finite. Then p;; = cor(Y;,Y;) = “"/
Also define pwk = % As in section S1, define m = 12” LY and v = A8 (Y — 12” _,Y5)?

%12’;:11/@-2 1m to be the spatial sample mean and variance, and define Q = —E” pij as synchrony
We aim to understand the influence of p;; and 2 on the quantities

cov(ln(m),In(v))
var(In(m))
In(a) = E(In(v)) — bE(In(m)). (20)

b:

(19)

The following analytic development uses as a guide and generalizes the analysis in the supporting
information of [ ]. The important generalization here is that we no longer assume
independence (across space) of the random variables representing populations. [ | also
had unequal numbers of sites n; measured for each time j, but we assume n; = n for all j.



S2.2 Preparatory lemmas
Lemma 2. For the random variable m and f(x) = In(x), the approximations from the delta method are

m— M

In(m) ~ In(M) + 7 (21)
E(In(m)) ~ In(M) — rj\lpm (22)
var(In(m)) =~ ]‘(4—2, (23)

where ) = %EZ]pz]

Proof. In the formulas of lemma 1, let X = m and f(z) = In(z). Then f'(z) = L1, f"(z) = =3, E(m) = M,

xT

and var(m) = #Eijmj = VQ. Plugging into the formulas gives the desired results. |

If p;j = 0 for all i # j then Q = % and the results of lemma 2 reduce to those of lemma 1 of
[ | with n; set to n for all j.

Lemma 3. For the random variable v and f(x) = In(z), we have

B = U= (21)
In(v) ~ In(E(v)) + ”E(]igv) (25)
E(In(v)) ~ In(E(v)) — m (26)
var(In(v)) ~ m (27)
(o) = "2 0 20 T e £ B (g (28)
Proof.
B(0) = — S E(Y?) — " Bm?) (29)
= LSV M) — T (var(m) + M) (30)
:nilzgﬁv+Aﬂ)—ﬁ%Tuwwa% (31)
:%(VJFM?)—%(VQJFMQ) (32)
_ =) (33)

Now plugging into one of the formulas of lemma 1 with X = v and f(x) = In(z) gives the approximate
equations for In(v), E(In(v)), and var(In(v)) in terms of var(v). To work out var(v) in terms of the
moments and co-moments of the Y;, note

var(v) = E(v?) — E(v)? (34)
2
= EBE(v?) — <’W> . (35)



Define Z; = Y; — M. Then

n

1 ) no 1< 2
”_n12zi nl(n;z) (36)

1=

_ ”Z?:l Zz'2 - (Z?:l Zz’)Q.

= 37
n(n—1) (37)

Squaring this and taking the expectation gives

2y _ RQE((Z?:l Zi2)2) —2nE((2C1, ZE)(Z:’L:I Zi)*) + E((Ci Zi)*)
E(v7) = (38)
n?(n —1)2
_ n? > ij Maigg — 2103 ik Miijk 2 ikt (39)
n?(n —1)2 ’

Plugging this into (35) gives the result for var(v). |

If the Y; are independent, then the results of lemma 3 reduce to those of lemma 2 of [ ]
with n; set to n for all j.

The approximations of lemmas 2 and 3 are better when the spreads of the random variables m and
v are small relative to the curvature of the natural logarithm at E(m) and E(v), respectively. Typically,
larger values of n will reduce the spread, but this spread will not necessarily decline to zero in the limit
of large n. So approximations will not necessarily become arbitrarily good for larger n. For instance,
var(m) =VQ = n—‘é > pij- I pij = pforalli # j, this expression reduces to var(m) = %(n—&—n(n—l)p) =
V(% + =1 ), which goes to Vp as n goes to infinity.

The delta method approximations (21) and (25) are considered “good” when /var(m) and /var(v)
are smaller than a value proportional to one over the square root of the curvature of In(z) at E(m) and
E(v), respectively. The proportionality constant used here controls the “goodness” threshold desired.
The curvature of In(x) is asymptotically 1/z? for large x, so comparing +/var(m) and \/var(v) to E(m)
and E(v), respectively, indicates the quality of the delta method approximations. We have formulas
for all these quantities. Approximations are asymptotically perfect in any limit which causes the ratios

V/var(m)/E(m) = VVQ/M and +/var(v)/E(v) to decline to zero.

Lemma 4. The covariance of m and v is

1

1
oy o (Eijﬂijj - nzijkﬂijk> , (40)

cov(m,v) = e

Proof. In the iid case, the result is cov(m,v) = ¥ as proved (though not originally) by [ ]

and cited by [ | (their lemma 3). The quantity pu,; does not depend on i because the
Y; are identically distributed. [ | denote this quantity p3. The beginning of the proof
of [ | also holds in our non-independent case: cov(m,v) = ﬁ([ 1 — I2), where I; and I are
defined by [ ] as
I =E(S{, 2,5, Z3) (41)
1
I = —B(SiL1 Zi(%125)°) (42)
where Z; = Y; — M. We then compute
1
I — I = SyB(Zi2])) — —SiE(ZiZ; 21), (43)
and therefore (40) holds. This expression reduces to the earlier result of [ | in the iid
case. |



S2.3 The main theorem and interpretation

Theorem 5. Given the definitions and assumptions listed in section S2.1, and with the expression for
var(v) given in lemma 3,

. (MVMQ> (Zijpééj(l__ig;gpijk> (44)

— <J\%”> <n2£ : S12)9> <n i 12ijpz‘jj - n(nl—l)zijkpijk> )
wr (B (S0 = M) T, ~ a0 —m)

=1z n2(1 - Q)0 (46>

nV(1l— Q)) (n — 1)%var(v)

- 1
v (m(M) VQ> . (47)

In(a) ~ In < ~ 5

n—1

Approximations are better, respectively asymptotically perfect, when the delta method approzimations (21)
and (25) are better, respectively asymptotically perfect, and this occurs as described in the text following
lemma 3.

The first factor of (44) is the iid result for b of [ |. In the iid case, p;; = 0 for all i # j,
and p;jr, = 0 whenever 4, j and k are not all equal, and (44) reduces to

Mpii\ n—an M puigi
b~ n = 48
() i = -

which is the result of [ . This result holds for weaker assumptions than the full
independence assumed by [ |, namely, p;j = 0 for i # j, pijr = 0 for i, j, k not all
equal. The denominator of the second factor of (44) depends only on synchrony, and therefore suggests
how synchrony affects the TL slope. The numerator of the second factor of (44) depends only on the
third-order moments and co-moments. The iid result of [ ] shows that third-order
moments affect TL slope, but our result shows that co-moments are also involved when they are non-zero.

Equation (45) emphasizes the separate effects of synchrony (£2) and the third-order co-moments, as
follows. If p;; = 0 for all i # j (no synchrony) then the second factor in (45) is 1. If p;;, = 0 whenever
i, j, and k are not all equal, then the third factor in (45) is 1. So the second factor gives the effects of
synchrony on TL slope and the third factor gives the effects of higher moments. The second factor of
(45) has its minimum for ) = % So (45) may suggest that TL slope may be shallower for larger values of
synchrony up to Q) = %, and then for © > %, TL slope should get steeper again. However, this will hold
only if the p;;, do not change simultaneously to counteract the effects of €, which they can (see Results
and below for examples).

Equation (46) offers an alternative interpretation and is in some ways more intuitive because only two
subscript indices appear explicitly instead of the three in (44) and (45). The expression ) ,(Y;—M)(Y;—m)
is proportional to a hybrid form of the sample variance: typically sample variance uses M in both factors
or m in both factors, whereas this expression uses one of each.

Our theorem provides some simple intuition about why higher synchrony reduced the spatial TL
slope b. Independent draws y1, ..., ¥y, from a right-skewed probability density function ¢ (y) will tend to
produce larger sample variances when they produce larger sample means | , | because
the probability mass in the right portion of the distribution is more “spread out” than that in the left
portion. For instance, as a simplified illustration, consider n independent draws conditional on all values
being smaller than the median My of ¥ (y); compared to n independent draws conditional on all values
being bigger than My. This is the same as drawing instead from the distributions ¥ (y) or 1= (y), where
the subscripts refer to density functions that are proportional to 1 (y) below (respectively, above) My,



but that have been set to zero above (respectively, below) My. The right skew of 1(y) means that not
only the mean but also the variance of 1~ (y) should be less than the mean and variance, respectively,
of ¥~ (y). This thought experiment shows that synchrony mitigates the influence of higher means on
higher variances by forcing the points yi, ..., y, to be positively correlated, reducing the variance of the
sample when the mean is larger. If the range of variation of the sample mean is small (e.g., because the
variability of the sample mean decreases as the sample size increases), the log(variance)-versus-log(mean)
plot should be linear as a tangent approximation to whatever the smooth underlying non-linear relation
may be, as [ | pointed out.

