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Taylor’s power law (TPL) describes the empirical relationship o2 =au® where o2 are sample variances
and p are sample means in subsets of data in a data set. Equivalently, TPL states that the logarithm of
the sample variance is a linear function of the logarithm of the sample mean across different subsets of
data. Here we show that crop yields follow this relationship in several published data sets from varied
situations. We show that TPL is frequently, but not always, valid for various factors structuring the data
including varieties, crop species, trial environments or countries. We propose that the residuals from the
linear regression of log(o?) against log(x4) can be used as a measure of stability, called POLAR (Power Law
Residuals). We compare POLAR stability with other commonly used measures of stability, and show that
POLAR stability offers an advantage over some frequently used stability measures.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In 1961, the British ecologist and entomologist Roy Taylor
reported a series of observations that showed surprisingly simi-
lar patterns in data from several insect groups, earthworms and
other invertebrates as well as plant viruses and fish (Taylor, 1961).
For all these groups, population counts or other measures of den-
sity showed a power-law relationship between the sample variance
o2 and the sample mean p. This relationship, o2 =au?, became
known as Taylor’s Power Law (TPL), or Taylor's Law of fluctu-
ation scaling (Cohen, 2013), though the relationship had been
published and used earlier by other researchers. Logarithmic trans-
formation of the equation o2 = au? results in a linear relationship:
log(o2)=log(a) + blog(w). Taylor, who originally found this rela-
tionship for data from aerial sampling of aphids, suggested that
aggregation is key to understanding the mechanisms underlying
this power law and he interpreted b as an index of aggregation.

Subsequently, TPL was verified in hundreds of further species
(e.g., Eisler et al., 2008), with data stemming from a wide variety of
ecosystems, from bacterial cultures in a laboratory (Ramsayer et al.,
2012)to forests (Cohenetal.,2012; Cohenetal, 2013). TPL was also
found to be valid for a tremendous range of non-biological phe-
nomena including traffic of Internet routers (Duch & Arenas, 2006),
transactions of the New York Stock Exchange, rainfall, and the
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printing activity of a large university printer (Eisler et al., 2008).
Because of its ubiquity, TPL has attracted wide attention from
empirical researchers and theorists of multiple, often unrelated
disciplines.

As data demonstrating TPL are not restricted to ecological
research, the original notion suggested by Taylor and co-workers
that TPL follows from explicit behavioural mechanisms such
as aggregation and migration has become untenable. An alter-
native explanation of TPL (Anderson et al., 1982) is that TPL
has stochastic roots and that behavioural mechanisms are not
necessary to generate data sets exhibiting TPL. In this view,
TPL can result from demographic and environmental stochastic-
ity. TPL can indeed be generated by very different population
growth models such as the Lewontin-Cohen random walk (Cohen
et al.,, 2013) and the exponential model (Cohen, 2013). While
debate on stochastic vs. behavioural explanations of TPL contin-
ues (Kendal and Jegrgensen, 2011; Arruda-Neto et al., 2012), it
has recently been suggested that both perspectives are valid in
that “the behavioral models have the potential to explain how
the interactions of individuals could generate the population-level
phenomenology summarized by the stochastic models” (Cohen,
2013).

In a related area of research, H. Fairfield Smith showed linear
relationships between the logarithm of plot size in so-called ‘blank’
field experiments (without any treatments) and the logarithm of
the variance of wheat yield per plot (Smith, 1938). Smith, however,
was not interested in the relationship between means and variance
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per se, but his main interest was to use this relationship to find an
optimal plot size (also see Taylor et al., 1999).

As far as we are aware, TPL has not yet been applied to or tested
for crop yields. In this paper we demonstrate the validity of TPL
for crop yields in various contexts and on various scales. Further,
we introduce a new measure of yield stability which is based on
TPL. We call this new index POLAR stability (based on POwer LAw
Residuals) and compare this approach with the behaviour of two
commonly used stability indices, the coefficient of variation (CV)
(Francis and Kannenberg, 1978) and the Finlay-Wilkinson (FW)
regression slope (Finlay and Wilkinson, 1963).