Proof. Starting with the numerator of (19), by lemmas 2 and 3, we have

nV(1-Q)
m— M nV(l—Q V= =
cov(In(m),In(v)) =~ cov <ln(M) + 7 ,In < TE_ - )> + nv(l_(g ) (49)
n—1
N m—M v— ”V,E:Q)
A cov V() (50)
n—1
n—1 nV(l—-Q)
MnV(l—Q)COV<m Y n—1 ) (51)
n—1
= - . 2
NV (i = Q>cov(m,v) (52)
By lemma 4, this is
Sijhigi — m Dijklbih
cov(In(m),In(v)) ~ Mn?V(1— Q) (53)
The denominator of (19) was given in lemma 2, so
~ Yiijlijs — %Eijkmjk (54)
Mn2V (1 — Q)var(In(m))
- M(Sipii — 5 Sijebin) (55)
n?V2(1 - Q)Q
_ (M [ iy — & Dk fligh (56)
V2 n2(1 — 0)Q
_ My \ ( Zijpijj — =ik Pijk (57)
V2 n2(1— Q)0 !

giving (44). Then (45) follows by algebraic manipulation and (46) follows from

S i = 3 gk = S sy = Sk = S — ) ()
ij

ijk ijk ijk ijk
But
pijj — pigk = B ((Ys = M)[(Y; — M)? — (Y; — M)(Y;, — M)]) (59)
=E((Y; = M)(Y; - M)[(Y; — M) — (Y — M)]) (60)
=B (Y = M)(Y; — M)(Y; — Yi). (61)

10



Therefore

> i - Z fijk = % > (nijs = wige) (62)
ij

z]k ijk

=B [ S0 M) S0 - ) S - v (63)
k

i J

—E [ S0 - v —m) | (64)

i J
Plugging this in to (56) gives (46). The expression for In(a) follows by plugging results of lemmas 2 and
3 into (20). [ |

S3 Cases: Distributions constructed using Gaussian copulas and iden-
tically distributed marginals

We want to construct a multivariate random variable (Y7,...,Y},) such that the Y; are identically dis-
tributed with some given distribution, and such that we can control the correlation between Y; and Yj,
for all i # j, with a parameter, p. One of many ways to do this follows. Let X = (Xi,...,X,) be a
multivariate normal random variable with mean (0, ...,0) and covariance matrix with diagonal entries 1
and off-diagonal entries p > 0. We let Y; = ¢(X;), where ¢ is a transformation that transforms a standard
normal variable to one distributed as desired. By construction the Y; are identically distributed, and larger
values of p mean larger values of cor(Y;,Y;), which is common to all pairs ¢, j with ¢ # j. This amounts to
controlling the dependence among the Y; using Gaussian copulas. Simulating draws from (Y7,...,Y},) is
straightforward and reasonably efficient within any computing system containing a multivariate random
normal distribution sampler (e.g., the R programming language, which has the function rmvnorm in the
package mvtnorm). Simulations were thus used to evaluate the relationship between mean-variance rela-
tionships (e.g., TL) and synchrony for Y; Poisson, negative binomial, gamma, exponential, chi-squared,
normal, and log-normal distributions. Plots were generated as described in section S6, see figures S1
on page 23 to S32 on page 54. These are discussed in batches by marginal distribution family below.
There are multiple parameterizations of the negative binomial and gamma distributions. For the negative
binomial distribution, we used the probability density function (pdf) ¥ (k) = (k+2_1) (1 —p)"p*. For the
gamma distribution, we used ¥ (x) = F’é():) 2% Y exp(—pBz), for shape and rate parameters a and f3.

For Poisson and negative binomial marginals (figures S1 on page 23 through S10 on page 32), although
substantial curvature and heteroskedasticity and noticeable granularity in log(v)-versus-log(m) plots were
evident for marginal distributions with small means, TL was typically otherwise approximately valid, i.e.,
log(v)-versus-log(m) were reasonably linear. There was a general tendency for b to be smaller for larger
values of p.

For Y; a gamma distribution (or other continuous distributions - see below), approximate partially
analytic results can also be obtained using (56). The moments M, V', and p;; are well known in this
case. The moments f;;, p;j; and pj, for ¢, j, k distinct, were computed numerically by evaluating the
integrals corresponding to their definitions, for instance,

pige = E((Y; — M)(Y; — M) (Y, — M)) (65)
/ / / M)(g(a;) — M)(p(ax) — M)W (i, 2, mp)doidaydag, — (66)

where W is the pdf of X. This calculation used the function cuhre in the R2Cuba package in the R
programming language. That function reports estimates of error in its computations, which were retained
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and propagated through subsequent algebraic manipulations to yield estimates of the resulting error in
calculating (56). Typically errors were very small. A similar approach could not easily have been used for
the Poisson or negative binomial distributions (above), because the performance of the R2Cuba package
for non-continuous pdfs was not expected to be sufficient.

For gamma marginals (figures S11 on page 33 to S16 on page 38), the approximation (56) always
captured the decline in the slope b with larger values of p. The approximation was quantitatively accurate
for larger values of o and smaller values of p. Statistically significant curvature or heteroskedasticity were
sometimes evident in log(v)-versus-log(m) for smaller values of o and larger values of p, but curvature
was a much smaller feature of log(v)-versus-log(m) plots than was the overall trend. In all cases the slope
b was markedly smaller for larger values of p.

Results for distributions with exponential marginals (figures S17 on page 39 to S18 on page 40) were
similar to the gamma results in all respects, except that modest, statistically significant curvature or
heteroskedasticity of the log(v)-versus-log(m) relationship was detectable for all values of the exponential
parameter A considered, except at the lowest values of p. The approximation (56) always captured the
decline in the slope b with larger values of p, but it was quantitatively accurate only for the smallest
values of p.

Results for distributions with chi-squared marginals (figures S19 on page 41 to S20 on page 42) were
similar to the gamma results in all respects, as expected since the chi-squared is a special case of the
gamma. Modest but significant curvature and heteroskedasticity of the log(v)-versus-log(m) relationship
was visible for smaller degrees of freedom, k.

For Y; a normal or log-normal distribution, the moments M, V', pi, pij, pij; and pgj for i, j, k
distinct are known in closed form, facilitating approximate analytic results via (56). These moments for
Y; a normal distribution are in standard statistics texts, and lead to b ~ 0 via equation (56). For the
log-normal distribution obtained using () = exp(u+ox), it is well-known that M = exp(u+02/2), V =
(exp(0?)—1) exp(2u+0?), and ;= exp(3u+302/2)(exp(0?) —1)%(exp(0?)+2). Letting Z; = u+0X;, it
is also well known that the moment generating function for Z = (Z1,..., Z,) is Mz(t,) = E(exp(t1 Z)) =
exp(tlfi + 3tI'St,), where t, is an n-dimensional vector of non-negative integers, i = (u,...,u), a
superscript 7' denotes transpose, and ¥ is the covariance matrix of Z (an n-by-n matrix with diagonal
entries 02 and off-diagonal entries 02p). Applying the earlier expression for E(Y;) = M = exp(u + 02/2)
and using the moment generating function,

iy = B((Y; — B(Y))(¥; — B(Y;))) 67
— E(Y}Y;) — B)E(Y;) 68
= E(Y;Y;) — exp(2u + 0?) 69

70
71
72

(Z;) exp(Z;)) — exp(2p + 02)
exp(Z; + Z;)) — exp(2u + o?)
((ei + €))7 2)) = exp(2p + %)

—

73
74

(
(
(
(
(
(
= expl(ex + ) i+ 5(ex + ) S(ex + ¢) — exp(2p +0%) (
(

)
)
)
)
)
)
)
)

= exp(2u + 0”)[exp(0”p) — 1],

where e; is the n-dimensional vector consisting of all zeros except for a 1 in the ith component. We use
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the same techniques to calculate p;j;. For 7, j, k distinct and skipping algebraic manipulations, we have

pije = E((Y; — E(Y2))(Y; — E(Y;)) (Y, — E(YR))) (75)

= E(YY Vi) — E(YiY;)E(Yy) — E(YiYe)E(Y;) — E(Y;Y,)E(Y;) + 2E(Y;)E(Y;)E(Yz) (76)

= E(Y;Y;Y%) — 3E(Y;Y))E(Y:) + 2exp(3u + 302/2) (77)

= E(Y;Y;Y:) — 3exp((e; +e;) ' ji + %(ei +e;) S (e; +e;)) exp(p + 02 /2) + 2exp(3u + 30%/2) (78)

= E(Y;Y;Y%) — 3exp(2u + 0% + po?) exp(p + 02/2) + 2 exp(3p + 3057 /2), (79)
where

E(Y;Y;Yy) = E(exp(Z; + Zj + Z)) (80)

= exp((e; +¢j +ex) i+ %(ei +ejt+er) Sles +ej+ex)) (81)

= exp(3p + (302 + 6pa?)/2). (82)

Combining gives p1;jx = exp(3u+ (302 +6p0?)/2) — 3 exp(2u+ 02+ po?) exp(u+02/2) +2 exp(3u+302/2).
Using the same approach, it is straightforward to compute, for i # 7, wij; = exp(3u + 502/2 + 2po?) —
2exp(3p + 302/2 + po?) — exp(3p + 502/2) + 2exp(3u + 302/2). This leads to

(1 exp(a?(p+1)) — 2exp(2p0?) — n + exp(202) + nexp(2po?)
() ( (exp(o?) ~ 1{exp(e?) +2) )

(83)

the first factor of which indicates that b decreases as 2 increases as long as the numerator of the second
factor does not modify or eliminate that apparent relationship.

Results for distributions with normal marginals (figures S21 on page 43 through S26 on page 48)
always showed no relationship between log(v) and log(m). The value b ~ 0 was always obtained, as
expected.

Results for distributions with log-normal marginals (figures S27 on page 49 through S32 on page 54)
always supported TL (the log(v)-versus-log(m) relationship was always approximately linear, with statis-
tical tests generally failing to reject the hypotheses of linearity and homoskedasticity), and b was smaller
for larger values of p. For o = 0.1, (56) was a qualitatively and quantitatively good approximation. For
o = 0.5, equation (56) qualitatively reflected the same dependence of b on p as simulations, but was not
quantitatively accurate. For larger values of o, (56) was neither qualitatively nor quantitatively accurate.

We carried out independent tests of the accuracy of the delta method approximations for the con-
tinuous distributions considered above using the ideas in the text immediately preceding lemma 4. As
explained there, the delta method approximations were considered “good” when y/var(m) = VVQ and

var(v) are smaller than values proportional to E(m) = M and E(v), respectively, where the level of
“goodness” required is determined by the choice of the constant of proportionality. We used proportion-
ality constant 0.5, requiring vVQ < M/2 and +/var(v) < E(v)/2 for the approximation to be deemed
adequate. All the quantities in these inequalities are simple functions of the moments already computed
as described in the previous paragraphs, except for var(v). Rather than using lemma 3 to approximate
var(v), which would have required that we compute fourth-order moments numerically, we used the sam-
ple variance of all sample variances computed in the numeric analysis (see section S6). A second, numeric
method of assessing the accuracy of the delta method approximations was also used, described in section
S6. Results of assessing the accuracy of delta method approximations are shown on plots in sections S8
and S10, as described in section S6.
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S4 Cases: Distributions constructed using Gaussian copulas and non-
identically distributed marginals

As in section S3, we constructed a multivariate random variable Y = (Y7,...,Y},) using techniques that
amount to the use of Gaussian copulas, but we no longer required that the Y; are identically distributed.
We did require that they all come from the same family of distributions, e.g., they are all normally
distributed, or all gamma distributed, etc.

Letting X = (Xi,...,X,) be a multivariate normal random variable with mean (0,...,0) and co-
variance matrix with diagonal entries 1 and off-diagonal entries p, we let Y; = ¢;(X;), where ¢; are
transformations that produce the desired marginal distributions. The parameter p controls the degree of
synchrony. Simulations were used to evaluate the effects of synchrony on log(v)-versus-log(m) relation-
ships for Y; obeying gamma, normal, exponential, log-normal, chi-squared, Poisson, and negative binomial
distributions.

The initial general procedure for gamma, normal, exponential, and log-normal marginals was to con-
sider Y such that Y; is distributed in the same way as f;Y7 for f; > 0 for ¢ = 2,...,n. For each of these
families of distributions, requiring that Y7 is in the family is sufficient to guarantee that Y; is also in the
family. This is not true for the negative binomial, Poisson, or chi-squared families. They are treated in
different ways, described below.

For gamma distributions, for a variety of different Y7, we used f; = 1+ (i —1)/4 (results in figures S35
on page 57 through S40 on page 62). For exponential distributions, for a variety of different Y7, we
used f; = i (results in figure S41 on page 63 through S42 on page 64). We also used f; = ¢ for normal
distributions (results in figures S45 on page 67 through S50 on page 72) and for log-normal distributions
(results in figures S51 on page 73 through S56 on page 78).

In all cases, TL was qualitatively validated: although more than 5% of tests for heteroskedasticity
or curvature often rejected their null hypotheses with 95% confidence, curvature and heteroskedasticity
were modest, and visually undetectable in most log(v)-versus-log(m) plots. In all cases, TL slope initially
decreased as p increased from 0. For larger values of n, this initial decrease was steeper. For p > 0,
log(v)-versus-log(m) simulations clustered very tightly around a linear regression line, i.e., residuals were
very small.

For all the distributions, in the limit as p — 1, we approach the case Y; = f;Y1. In this case, m =
mean;(Y;) = mean;(f;Y1) = Yimean;(f;), and v = var;(V;) = var;(f;Y1) = Y*var;(fi). Therefore, log(v) =
2log(Y1) + log(var;(f:)), log(m) = log(V1) + log(means(f;)), and log(v) = 2log(m) — 2log(mean;(f;)) +
log(var;(f;)). Thus in the limit as p — 1, we expect a perfect TL, with slope 2, as the plots cited
above showed: middle panels in plots showed TL slopes approaching 2, while TL root mean square errors
approached zero, as p approached 1. Sometimes the TL slope approached 2 from above, sometimes from
below. Sometimes the overall pattern of dependence of TL slope on p was U-shaped, i.e., exhibiting an
initial decrease, followed by a minimum, followed by an increase. Sometimes the overall pattern was a
monotonic decline.

For the negative binomial distribution, it is not true that if Y7 is in the family, then f;Y7 is in the family
for a positive constant f;. To provide examples with negative binomial marginals, we constructed negative
binomial distributions Y; with means p; and standard deviations o; such that p; = f;u1 and o; = f;o1 for
positive constants f;, i = 2,...,n. For a variety of negative binomial distributions Y; (with parameters

r1 and pp) in separate runs, we used the well-known formulas for the mean and standard deviation of
T1p1 T1P1

a negative binomial distribution, p1 = £ and o1 = Y= =. We then assigned y; = p1 + (i —1)/4 for
i=2,...,n when n was 25, and p; = u1 + (i — 1)/16 for i = 2,...,n when n was 100, implicitly defining
the f; = p;/pu1. We then defined o; = fjo1, and let Y; be the negative binomial distribution with mean p;
and standard deviation o;, for ¢ = 1,...,n. It is straightforward to show that there is exactly one such a
negative binomial distribution. Results are in figures S57 on page 79 to S64 on page 86.

It is not possible to have Poisson or chi-squared distributions Y; with u; = fiu1 and o; = f;o1. This

would make p; proportional to ¢;. But for the Poisson family, u; = A; and o; = v/ \;, so 0; = \/p;, and for
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the chi-squared family, p; = k; and o; = +/2k;, so 0; = v/21;, showing that proportionality does not occur
in these families. If Y7 is a chi-squared distribution, and therefore is also a gamma distribution, then f;Y;
is a gamma distribution; but it is not necessarily also a chi-squared distribution. We nevertheless tried
Poisson distributions with a variety of choices for A1 and with A\; = A1 + 47 — 1. Results are in figures S33
on page 55 to S34 on page 56. We also tried chi-squared distributions with a variety of choices for k£ and
with k; = k1 +¢ — 1. Results are in figures S43 on page 65 to S44 on page 66.

For Poisson and chi-squared examples, TL was a reasonable approximation, and the slope b declined
steeply as p increased from 0 and continued to decline across the whole range of p. Negative binomial
examples often strongly violated the linear hypothesis of TL for larger values of p.

S5 Cases: Distributions constructed using sums and identically dis-
tributed marginals

We applied the well-known “common elements” method | , | of constructing a multivariate
random variable (Y1,...,Y},) such that the Y; are identically distributed according to some specified
distribution, and such that cor(Y;,Y;) = p for ¢ # j. For several common distributions, we defined
independent random variables X, X;, for ¢ = 1,...,n and let ¥; = X + X;. Because X is a summand in
all the Y;, the Y; are correlated as desired. The approach leads to analytic results about the relationship
between the log(v)-versus-log(m) relationship and synchrony.

To generate Poisson-distributed Y; with parameters E(Y;) = var(Y;) = A for all 4, let X and X;
for i = 1,...,n be independent Poisson random variables with parameters E(X) = var(X) = Ap and
E(X;) = var(X;) = A(1 — p), respectively. Defining ¥; = X + X;, it is well-known that Y; is Poisson
distributed, because the summands are independent, and E(Y;) = E(X) + E(X;) = Ap+ A (1 —p) = A, as
desired. Also, for i # 7,

cov(Y;, Y;)  cov(X +X;, X +X;)  E(X)

) ) T P (84)

cor(Y;, Y;) =

as desired. Simulating draws from (Y7,...,Y},) is straightforward and computationally efficient.

To evaluate the formulas of theorem 5, we need the moments M, V', wij, pii, pijj, and p,z, for i,
J, and k distinct. By construction, M = V = X and pu;; = pA. The third central moment of a Poisson
distribution of mean A is well known, u;; = A. The moments

[ijj = p (85)
Hijk = P (86)

were computed by starting with the definitions pi;; = E((Y; — A)(Y; — A)?) and pi, = E((Y; — A)(Y; —
A) (Y — N)), substituting Y; = X; + X, and using the Matlab symbolic mathematics toolbox.
Plugging the moments into (56) and simplifying gives

M i Iy 1
b~ < V2 > <nQ> T QY (87)

which decreases with increasing 2. The decline of b with increasing €2 is more rapid for larger values of n.

We assessed the accuracy of the delta method approximations analytically. As explained in the
text immediately preceding lemma 4, we say that the delta method approximations are “good” when
V/var(m) = v/VQ and \/var(v) are smaller than values proportional to E(m) = M = X and E(v),
respectively, where the level of “goodness” required is determined by the choice of the constant of pro-
portionality. We used proportionality constant 0.5, requiring vV Q < M/2 and +/var(v) < E(v)/2 for the
approximation to be deemed adequate. The first inequality becomes Q < A\/4 and the second becomes
var(v) < E(v)?/4. To analyze the second inequality, we produced analytic expressions for the moments
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Wisiis iijjs Miiijs Maijke and pig (for 4, j, k, | distinct) appearing in (28) for var(v), beginning from the
definitions of these quantities, and using the Matlab symbolic mathematics toolbox. Moments were

iiii = A(BA + 1) (88)
piij = A2A0% + p + A) (89)
piiij = Ap(3A + 1) (90)
Hiiji = Ap(A +2Ap + 1) (91)
pijkt = Ap(3Ap + 1). (92)

We plugged these into (28) and simplified, obtaining (A1 — p)(n + 2An — 2Anp — 1))/(n(n — 1)) <
(A(1—p))?/4 as an explicit form of the inequality var(v) < E(v)?/4. For verification, we also assessed the
accuracy of the delta method approximations numerically, as described in section S6.