Material and methods
Data sets and data filtering

Data sets were analysed to represent crop yield variation (1)
at various levels including plot level (within field trials) (Seufert
etal,, 2012); (2) between environments (years and trial sites) (Jones
et al.,, 2010; Vlachostergios et al., 2011); and (3) at a global level
(national yield statistics from the Food and Agriculture Organiza-
tion database, FAOStat) (FAOSTAT, 2014).

The dataset from Seufert et al. (2012) was collected for a meta-
analysis comparing the yields of conventionally and organically
managed crops. The dataset contains observations from published
studies where for each observation the mean yields and corre-
sponding standard deviations were collected. The original dataset,
containing 316 paired observations of conventional and organic
yields, was downloaded from the supplementary files published
online with the original study.

The data were then filtered in the following way. First, all data
not convertible into units of tha~! were discarded (e.g., units of
boxes or bales per ha, or units of kg per plant). Data in bushels
per acre were converted as 1 buac~!=0.06277 t ha~! for maize and
0.06725 tha~! for wheat and soybean. Second, the original dataset
contained some double or multiple entries where means and vari-
ances were equal among different observations within studies. For
each system separately, only one of the equal observations within
studies was kept. The final dataset contained 268 observations from
the organic system and 228 for the conventional system, i.e., a total
of 496 data points from 33 crop species. Observations from maize,
wheat, tomato and soybean dominated the dataset with 128, 80,
45 and 43 observations, respectively.

The second dataset is from a study on the adaptability of dif-
ferent lentil genotypes to organic farming, conducted in Greece
(Vlachostergios et al., 2011). Twenty genotypes were grown in five
environments (three years in one location and two years in another
location). In each environment (i.e., year x location combination),
the lentils were grown under both organic and conventional crop-
ping management, in separate trials, and with three replicates each.
Calculations are based on the reported means over three replicates.

In the third dataset, 19 genotypes of wheat, from two quality
groups (milling and feed), were grown at two organic sites (Sheep-
drove and Wakelyns) and two conventional sites (Metfield and
Morley) in the UK over three years (Jones et al., 2010); the pub-
lished data are the means of three replicates per trial environment.
For calculation of TPL, means and variances for each genotype are
calculated across the environments. For the lentil and the wheat
study, means and variances were calculated across (a) all organic
environments (n. o =>5 for lentils, ny o =6 for wheat); (b) all con-
ventional environments (1 ¢ =5, nw ¢ =6); and (c) all environments
(nL,A =10, nwa= ]2).

The FAO dataset was downloaded in November 2014 from
http://faostat3.fao.org/download/ For wheat, rice and potatoes,
data were extracted for area (recorded in ha) and yield (recorded

in hgha=1). These data were then filtered. First, only those coun-
tries with a complete set of the last ten years (2004-2013) were
retained. Second, countries where average area between 2004 and
2013 was below 10,000 ha were excluded. In addition, to exclude
data that indicated low reliability, we excluded countries in which
yields were rounded to 1000 hg ha~! in two or more of 10 years and
countries where yields were equal in consecutive years in two or
more of 10 years. For wheat, rice and potatoes, these filters resulted
in final datasets of crop yields from 90, 73 and 89 countries, repre-
senting 99.3%, 97.9% and 96.8% of the global area grown with these
crops in 2013, respectively.

Calculations and statistical analysis

All analyses were performed with the programme R, version
3.0.0.Means (1) and variances (02) were calculated per variety over
all environments for the lentils and wheat dataset, and per country
over all years for the FAO dataset. Subsequently, a linear regres-
sion was calculated for logq( of the variance over the log;g of the
mean. In order to test the linear relationship between log(xt) and
log(o2) we applied a forward selection procedure by starting with
a linear model and subsequently adding higher order polynomials
(quadratic and cubic terms) and evaluating the model fits by the
Akaike information criterion (AIC), i.e., terms were added until the
AIC increased (Burnham and Anderson, 2002). Cubic terms were
never significant in any of the analyses.

Residuals from the linear regression models were tested for
normality, skewness (m3) and kurtosis (m4). Deviation from nor-
mality was tested with the Shapiro-Wilk test (Royston, 1982b).
Deviation of skewness from zero and deviation of excess kurto-
sis (my4 — 3) from zero were tested with t-tests on n — 2 degrees of
freedom (Crawley, 2013); (‘excess kurtosis’ =0 is equivalent to kur-
tosis =3, since the normal distribution has a kurtosis of 3). In case
of non-normal residuals, the variable y=log(c?) was transformed
using the Box-Cox transformation (z=(y* — 1)/A) with maximum
likelihood optimisation of A (Crawley, 2013), in order to quanti-
tatively describe the behaviour of the residuals. Homoscedasticity
was checked visually using the plot(model) function in R and with
the Goldfeld-Quandt test (Goldfeld & Quandt, 1965) using the
gqtest function in the R library Imtest. In addition, the relationship
between log(u) and log(o2) was tested with Spearman’s rank cor-
relation coefficient as a non-parametric test not dependent on the
assumptions of linear regression.

2. Results

Taylor’s power law: testing validity for crop yields at various
scales

Here we show that TPL is sometimes but not universally valid
for crop yields across various scales (across environments, and at a
global level) and for various factors structuring the data (genotypes,
crop species, countries, years).

For the dataset from Seufert et al. (2012), based on variances
of crop yields mainly within field trials, there was a highly signif-
icant (P<0.001) positive correlation between log(ut) and log(o?)
(Fig. 1a), whether the organic and conventional systems were ana-
lysed separately or together. Paired observations from the two
systems (organic and conventional) of both means and variances
are stochastically dependent. Strictly speaking, this would affect
the validity of significance tests for the regression and also tests
of assumptions. However, similar results were obtained when fit-
ting regressions within systems separately (Fig. 1a), where means
and variances were stochastically independent. According to the
Goldfeld-Quandt test, the data were not significantly heteroscedas-


http://faostat3.fao.org/download/
http://faostat3.fao.org/download/
http://faostat3.fao.org/download/
http://faostat3.fao.org/download/
http://faostat3.fao.org/download/
http://faostat3.fao.org/download/

296 T.F. Doring et al. / Field Crops Research 183 (2015) 294-302

(a)
@
Qo
c
8
,E r
= -1 3
K]
4 )
log(mean)
(b) 4 sugar beet 8
?
o
c
8 .
s = :
21 05 25 3
5 0
o ..
pigeon peadg -2
-3

4
log(mean)

Fig. 1. Relationship between x=logio(spatial mean) and y=log;o(spatial vari-
ance) for crop yields as published in a meta-analysis comparing conventional
and organic yields in multiple field trials (Seufert et al., 2012), with (a) each
point representing one observation from one management system and (b) each
point representing one crop species from one management system. The organic
system is represented by the open circles and the dashed regression line ((a):
y=a+bx, with a=-1.255+0.082, b=1.799+0.084 (S.E.), adj. R>=0.630, df=266;
(b): a=-1.103+0.129, b=1.839+0.119, adj. R? =0.882, df=31). Conventional sys-
tems are shown by black triangles and the continuous regression line ((a):
a=-1.447 £0.105, b=1.90+ 0.103, adj. R?=0.601, df=226; (b): a=-1.237+0.197,
b=1.810+0.173,adj. R? =0.772). The slopes of the two regression lines were not sig-
nificantly different from each other in either case ((a): difference=-0.101+0.132,
P=0.445; (b): difference =-0.030 + 0.208, P=0.887); the common slope for the two
systems was b=1.837+0.065 in (a); and b=1.817+0.103 in (b).

tic. The slopes of log(02) against log( ) for organic and conventional
systems were not significantly different (P=0.445). Also, sepa-
rate intercepts for both systems were not significantly different
(P=0.115), i.e., the most parsimonious model was a common linear
model for both systems.

The relationship between log(w ) and log(c%) was not linear, con-
trary to TPL, as there was a highly significant (P<0.001) positive
quadratic term when the organic and conventional systems were
analysed together. However, adding the quadratic term to the linear
model reduced the residual standard deviation (RSD) from 0.743 to
0.7293, i.e., by only 1.8%; accordingly, the convexity of the result-
ing function was weak. The quadratic term was also significantly
positive when the two farming systems were analysed separately
(P<0.01 for both systems), with a corresponding reduction in the
RSD by 1.6% and 2.1%, for the organic and conventional system,
respectively.