Plots for Poisson examples are in figures S65 on page 87 to S66 on page 88. We conclude that 1) the
analytic approximation illustrates the overall shape of the relationship between b and €2, 2) larger values
of synchrony 2 decreased values of the slope b of the log(v)-versus-log(m) relationship, 3) the slope b goes
to zero for large €2, and 4) the decrease in b with increasing €2 happens faster for larger n, as predicted
by the analytic results.

However, additional observations eclipsed these. Simulations often did not obey TL for 2 > 0: the
relationship between log(v) and log(m) was, for many parameters, nonlinear and/or heteroskedastic. The
above conclusions pertain to the log(v)-versus-log(m) relationship, which was often not described by TL
(which postulates linearity). The example log(v)-versus-log(m) plots in figures S65 on page 87 to S66 on
page 88 show that values of €2 > 0 modified the TL pattern that occurs for 2 = 0 by smearing points
rightward in log(v)-versus-log(m) space, decreasing b.

The same analytic strategy was applied to other distributions. Let X be negative binomially dis-
tributed with parameters rx = pr and p, and let the X; be independent (with respect to each other and
X) negative binomials with parameters r; = r — rx = r(1 — p) and p. Defining Y; = X + Xj, it is known
that Y; is negative binomial with parameters rx + r; = r and p, as desired; it is also easy to show, since
the variance of a negative binomial with parameters r and p is pr/(1—p)?, that cor(Y;, Y;) = p, as desired.
Simulating draws from (Y7,...,Y},,) is straightforward and computationally efficient. Standard formulas
for negative binomial moments provide

M = pr/(1-p)
V=pr/(p-1)
piii = (pr(p+1))/(1 — p)?®
fizii = pr(4p + 3pr + p* +1)/(p — 1)*.

Additional moments were computed by starting with their definitions, inserting Y; = X; + X, and using
the Matlab symbolic mathematics toolbox,

pij = (prp)/(p — 1) (
pisk = (prp(p+1))/(1 —p)® (98
pij; = (prp(p+1))/(1 — p)* (
piij; = pr(p*p + 2rpp® + dpp +rp+ p)/(p — 1)* (
fiiij = prp(4p + 3pr +p* + 1) /(p — 1)* (
piijr = pro(4p + pr+p* + 2prp+1)/(p — 1)* (102
pijkt = pro(dp + p*> + 3prp + 1)) /(p — 1)*, (
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where i, j, k, [ are distinct. These formulas were substituted into (56) and the result was algebraically

simplified to
M i 1 p+1
~ _ptl 104
b <V2><n9> nQ’ (104)

which again displays a decreasing dependence on synchrony, with a faster decrease for larger values of n.
The above expressions were also substituted into var(m) < E(m)?/4 and var(v) < E(v)?/4 to obtain the
following constraints required for adequate accuracy of the delta method approximations:

pr(np—p+1) o\’
o= < (s) (105)
pr(1—p)(n — 4p + 4np + np® — p* + 2npr — 2nprp — 1) _ (pr(l - p)>2
n(n—1)(p—1)* “\2(p-1)?

The same numeric and plotting code (see section S6) that was applied to the Poisson distribution was also
applied to the negative binomial. Figures S67 on page 89 to S74 on page 96 lead to similar conclusions
about the relationship between b and €2, but, as in the Poisson case, simulations often did not obey TL for
Q > 0, and larger values of Q destroyed the TL pattern by smearing points right in log(v)-versus-log(m)
space instead of modifying the slope while preserving linearity.

The same analytic strategy was applied to the gamma distribution. Let X be gamma distributed with
shape and rate parameters pa and 3, and let the X; be independent (with respect to each other and X)
gammas with parameters a(1 — p) and 3. It is known that that Y; = X + X; is gamma distributed, with
shape parameter equal to the sum of the shape parameters of X and X;, «, and rate parameter equal
to the common rate parameter for the summands, 5. It is straightforward to see that cor(Y;,Y;) = p
for i # j, as desired. Simulating draws from (Y7,...,Y,) is again straightforward and computationally
efficient. Moments were from standard formulas or were computed by inserting ¥; = X + X, into the
moment definitions and computing:

(106)

107
108
109

M=qa/p (107)
V =a/B? (108)
pij = ap/ (109)
piii = 200/ B (110)
pijk = 2ap/3° (111)
pijj = 2ap/B° (112)
fizii = 3a(a+2) /B4 (113)
piijj = o(2ap” + 6p + o) / B* (114)
piiij = 3ap(o +2)/5* (115)
piije = ap(a+ 2ap + 6) /8 (116)
piji = 3ap(ap +2) /5%, (117)

In these formulas, i, j, k and [ are distinct. The moments were substituted into (56) and the result was

algebraically simplified to give
M i 1 2
~ ) = 2 11
b < V2 ) <nQ> nQ’ (118)

which again displays a decreasing dependence on synchrony, with a faster decrease for larger values of n.
The above expressions were also substituted into var(m) < E(m)?/4 and var(v) < E(v)?/4 to obtain the
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constraints required for adequate accuracy of the delta method approximations:

anp—p+1) < o?

= 119
B2n — 432 (119)
20(1 — —anp — 1-p)\?
a(l —p)(3n+ an —anp — 3) < a(l—p) . (120)
Bin(n —1) 232
The same numeric and plotting code (section S6) yielded outputs in figures S75 on page 97 to S80 on

page 102.

It is well known that the exponential and chi-squared distributions are special cases of the gamma
distribution, therefore these cases were explored with the same formulas and plotting code described
above, with outputs in figures S81 on page 103 to S84 on page 106. The same conclusions about the
dependence of b on 2 as for the Poisson and negative binomial distributions hold here. However, as in
those cases, simulations often did not obey TL for 2 > 0, and increasing synchrony destroyed TL by
smearing points toward the right in log(v)-versus-log(m) space, producing smaller values of b.

The same analytic strategy was applied to the normal distribution (parameters p, the mean, and o,
the standard deviation). The results were, for distinct ¢, 7, k,

M=p (121)
V =o? (122)
pij = po’ (123)
piii = 0 (124)
Hijk =0 (125)
pijj =0 (126)
piiii = 30 (127)
piijy = o (20* + 1) (128)
iy = 3po* (129)
paigk = pot(2p +1) (130)
piji = 3p*c* (131)
b~0, (132)

subject to the requirements

2
— 1
(T(npnp—i-) < u?/4 (133)
20%(p—1)* _ o*(1 - p)?
< 134
n—1 - 4 (134)

for the delta method approximations to be adequate. This result reflects the fact, evident from (56), that
TL slope is zero whenever there is no skewness in the common marginal distribution Y;. Plots for the
normal distribution are in figures S85 on page 107 to S90 on page 112.

The following result encompasses the examples described above and illuminates them.

Proposition 6. Let P C [0,1) and suppose we have independent random wvariables X (p), Xi(p) for
p € Pandi=1,...,n such that for each p the X;(p) for i = 1,...,n are identically distributed. Let
Yi(p) = X(p) + Xi(p) and assume cor(Yi(p),Y;(p)) = p and E(Y;(p)) = M and var(Y;(p)) =V for all p
and i # j, for constants M and V. Let m(p) = mean;(Y;(p)) and v(p) = var;(Y;(p)) be the sample mean
and variance. Then E(v(p)) decreases and var(m(p)) increases as p increases. Furthermore,

N M(n — 1)M(Xi(p))
b~ v a0

(135)
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where b(p) and Q(p) are the TL slope and synchrony defined previously, and ué iP)) s the third central

moment of X;(p). If M3 Xile)) is proportional to 1 — p then b(p) is approzimately proportional to ﬁ.

Proof. We omit the explicit dependence of X, X;, Y;, etc. on p. Using the independence of the X, X;

and the assumption that the X; for ¢ = 1,...,n are identically distributed for any given p,
Y, Y,
COI‘(Y},Y}) _ COV( 19 ]) (136)
var(Y;)var(Y;)
var(X)
=7 137
var(Y;) (137)
var(X)
_ 138
. (133)
=p, (139)

so var(X) = pV. Also by independence, V = var(Y;) = var(X + X;) = var(X) + var(X;), so var(X;) =
V —pV =V(1—p). Thus E(v) = E(var;(V;)) = E(var;(X + X;)) = E(var;(X;)) = var(X;) = V(1 — p),
which decreases as p increases. Next,

var(m) = var(mean;(Y;)) (140)
= var(mean; (X + X;)) (141)
= var(X + mean;(X;)) (142)
= var(X) + Var(meanZ(Xl)) (143)
= var(X) + ﬁ Zvar(Xi) (144)
Vv
= -1p+ 1) (145)
which increases as p increases.
Combining (19) and (52),
n—1 cov(m,v)
= . 14
b MnV (1 — Q) var(In(m)) (146)
By lemma 2, this becomes
_ M(n —1)cov(m,v)
b~ nV2(1 — Q)0 (147)
But
cov(m,v) = cov(X + mean;(X;), var;(X;)) (148)
= cov(mx,,vy,), (149)

where mx, = mean;(X;) and vy, = var;(X;). Because the X; are independent and identically distributed,
(X3) (X3)
it is known [ , , , ] that cov(mx,,vx,) = “— Therefore cov(m,v) = #5—

and combining this expression with (147) gives (135). The last statement of the theorem follows because

1—9:1—%Zc0rm,yj) (150)
]

(= Na-n s

|
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The theorem pertains in its entirety to the Poisson, negative binomial, gamma, and normal examples

examined above because in these cases, ngi) is A(1 - p), (171)?;()%_’)), 20‘%3_’))

of which is proportional to 1 — p. The “rightward smearing” of points in log(v)-versus-log(m) space that
occurred as synchrony increased from 0 in the examples above corresponds to the increases in var(m)
with increasing p in proposition 6.

The analytic strategy we applied above to Poisson, negative binomial, gamma, and normal examples
cannot be applied to the log-normal distribution because it is not true that the sum of two independent
log-normally distributed random variables is another log-normally distributed random variable. However,
a slightly modified strategy could be applied, because the product of two independent log-normally dis-
tributed random variables is another log-normally distributed random variable. We did not carry out
such an analysis.

For the examples considered in this section, p;;; = pj (for the Poisson, see (85) and (86); for the
negative binomial, see (98) and (99); for the gamma, which encompasses chi-squared and exponential, see
(111) and (112); for the normal, see (125) and (126)). More generally:

, and 0, respectively, each

Proposition 7. Let X and X; for ¢ = 1,...,n be independent random variables and let the X; be
identically distributed. Let Y; = X + X;. Then pij; = pijx for all i, j, k distinct.

Proof. Using the definitions

paij; = E((Yi = BE(Y:)(Y; — E(Y;))(Y; — E(Y;))) (152)
pije = B((Y; = E(Y))(Y; = BE(Y))) (Ve — E(Y%))) (153)

and substituting Y; = X 4+ X; and using the Matlab symbolic manipulation toolbox, we get

pij; = 2B(X)? = 3E(X?)E(X) + E(X?) (154)
ik = 2B(X)? — SE(X?)E(X) + E(X?). (155)
u

S6 Methods for the omnibus plots

For all distributions Y considered, simulation-based results were generated and plotted, and for some of
them approximate analytic or semi-analytic results were also plotted. The assumption of TL that the
log(v)-versus-log(m) relationship is linear was also tested. An omnibus plot summarizing these results
was generated for each example considered. Components of the plot are described here.

Simulation-based results. Given a random vector Y (p) = (Yi(p),...,Yn(p)) for a fixed p, 5000 inde-
pendent realizations were generated in 50 blocks of N = 100 realizations each. For each realization, the
sample mean, m, and the sample variance, v, were computed, producing 50 blocks of 100 pairs (m,v).
For each of a few example values of p (e.g., 0, 0.1, 0.5, 0.9), log(v) was plotted as a function of log(m)
using all 5000 pairs (m,v) except those for which either m or v was 0. The plots were placed at the top
of the omnibus plot. Axes were the same on all top panels within a plot, to facilitate comparison. Axis
number labels are only shown on alternate top panels within a plot.

For each block separately, the slope b was computed through ordinary linear regression of log(v) against
log(m), again omitting pairs for which m or v was 0. The value of Q was also computed for each block
(separately) as the average Pearson correlation coefficient between realizations of Y; and Yj in that block,
the average being computed over pairs ¢ and j, including cases with i = j (which necessarily produced a
correlation of 1). The average (across blocks) b value was plotted against the average (across blocks) €2
value, as p ranged from 0 to 0.9 in increments of 0.1, with error bars plotted for both quantities based on
standard deviations (across blocks). For each block, residuals of the log(v)-versus-log(m) regression were
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computed and used to generate a root mean squared error (RMSE). The mean (across blocks) RMSE was
plotted against €2. Both b and RMSE were plotted against €2 in the central panel of the omnibus plot.

Analytic results. When possible (e.g., figures S11 on page 33 through S32 on page 54), the approxima-
tion (56) was computed for each value of p, either analytically or semi-analytically (here “semi-analytic”
refers to calculations for which the constituent moments of (56) were calculated numerically, though with
negligible error, see, e.g., (66)), and plotted against p in red on the central panel of the omnibus plot.
Whether the approximation (56) could be computed depended on whether the moments in that expres-
sion could be evaluated either analytically or numerically. Calculation of moments from samples was not
used because it is unreliable for reasonable numbers of samples for some of the required moments and
distributions. How we evaluated moments, when available, is described on a case-by-case basis in sections
above. When the inequalities y/var(m) < E(m)/2 and /var(v) < E(v)/2 were satisfied (see section S3),
a red downward-pointing triangle was superimposed on the point, indicating an independent validation
of the approximations underlying (56) for that point. The quality of the delta-method approximations
underlying (56) was also evaluated numerically by testing the quality of the approximations (21) and (25).
When the correlations of the left and right sides of those formulas, across all 5000 samples from Y, were
greater than 0.75, a red upward-pointing triangle was superimposed on the point.

Assumptions of Taylor’s law. For each value of p, the fraction of 5000 samples from Y producing
m = 0 was plotted on the bottom panel of the omnibus plot, as was the fraction of samples producing
v = 0. Samples with either m = 0 or v = 0 were omitted from the estimation and testing of Taylor’s law.
The log(v)-versus-log(m) relationship is conditional on positive m and v.

TL postulates a linear relationship between log(v) and log(m), so linearity was evaluated. For each
block, the linear relationship log(v) = blog(m) + ¢ was tested against a quadratic alternative, log(v) =
alog(m)? + blog(m) + c using a standard F-test, and the p-value was recorded. The fraction of blocks
for which this p-value was less than 0.05 was plotted against €2 on the bottom panel of the omnibus plot.
When this value substantially exceeded the type-I error rate of 0.05, significant curvature existed in the
log(v)-versus-log(m) relationship. This curvature could be modest (assessed visually through the example
panels at the top of the omnibus plot) even when significant.

Homoskedasticity of the log(v)-versus-log(m) relationship was also tested. For each block, absolute
residuals from the regression log(v) = blog(m) + ¢ were computed and regressed against predictions of
the same linear model. The p-value was recorded for the test of the null hypothesis that the slope of this
latter regression was 0, a non-zero slope indicating heteroskedasticity. The fraction of blocks for which
this p-value was less than 0.05 was plotted against p on the bottom panel of the omnibus plot. When
this value substantially exceeded 0.05, significant heteroskedasticity existed in the log(v)-versus-log(m)
relationship.

S7 Data details

Rothamsted Insect Survey (RIS) runs a network of suction traps that sample flying aphids |
, , , , , |. Daily aphid counts are collected throughout the flight
season for many species at multiple locations. Twenty species (table S1) and 11 locations (table S2) were
selected in advance of any analyses. Species were selected for their commonness (necessary for analyses
of synchrony) and their importance as pests and as models for studies of population dynamics. Locations
were selected for long duration of operation. The total count for a species over all days for a year was
taken as the count for that species and year. RIS suction trap locations were chosen decades ago to
give optimal coverage of the UK, subject to resource limitations. Nevertheless, relative to the whole UK,
there are some gaps in the network of 11 traps we used, in Wales, Northern Ireland, and central southern
England. After processing, time series were annual, from 1976 through 2010. See [ ]
for additional details.
The Continuous Plankton Recorder (CPR) survey, now operated by the Sir Alister Hardy Foundation
for Ocean Science (SAHFOS), has sampled the seas around the UK and elsewhere for plankton abundances
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since before World War II, using a sampling device towed behind commercial ships | , ,

, , , ]. The device is towed at about 7 m depth. Water is
filtered through a moving band of silk, which is later cut into sections representing samples of 3 cubic
meters of sea water over 10 nautical miles, thereby producing spatiotemporal data through repeat tows.
Minimal changes have been made to the sampling device and analysis procedure over the history of the
survey, to ensure consistency [ , |. The resulting database contains estimates of the
abundance of more than 500 taxa on a very large number of transects. We examined 22 phytoplankton
and zooplankton taxa (table S1), selected prior to any analyses for their common occurrence and their
importance for marine ecosystems. Samples are typically taken along standard routes approximately once
a month, but precise times and locations are irregular, being influenced by ship availability and weather.
Samples were compiled into 26 annual time series for 2 x 2 degree areas of sea around the UK. Time series
were from 1958 through 2013.

The California Cooperative Oceanic Fisheries Investigations (CalCOFI) has surveyed the California
Current System off southern California since 1949 on a monthly-to-quarterly basis. Chlorophyll-a has
been regularly measured since 1984 | , |. Time series from spring sampling for the 28
years from 1984 to 2011 were used (average of March-May sampling). Eighteen of 73 sampling stations
were omitted, including 7 coastal stations and another 11 stations which are too shallow or have too
many gaps in the time series. The remaining 55 sites were divided into four groups based on distance
from shore, with group 1 near to shore (average 87.7 km) and group 4 far from shore (average 539.3 km).
For each site and sampling occasion, chlorophyll samples were drawn from 0, 10, 20, 30, 50, 75, 100, 125,
150, and 200 m depths. Samples were filtered through Whatman GF/F filters and cold-extracted in a
90% acetone solution in the dark and under refrigeration and then measured fluorometrically using an
acidification technique. Sampling and measuring protocols are described in detail on the CalCOFI web
site (http://calcofi.org/ccpublications/calcofi-methods.html).