In the oats yield data only, the TPL regression had a significantly
negative slope. The oats data originated from three studies, with
estimates of means and variances being based on 2, 3 and 10 obser-
vations, respectively. When the dataset was restricted to studies for
which the means and variances were based on 10 or more observa-
tions, the slope of the TPL regression was positive (b=2.78 +1.92,
df=4, Adj. R>=0.1779, P=0.223).
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Fig. 2. Relationship between x=1log;o(mean) and y =logio(variance) for (a) grain
yields of 20 lentil genotypes (grey triangles) (Vlachostergios et al., 2011); and (b)
grain yields of 19 wheat genotypes (grey squares) (Jones et al., 2010). In both
datasets, each point represents one genotype in environments that varied in space,
time, and management. Statistics of regression lines are in Table 1.

The relationship between log( 1) and log(o2) for individual crop
species with ten or more observations per system in the filtered
dataset was much less robust than when all crops were analysed
together (Table 1). For some crop species, namely maize, soybean,
barley and spinach, the regression slope was not significantly dif-
ferent from zero. However, when individual observations were
averaged per crop within the systems, resulting in 66 observations
in total, the regression across all crop species of log(o?) against
log(u) was highly significant (Table 1, Fig. 1b). For this analysis
across crop species, there was no significant deviation from lin-
earity regardless of whether the organic and conventional systems
were analysed separately or together. Generally, high significance
and low S.E. values for the regression slopes were mainly observed
when the range of values spanned by log(u) was large (Table 1).

For the lentil dataset (Vlachostergios et al., 2011), there was a
highly significant linear relationship between log(t) and log(c?)
(Fig.2,P<0.001, df=18) and no significant deviation from linearity
(P=0.692, df=17). When the means and variances were calculated
within management systems, the relationship between log(x) and
log(o2) was evident for the conventional, but not the organic sys-
tems (Table 1). For neither of the two systems considered separately
was there any significant quadratic term. However, significant het-
eroscedasticity (P<0.05) was found for the conventional lentil data
subset.

For the wheat dataset from Jones et al. (2010), variances and
means were calculated across environments for each variety. There
was a highly significant linear relationship between log(x) and
log(o2) (Fig. 2). The wheat dataset showed a significant linear rela-
tionship between log(x) and log(o2) in the organic, but not in the
conventional, systems (Table 1). The Goldfeld-Quandt test did not
detect significant heteroscedasticity in any subset of the data from
Jones et al. (2010).

The non-significant TPL slope for the conventionally grown
wheat yields from Jones et al. (2010) was robust: omitting any
one of the six conventional environments from the dataset always
resulted in non-significant TPL slopes; the slopes had a negative
sign in five out of six cases and in the remaining case (when Met-
field data from the second year were omitted), the slope was close
to zero (b=0.09 +1.14). In comparison, the organic wheat yields
from Jones et al. (2010) retained positive TPL slopes with omis-
sion of individual environments (analyses not shown). In addition,
the TPL slopes of the conventional wheat remained non-significant
when both groups of wheat cultivars (milling cultivars and feed
cultivars, see original study) were analysed separately, whereas



Table 1

mean; o2 =variance; unit of original data: tha=') from various sources; Org: organic; Con: conventional; the range Q is the
w)/min(w)); (*)P<0.1; *P<0.05; **P<0.01; ***P<0.001; ns: not significant; NA: not available; ‘Significance level, linear term.

logio(0?) for yield data (u =

logio(p) and y

a+bx between x

difference between largest and smallest value of log(u), i.e. Q

Linear regression parameters for y

log(max(

max(log(u)) — min(log(u))

Sign.

Adj. R?

SE(b)

SE(a)

Range

Max(p)

(tha!)

Farming Min(u)

df

w and o2

Crops

Source dataset

(tha-!)

system#

calculated
across

ns

—0.000

0.251

0.248
1.002
1.328
0.601

0.215

0.027
-1.195
-0.497
-0.910
—-0.643
—0.245

50

1.

15.99
7.40
97.79
3.67
6.41
23.60
5.83
48.24
316.80

0.50
0.58
2.10
1.10
1.63
7.20
1.96
9.40
0.48
0.41
0.45
0.43
447
6.67
5.57
2.54
0.68
1.17
2.84

Both

126
78
43

Environments

Maize

Seufert et al. (2012)

0.060
0.209
-0.011
-0.032
—0.060

0.409

0.219

1.10
1.67

0.