CalCOFTI data can be downloaded from their website. SAHFOS and RIS data can be obtained by
contacting those institutes and going through their long-established data sharing procedures.
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S8 Figures, distributions constructed using Gaussian copulas and iden-
tically distributed marginals

s
=

logio(Vv)

TL slope, b
04 06 08

Fractions
0.0 02 04

Q

log1o(v)
02 08

TL slope, b

Fractions
0.0 02 0.4

s

p=

F B

p=0.1|1] *

Fa

Yy

T
-1.0 0.0

p=0.5
LI

-1.0 0.0

logo(m)

i 1|D

“AAL :
A-A A-A-A-A—A

T
0.16 0.18

014
TL RMSE
TL slope, b

1
0.12

© Frac.0,m

A Frac. 0,/v ‘

/

® Lin. rejected

A Homosk. rejec)@d

]
7

1.4

<N
a:‘ 4:&:3:3—3'.
T T

0.2

A

Y
1

0.4

0.6

Synchrony, Q

0.8

p=0
L I

p=0.1

.

p=05

4 08 12

T
04 038

logo(m)

—
1.2

1.0 12 14

06 038

@

[

AN '
T

=~ - ]
2 B\

’, 1

’ A

N ) o
A

A

1
[
[
1

I
0.1270

0.1260
TL RMSE
TL slope, b

1
0.1250

O Frac.0,m
A Frac. 0, v

® Lin. rejected

4 Homosk. rejected

o

.0

azh-a.azi-2-g-a=%s,

02

0.4

0.6

Synchrony, Q

0.8

logio(Vv)

Fractions

logio(v)

Fractions

0.128

1
0.126

TL RMSE

0.124

0.127

TL RMSE

0.125

= ' ] ]
_ |
e p= p=0.1 p=0.5
1 ) 1 1 L) I ) 1 )
-0.5 0.5 -0.5 0.5
logo(m)
=
- A .. ob
o o\ !\ | & RMSE
" A ! ‘| l:\
< @ A ‘A ,' ‘| PR
- ‘ \ N A
0 | (3\ + Y " A ‘\
AR NE TSN,
~d--XK= \
[{=] -—
=3 + + +\‘é
34 © Frac.0,m ® Lin. rejected
o A Frac. 0, v A Homosk. rejected
o
<l
o
0.0 0.2 0.4 0.6 0.8
Synchrony, Q
o
o] ] ]
4 0| ® ) @
o] p=0| p=0.1| p=0.5
d L L LU LU L
1.55 1.70 1.55 1.70
logo(m)
,\‘O b
0, A /|®RMSE|
/. “ " ‘\
< AR /; “ “ ‘\ A
—-— @\ —" ‘-“ ’l “ 'l' -
10, ! - T T
o ' !
old,
o ‘A
IS4 0 Frac.0,m ® Lin. rejected
o & Frac. 0, v 4 Homosk. rejected
S A
o &E&:A:A:ﬁ:&?g:$:¢:8
o T T T

0.0

0.2

0.4

0.6

Synchrony, Q

0.8

0.129

Figure S1: Omnibus plots (see section S6) for identically distributed Poisson marginals under the set up

of section S3, for n =25, for A=1 (A), A =5 (B), A =10 (C), and A =50 (D).



logio(v)

TL slope, b

Fractions

Q
-

logio(Vv)

TL slope, b

Fractions

v

] p=0 p=01]7,*~ =05
L) ) ) ) I 1 L) ) )
-1.0 0.0 -1.0 0.0
logo(m)
JAN
ob , ¥
=3 \ A RMSE| ©
;. [{=]
I S o =
© | = * ~ ,‘ i <
o -$-\_§_ pE
;- A A . \ -N
AT ATTBA NS #TT
‘O'.- o Frac. 0, ® Lin. rejected
o A Frac. 0 A Iiomosk. rejectfd
=1 / . AN Z6
o|R-4~ ; 3-2 b - ﬁ"‘ﬂ
o T T
0.2 04 0.6 0.8

Synchrony, Q

1.4

0I2I IDIBI L
-

0.124 0.126 0.128 0.130

p= p=0.1 p=0.5
1 ) 1 ) ) 1 ) 1 1 1 L) )
06 1.0 06 1.0
logo(m)
A
<] ' \‘ Ob
- ;oA A& RMSE
] A
- ‘r “
ol® / . A
- \ J' \\ ” \\
L
(=] ’ N - - -
a1, 3424
A
34 © Frac.0,m ® Lin. rejected
o A Frac. 0, v A Homosk. rejected
] R-° A —g—g-8324 -4
olAzdx EA:IE:;-Q:A:IA_A
0.0 0.2 0.4 0.6 0.8

Synchrony, Q

TL RMSE
TL slope, b

TL RMSE
TL slope, b

logio(v)

Fractions

logio(Vv)

Fractions

< ' . .
_ |
< p=0 p=01 P=05
rrrrreia LU L
0.0 06 00 06
logo(m)
FaY
o oby |
1 A A RMSE
He N ; -
ol |\ A-p ; I
o ’,’ ~ \‘
0] 4 +'+‘~+f+=~'$*+z
o \‘ : +\¢ B
A
IS4 0 Frac.0,m ® Lin. rejected
o & Frac. 0, v 4 Homosk. rejected
S A A o _ac’
14-a a-A_ L _A_.%4c
= g:g:lgfa_{g:‘i::g_g_&l_
0.2 04 0.6 0.8
Synchrony, Q
o
] ] ]
<] . ) . ) ‘
o p=0|- p=0.1( p=05
d rTrrrra rrrruri rrrruoe
1.50 1.70 1.50 1.70
logo(m)
<
o n A ob A
w | & ! \“ 5 ?'BMSE |
~1 I / ' ' A 0
O._ m l‘ , “ ‘,l |
—-— ‘f +\‘ i
-— - 1)
0 \ i%‘ \ + ! +"’+-+ |
o1 Wr \ "
\ [
‘l
=2 o "
34 © Frac.0,m ® Lin. rejected
o A Frac. 0, v A Homosk. rejected
e o _ A [ 2
J Ao a_ e
g-_.fn_lﬁ‘_‘gzlﬁ-_-_:zlﬁzﬁzlﬁ_n
0.2 04 0.6 0.8

Synchrony, Q

0.126

0.124

0.126

TL RMSE

0.124

TL RMSE

Figure S2: Omnibus plots (see section S6) for identically distributed Poisson marginals under the set up
of section S3, for n = 100, for A=1 (A), A =5 (B), A =10 (C), and A =50 (D).

24



TL slope, b

A e,
‘A'\ﬂ}

0.140 0.145 0.150

® Lin. rejegted
4 HomosK. rejected

Fractions

0.2

0.4

O
~

=A

0.6

—

Synchrony, Q

Q
-

A
A= D

0.8

25
-

logio(Vv)

1.5

b

- ?\

TL slope, b

Y

\‘\ - A‘ ::' \‘A
BRRsanes:

4

0.129

TL RMSE
TL slope, b

4 © Frac.0,m
4 A Frac.0,v

® Lin. rejected

A Homosk. rejected

Fractions

1R=acazR5A%a<

A

0.0 0.2

0.4

0.6

Synchrony, Q

z3-2=-9

0.8

0.131

0.127

TL RMSE
TL slope, b

logio(v)

Fractions

logio(Vv)

Fractions

o ¢ ] ’ ]
o ’
O._ a E
- p=0 p=0.1 p=0.5
LU rrrrriri LU
04 10 16 04 10 16
log1o(m)
A
11 o b
SN A RMSE
4 A‘A‘ .
“A-A-B

12 14 16 18 20

*\4"‘#‘4*‘*%’**;‘2: N

0.132

0.1295

I0.1 I280
TL RMSE

IS4 0 Frac.0,m ® Lin. rejected
o & Frac. 0, v 4 Homosk. rejected
o
= A - 3 — - - — -
oAsAzA:p=A52-4-4-4"4
0.0 0.2 04 0.6 0.8
Synchrony, Q
o 4 4
‘RS
o 4 ]
o] . . "l'
o p=0]7 p=0.1|7 p=0.5
o T T T 1 T T 1 1 1 T
2.1
L0 |
[aY]
o
N
0l ¢
14
<l
34 © Frac.0,m ® Lin. rejected
o A Frac. 0, v A Homosk. rejected
o N .
g-jfa:lzfﬁflﬁfﬁ‘i’#:&:lﬁa‘_
0.0 0.2 0.4 0.6 0.8

Synchrony, Q

0.128

0.1265

TL RMSE

Figure S3: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section 53, for n =25 and p=0.2, forr =1 (A), r =5 (B), r =10 (C), and r = 50 (D).