Both

Wheat

EEEY

0.373

0.622

Both

Tomato

ns

0.830
0.741

0.364
0.445

52
59

Both

41

Soybean
Barley

ns

0.292

0.

Both

26

ns

0.641

0.129
-4.026

0.644
0.520

0.52

Both

16
11
11

Spinach
Oats

0.551

1.016
0.554
0.110
0.384
0.339

1.312

0.089
-1.164
—-0.790
-0.791
-0.754
—-0.692

47
71
82
59
60
60

0.

Both

0.315

1.414
1.820

0.535

0.745
0.115

0.

Both

Apple

Ak

0.826
0.047

2.

Both
Org
Con

64

Crop species

Crop averages

Lentil

ns

0.060

0.

1.56
1.81
1.69
6.42
11.25
8.83
10.58
8.78
9.72

46.79

18
18
18

Environments

Vlachostergios

etal.

sk

0.630

1.953
1.304

1.531
-0.574

0.056

0.
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Ak

0.494

0.048 0.311

0.300

0.

Both
Org
Con

(2011)
Jones et al. (2010)

0.412
—0.040

0.415

0.16
0.2

17
17
17

Environments

Wheat

ns

1.039
0.407

1.010
0.352

0.520
-1.375
-1.637
-1.224
-1.300
-1.383

3
0

sk

0.675

2.512

0.2

Both

0.550
0.204

0.058

0.510

1.939
0.781

0.436

0.62

Both
NA
NA
NA

10
88
71

Genotypes
Countries

EEE

0.160
0.311

0.083

1.11

0.

Wheat
Rice

FAOSTAT (2014)

0.728

0.184
0.300

92

0.235 0.271

1.363

1.22

87

Potatoes

the organic wheat data retained significantly positive TPL slopes
for both milling cultivars (b=1.33+0.56, df=9, P=0.04) and feed
cultivars (b=2.534+0.92, df=5, P=0.04).

Deviation from linearity was significant for the organic systems
(significant quadratic terms, P<0.05) but not the conventional sys-
tems, nor when both systems were considered together. When
variances and means were calculated across varieties within each
of the 12 environments, there was again a significant linear rela-
tionship.

For all three crop species from the FAOStat yield dataset, there
were significant linear relationships between log(;t) and log(a?)
(Fig. 3, Table 1). Deviations from linearity of the regression lines
of log(c2) against log(14) were not significant in any of the three
crop species. For the wheat data, but not for the rice and potato
data, the Goldfeld-Quandt test showed significant heteroscedas-
ticity (P<0.05).

Consequences of Taylor’s Power Law for some commonly used
yield stability measures

In the FW regression approach to yield stability analyses
(Finlay and Wilkinson, 1963), sometimes also called ‘ecoregression’
(Meinel et al., 1997), yields of individual genotypes are displayed
in a scatter diagram against the environmental means, which are
the means over a set of genotypes within each environment. These
environmental means are used as a surrogate environmental index
for the yielding ability or quality of the respective environment. If a
genotype (G) shows no interaction between genotype performance
and environment, the slope B¢ of the regression line of genotype G
yields against the environmental means is 1. Genotypes that show
relatively better performance in poor environments (defined as
environments with lower mean yields) have slopes S <1, whereas
genotypes with disproportionately higher yields in good environ-
ments (defined as environments with higher mean yields) have
slopes B¢ > 1.

What are the consequences if, as our previous results indicate,
variances scale with environmental means in accordance with TPL?
For example gain yield data of genotypes of wheat from Jones
et al. (2010) resulted in log(02)=-1.637+1.939 x log(). Conse-
quently, the confidence interval for yields of individual genotypes
orindividual varieties becomes broader as the environmental mean
increases (Fig. 4). These increasing confidence interval could arise

South Africa

log(variance)

Viet Nam

-3 -

log(mean)

Fig. 3. Relationship between x =1ogo(temporal mean) and y =log;o(temporal vari-
ance) for national yield data of wheat (grey circles, dashed line), rice (black
diamonds, continuous line) and potatoes (white squares, bold line). Data are from
FAOSTAT for 2004-2013. Each point represents one country; mean and variances
are over years. For statistics of regression lines see Table 1. Low residual potato
yield variability (i.e. high temporal yield stability) is indicated for two examples,
Viet Nam and South Africa (black arrows, negative residuals from the regression
line, i.e., POLAR <0). Angola and Spain show positive residuals (POLAR > 0), i.e. low
yield stability (grey arrows).
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yield of individual genotypes (t ha"')