25



logio(v)

TL slope, b

Fractions

Q
-

logio(Vv)

TL slope, b

Fractions

e - -
o4 M| ] /
O_ _ a 2
107 p=0] p=0.1|7, = p=05
‘T I ) 1 I ) ) 1 I ) L) 1 I ) 1 I
-1.0 -1.0 0.5
logo(m)
FANSS
‘Q-+ A‘A O b
- ~. A RMSE [
<N A,
- + ‘A N
o & Y
bt T - \‘ -
=3 ~e A
— \‘—et\ l' -
[oe) AY
=y Y ,\
A-A @[
g- © Frac.0,m ® Lin/rejected
44 Frac.0,v A Hgmosk. rejyt%d
N A r
o -
d4a.,4 A
olR:R: A-4=87
o T T
0.0 0.2 0.4 0.6 0.8
Synchrony, Q
A p= i p=01 p=05
1 L) I ) I ) 1 ) 1 ) 1
06 10 1.4 06 1.0 14
logo(m)
AN
4T ob i
\ A& RMSE
© | \\ ,A‘
— @ A\ ' A
< | [ \‘ -
N N A
| A ¢ s o
— \+\$ \‘ ’l A
o | | | g 4)._ B
- "A'-é_ ¢
g.- © Frac.0,m ® |in. rejected
o A Frac. 0, v A Homosk. rejected
o
182 $-3z2-4%
21a-2 z. A= A-
0.0 0 2 04 0 6 0.8

Synchrony, Q

0.145

0.135
TL RMSE
TL slope, b

0.125

0.1295

0.1285
TL RMSE
TL slope, b

0.1275

logio(v)

Fractions

logio(Vv)

Fractions

Q. ,
g_ P=0 — =0.1 - P=05
I I ] I I I 1 1 1
0.0 1.0 0.0 1.0
log1o(m)
FaY
i RN ° b
‘ \ A RMSE
© | ,A N —Ax
—-— g A\\ A‘ ~
- A,A ;' i
- '4"’4"—¢=4>_ i
o !
o
g- o Frac.0,m ® Lin. rejected/
4 & Frac.0,v 4 Homosk. rejected
C\! el
=) P
— - = ‘ A — ~—
olaz 3~ B-p=RZAATA AR
0.0 0 2 0. 4 0.6 0 8
Synchrony, Q
@ 4 _
ol i ]
o] . ] . ] ’
i ] i
<] p=0|1 p=0.1] p=0.5
- L] I 1 I I 1 I I 1 I I 1
1.7 19 1.7 1.9
log1o(m)
wn
ai A
‘\‘ ob B
- (Y A& RMSE
[aV] A A l'l \‘
lq- @’l \ ' _
- t
H-H—?M
bt i -
34 © Frac.0,m ® Lin. rejected
o] A Frac. 0, v A Homosk. rejected
© -2
1g=4 - <A-aA_ A
g-_& ﬁ ) Sy NES. =4 V.
0.0 0 2 0. 4 0.6 0.8
Synchrony, Q

0.130 0.132

TL RMSE

0.128

0127 0.129

TL RMSE

0.125
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the set up of section S3, for n =25 and p = 0.4, forr =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S6: Omnibus plots (see section S6) for identically distributed negative binomial marginals under

the set up of section S3, for n =25 and p=0.8, forr =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S7: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S3, for n = 100 and p = 0.2, for r =1 (A), r =5 (B), r = 10 (C), and r = 50 (D).
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Figure S8: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S3, for n = 100 and p = 0.4, for r =1 (A), r =5 (B), r = 10 (C), and r = 50 (D).
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Figure S9: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S3, for n = 100 and p = 0.6, for r =1 (A), r =5 (B), r = 10 (C), and r = 50 (D).
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Figure S10: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S3, for n = 100 and p = 0.8, for r =1 (A), r =5 (B), r = 10 (C), and r = 50 (D).
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Figure S11: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S3, for n =25 and f =0.5,fora=1(A),a=2 (B), a =4 (C), and a =8 (D).
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Figure S12: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S3, forn =25and f=1,fora=1(A),a=2(B), a =4 (C), and a =8 (D).
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Figure S13: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S3, forn =25and =2, fora=1(A),a=2(B), a=4 (C), and a =8 (D).
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Figure S14: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S3, for n =100 and 8 =0.5,fora=1 (A),a =2 (B), a =4 (C), and a = 8 (D).
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Figure S15: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S3, forn =100 and S =1, fora=1(A),a =2 (B), a =4 (C), and a = 8 (D).
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Figure S16: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S3, for n =100 and S =2, fora=1(A),a =2 (B), a =4 (C), and a = 8 (D).
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Figure S17: Omnibus plots (see section S6) for identically distributed exponentially distributed marginals
under the set up of section S3, for n = 25, for 1/A =1 (A), 1/A=5(B), 1/A =10 (C), and 1/A = 50 (D).
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Figure S18: Omnibus plots (see section S6) for identically distributed exponentially distributed marginals
under the set up of section S3, for n = 100, for 1/A =1 (A), 1/x =5 (B), 1/A =10 (C), and 1/ = 50

(D).
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Figure S19: Omnibus plots (see section S6) for identically distributed chi-squared marginals under the
set up of section S3, for n =25, for k=1 (A), k=5 (B), £ =10 (C), and k£ =50 (D).
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Figure S20: Omnibus plots (see section S6) for identically distributed chi-squared marginals under the
set up of section S3, for n = 100, for k =1 (A), k=5 (B), k=10 (C), and k£ = 50 (D).
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Figure S21: Omnibus plots (see section S6) for identically distributed normal marginals under the set up

of section S3, for n = 25 and 0 = 0.1, for p =5 (A),
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Figure S22: Omnibus plots (see section S6) for identically distributed normal marginals under the set up
of section S3, for n = 25 and 0 = 0.5, for p =5 (A), p =10 (B), p =15 (C), and p = 20 (D).
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Figure S23: Omnibus plots (see section S6) for identically distributed normal marginals under the set up
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Figure S24: Omnibus plots (see section S6) for identically distributed normal marginals under the set up
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Figure S25: Omnibus plots (see section S6) for identically distributed normal marginals under the set up
of section S3, for n = 100 and o = 0.5, for u =5 (A),
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Figure S26: Omnibus plots (see section S6) for identically distributed normal marginals under the set up
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Figure S27: Omnibus plots (see section S6) for identically distributed log-normal marginals under the set
up of section S3, for n =25 and 0 = 0.1, for y=—-1 (A), n =0 (B), p =1 (C), and p =2 (D).
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Figure S28: Omnibus plots (see section S6) for identically distributed log-normal marginals under the set
up of section 53, for n =25 and o = 0.5, for u = —1 (A), u =0 (B),

50

pw=1(C), and p =2 (D).



logio(Vv)

TL slope, b

Fractions

Q
-

logio(v)

TL slope, b

Fractions

-

= W

0.14 0.16 0.18 0.20

© Frac.0,m ® Lin. rejected

A Homosk. rejected

0.6
Synchrony, Q

N\

0.14 0.16 0.18 0.20

© Frac. 0, m
A Frac.0,v

® Lin. rejected
4 Homosk. rejected

2
N A

=

0.4
Synchrony, Q

0.6 0.8

TL RMSE
TL slope, b

TL RMSE
TL slope, b

logio(Vv)

Fractions

logio(v)

Fractions

N_ — -
J 4 1 /N
Al p=0| p=0.1{- p=0.5
1 ) 1 1 I I I I I I ) I ) I I
-1.0 5 -1.0 0.5
logso(m)
A A
o ’ru A\‘ ° d o b
187\ AL .7 A RMSE |
| SN
o e - ° N
i A -
< + A
& .
\ .. i
- + b, A
_ T
S & |
I 0 Frac.0,m ® Lin. rejected
44 Frac.0,v A Homosk. rejected
(&Y, A
old o,
= A A LA -
olaa 5:3:‘.=|333:|3:3‘l_‘,§
0.2 0.4 0.6 0.8
Synchrony, Q
v_ — -
- / . / 4 /
] p=0[1] p=0.1|7 p=0.5
I I 1 I I 1 I I 1 I I 1 I I
00 10 20 00 10 20
log1o(m)
A N
g- ‘o A.A‘A ~1°b —
| \ ‘\A . - ° A RMSE i
[o'e] ° o s
C\i- e - O - A\ o
4 N i
~ +4} N B

4 © Frac.0,m

4 4 Frac.0,v
i I

® Lin. rejected

4 Homosk. rejected

A

1a 2 :f‘azéi::.f —2=2
0.2 0.4 0. .
Synchrony,

0.14 0.16 0.8 0.20

0.16 0.18 0.20

TL RMSE

0.14

TL RMSE

Figure S29: Omnibus plots (see section S6) for identically distributed log-normal marginals under the set
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Figure S30: Omnibus plots (see section S6) for identically distributed log-normal marginals under the set
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Figure S31: Omnibus plots (see section S6) for identically distributed log-normal marginals under the set
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Figure S39: Omnibus plots (see section S6) for non-identically distributed gamma marginals under the
set up of section S4, for n = 100 and Y7 with f=1and a=1 (A),a=2 (B),a =4 (C), and a = 8 (D).
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Figure S40: Omnibus plots (see section S6) for non-identically distributed gamma marginals under the
set up of section S4, for n = 100 and Y7 with =2 and a =1 (A),a =2 (B), a =4 (C), and a = 8 (D).
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Figure S41: Omnibus plots (see section S6) for non-identically distributed exponentially distributed
marginals under the set up of section 54, for n = 25 and Y; with 1/A =1 (A), 1/A =5 (B), 1/A =10

(C), and 1/X\ =50 (D).
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Figure S42: Omnibus plots (see section S6) for non-identically distributed exponentially distributed
marginals under the set up of section S4, for n = 100 and Y; with 1/A =1 (A), 1/A =5 (B), 1/A =10

(C), and 1/X\ =50 (D).
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Figure S44: Omnibus plots (see section S6) for non-identically distributed chi-squared distributed

marginals under the set up of section S4, for n

(C), and k =50 (D).
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Figure S45: Omnibus plots (see section S6) for non-identically distributed normal marginals under the
set up of section S4, for n =25 and Y; with 0 =0.1 and =5 (A), =10 (B), p =15 (C), and p = 20
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Figure S46: Omnibus plots (see section S6) for non-identically distributed normal marginals under the
set up of section S4, for n =25 and Y; with 0 = 0.5 and =5 (A), =10 (B), p =15 (C), and p = 20

(D).
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Figure S47: Omnibus plots (see section S6) for non-identically distributed normal marginals under the
set up of section S4, for n = 25 and Y; with 0 =1 and p =5 (A), p =10 (B), p =15 (C), and pu = 20

(D).
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Figure S48: Omnibus plots (see section S6) for non-identically distributed normal marginals under the
set up of section S4, for n = 100 and Y; with 0 = 0.1 and p =5 (A), p =10 (B), o =15 (C), and pu = 20

(D).
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Figure S49: Omnibus plots (see section S6) for non-identically distributed normal marginals under the
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Figure S50: Omnibus plots (see section S6) for non-identically distributed normal marginals under the
set up of section 5S4, for n = 100 and Y; with 0 =1 and p =5 (A), p =10 (B), p =15 (C), and p = 20
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Figure S51: Omnibus plots (see section S6) for non-identically distributed log-normal marginals under
the set up of section 54, for n = 25 and Y; with 0 = 0.1 and g = -1 (A), p =0 (B), p =1 (C), and
p=2 (D).
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Figure S52: Omnibus plots (see section S6) for non-identically distributed log-normal marginals under
the set up of section S4, for n = 25 and Y} with 0 = 0.5 and p = —1 (A), p =0 (B), p = 1 (C), and

p=2 (D).
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Figure S53: Omnibus plots (see section S6) for non-identically distributed log-normal marginals under
the set up of section S4, forn =25 and ¥; witho=1and u=—-1 (A), u=0(B), p=1(C), and p =2

(D).
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Figure S54: Omnibus plots (see section S6) for non-identically distributed log-normal marginals under
the set up of section 5S4, for n = 100 and Y; with 0 = 0.1 and p = —1 (A), p =0 (B), p =1 (C), and

p=2 (D).
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Figure S55: Omnibus plots (see section S6) for non-identically distributed log-normal marginals under
the set up of section 5S4, for n = 100 and Y; with 0 = 0.5 and p = —1 (A), p =0 (B), p =1 (C), and

p=2 (D).

7



e
vs)

logio(v)

Fractions TL slope, b

Q

logio(v)

TL slope, b

Fractions

0.15

0.10

0.05

0.15

0.10

0.05

pl ] ] ]

'3/ 1/

—] =0/1 p=0.1|1 p=0.5|7 “p=0.9

| rrrruri rrrruri rrrruri rrrruri

-05 20 -05 20
log1o(m)

FaY
0 |d AA °b
] A A RMSE
N

o Al

@ A

0 A\

[aY] ¢ A‘

% p
<A ®o-00—o0—-o—oon
o] ﬁ\Frac. 0,m ® Lin. rejected
] Alkrag. 0,v A Homosk. rejected
STrAakiais

0.0 0.2 0.4
Synchrony, Q
~3 ] ] ]
42 H/H/
— p=0|1 p=0.1|0 p=0.5|1 /p=0.95
Trrrnria Trrrnria Trrrnria Trrrnria
05 25 05 25
log1o(m)
A‘A o b
’, ‘A
0 “A A RMSE
A\
o A
o A
A
0 | *

; ‘A
S A4 -0 —-—0—o0—0—0 =YY
o] 4® Frac. 0, m ® Lin. rejected
o A§Erac. ov | A Homosk. rejected
Ol A A= A-t—2=
o'"P—é—a T =A==

0.0 0.2 0.4 0.6 0.8 1.0

Synchrony, Q

TL RMSE
TL slope, b

TL RMSE

logio(v)

Fractions

logio(v)

TL slope, b

Fractions

@] ] ] ]
A'HIALH S/
rrrrri rrrrri rrrrri rrrrri
00 2.0 00 2.0
logo(m)
lA AA Qo b =
s A A RMSE
A\
o] A B
(a5 ] "A
A
1 .
[aY] A =
A
¢ \
N ©e-o—o0—0—0—00na
- =
o] &\Frac. 0, m ® Lin. rejected
o] anfrac. 0, v 4 Homosk. rejected
i A —
Sipoa A A ACa:AASAS .
0.0 0.2 0.4 0.6 0.8 1.0
Synchrony, Q
CO_ . . . .
o 2 |1 /72 |3 / . /
rrrrruri rrrrruri rrrrruri rrrrruri
1.0 3.0 1.0 3.0
logo(m)
4A A'A [o] b -
0 A A RMSE
(a5 ] ~
Al
(] A\ B
o] A
A
u?- \\
o ‘A N
A
2 ®o-0-0-—0o0—o0—0o0n
o] ©. ® Lin. rejected
°]a 4 Homosk. rejected
g: TATA _A=a—X AR

0.2

04 06
Synchrony, Q

0.8

010  0.15

0.05

010 0.15

0.05

TL RMSE

TL RMSE

Figure S56: Omnibus plots (see section S6) for non-identically distributed log-normal marginals under
the set up of section S4, for n =100 and Y3 witho=1and p=—-1(A),u=0(B), pn=1(C),and p =2

(D).
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Figure S57: Omnibus plots (see section S6) for non-identically distributed negative binomial marginals
under the set up of section 54, for n = 25 and Y; with p = 0.2 and r =5 (A), r =10 (B), r =50 (C).
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Figure S58: Omnibus plots (see section S6) for non-identically distributed negative binomial marginals
under the set up of section 54, for n = 25 and Y; with p = 0.4 and r =5 (A), r =10 (B), r =50 (C).
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Figure S62: Omnibus plots (see section S6) for non-identically distributed negative binomial marginals

under the set up of section 54, for n = 100 and Y; with p = 0.4 and r =5 (A), r = 10 (B), r = 50 (C).
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Figure S64: Omnibus plots (see section S6) for non-identically distributed negative binomial marginals
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Figure S67: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n =25 and p=0.2, forr =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S68: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n =25 and p=0.4, forr =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
90



A B
w_ - -
= ) )
< 1 ] /I
o> ©A - . ;
< 1] p=0|] p=0.1{7 p=0.5
1T ) 1 I I I 1 I ) I I I LI I I
-1.0 05 -1.0 05
logio(m)
0] & 2o | <
- MSE | @
a anfise |
¢ o e | 3
g - N A S
W AT i
—1 L ~ "A ‘&.
= S = °
AT T o
A +-+-4- L N°% - T
2 4 ofFrac. 0, m \ ® Lin. rejected
S “14fFrac.0,v a | A Homosk. rejected
o «
© 2 / foal ~ A /A
L == . SN A-A-A-A-A_A 3/0
.0 02 04 06 08
Synchrony, Q
C,D
e - -
—~ o E .
s e]
= < i i
= ) ] -
= &4 p=0] p=0.1]1 p=0.5
I ) I ] ) 1 I I I
08 12 16 08 12 16
logo(rm)
o
i FAN
) ob |9
Q oy AR 'SE S
g 5 al
o = AN I
w % N =
1 0 A |
)_ - A
- e A?%}'*_' ] s
= NSl Sk dk
2 p ® Lin. rejected
2 4 Homosk. rejected
o «
| < LN
= *—e _ _ é—a
LLg :A:A:P:ﬁ#::f?:a
0.0 0.2 0.4 0.6 0.8

Synchrony, Q

TL RMSE
TL slope, b

TL RMSE
TL slope, b

logio(Vv)

Fractions

logio(v)

Fractions

T8 #
i p=0/1 0.1 p=0.5
UL L L L L L
04 1.0 04 1.0
logso(m)
&1 @
+ °ob , o
| A RMSE
- —1 & W
A (=]
(=3 ’
— z’ o E
A S
0 -A
pld ~ A-A- A . =
O_ _ m_ B ;
(=]
34 o Frac. 0.\ ® Lin. rejected
- rac. 0, v o A Homosk. rejected
N o L
O_‘/’/ Sa-4A—a :"‘ =4
S1a-a- A O — A:A-A:&:IASL
0.0 0 2 0.4 0.6 0.8
Synchrony, Q
o] . 1 # A
N_ ] i ‘
- p=0| p=0.1{- p=0.5
) I I ) 1 1 1 I I I I I
1.7 1.9 1.7 1.9
log1o(m) o
- ~t 8
ob , |
N A RMSE
[aV} I i g cud
4 , ;
A R
o . o
~ , B 2 ]
4 * * * N o
A4y ]
g' A', ) -¢=§;$=* _g
_ o
;-- O Frac.0,m ® Lin. rejected
o A Frac. 0, v 4 Homosk. rejected
S A
. = A ‘ A=A_, =@
g_ A= 2z a & =A = A_A_A_- =
0.0 0 2 0 4 6 0.8

0.
Synchrony, Q

Figure S69: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n =25 and p = 0.6, for r =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S70: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n =25 and p=0.8, forr =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S71: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n = 100 and p = 0.2, for r =1 (A), r =5 (B), r = 10 (C), and r = 50 (D).
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Figure S72: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n = 100 and p = 0.4, for r =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S73: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n = 100 and p = 0.6, for r =1 (A), r =5 (B), r = 10 (C), and r = 50 (D).
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Figure S74: Omnibus plots (see section S6) for identically distributed negative binomial marginals under
the set up of section S5, for n = 100 and p = 0.8, for r =1 (A), r =5 (B), r =10 (C), and r = 50 (D).
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Figure S75: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S5, for n =25 and f =0.5,fora=1(A),a=2 (B), a =4 (C), and a =8 (D).
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Figure S76: Omnibus plots (see section S6) for identically distributed gamma marginals under the set up
of section S5, forn =25and f=1,fora=1(A),a=2(B), a =4 (C), and a =8 (D).
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