1 2 3 4 5 6 7 8 9 10 11 12
mean yield across all genotypes for each environment (t ha')

Fig. 4. Schematic representation of FW regression, based on grain yield data of
wheat from Jones et al. (2010). Yields of individual genotypes are plotted against
the environmental means, exemplified by the genotype with the highest and low-
est mean yield, Deben (black circles) and Thatcher (white diamonds) respectively.
Values on the x-axis are environmental means, i.e. yields are averaged across all
genotypes in each environment. Around the bold line (y=x), the two fine lines
(y=x+1andy=x-1)show hypothetical genotypes for which there is no interaction
between genotype (G) and environment (E). Traditional stability analyses interpret
slopes B¢ of genotype-specific lines deviating from B¢ =1 as an indication of G x E
interactions. However, if variances scale with the environmental means, as pre-
dicted by Taylor’s power law (TPL) and as demonstrated for this wheat dataset,
the confidence interval for values of individual genotypes, indicated by the dashed
lines, becomes broader with an increasing environmental mean. Both axes are on
the original scale of measurement, not on the logarithmic scale as in TPL.

if genotypes with below-average yields have FW regression slopes
of Bg <1 while genotypes with above-average yields have slopes
Bc > 1. Alternatively, increasing confidence intervals could arise if
Bc =1 for all genotypes, and the absolute value of residuals d¢ from
the FW regression lines (i.e., the difference between the yield of
an individual genotype and the yield predicted by the regression
across environmental means) increased with increasing environ-
mental mean. The variance of the residuals d¢ is often used as a
further stability measure along with the FW regression slope g
(Eberhart and Russell, 1966).

The wheat data support the hypothesis of increasing FW regres-
sion slope B¢ with increasing individual mean yield for genotype
G. Values of the genotype-specific slopes B¢ calculated for the 19
varieties were highly positively correlated with mean yields of
the varieties (Adj. R2=0.716, df=17, P<0.001), while the variances
(024)c of the residuals were negatively, but less strongly, correlated
with the mean (Adj. R =0.250, df=17, P<0.05).

A further commonly used measure of yield stability is the coef-
ficient of variation, CV=0/u, where o is the sample standard
deviation and pu the sample mean. This stability index is popu-
lar with ecologists (Tilman et al., 1998; Tilman, 1999; Anderson
et al.,, 2013) and agronomic researchers and is frequently calcu-
lated along with other stability measures (Francis and Kannenberg,
1978; Smith et al., 2007; Dehghani et al., 2008). However, if TPL
holds, as it does for (some) crop yield data, then the CV may change
non-linearly with increasing mean because CV = 1%/2-1g4/2 where a
and b are the regression parameters (intercept and slope) of the TPL
log-log regression and g is the basis of the logarithm. Consequently,
if b>2 (as for conventional and organic wheat yields combined, in
the data of Jones et al., 2010; Table 1), CV increases with increasing
wu; if b<2 (as in all remaining cases in Table 1), CV decreases with
increasing w; and if b=2, CV is constant and independent of w. The

60 -

» (&3]
o o
L L

+

coefficient of variation (%)
w
o

mean yield (t ha)

Fig.5. Coefficient of variation (%) depending on mean yield for national yield data of
wheat from 2003-2014 (grey circles, based on TPL regression, including confidence
interval), and from 1994-2003 (crosses); data from FAOSTAT (2014). Both axes are
on the original scale of measurement, not on the logarithmic scale as in TPL.

FAO wheat data analysed in Table 1 have b=0.781<2, hence CV
decreases with increasing mean yield i. The non-linear decrease
of CV with increasing mean is also evident for the independent FAO
dataset of the wheat yields in 1994-2003 (1 =90 countries) (Fig. 5).

Characterisation and interpretation of residuals from TPL
regression

For the data from Seufert et al. (2012), residuals from the lin-
ear TPL regression were non-normal, with significantly negative
skewness and significantly positive excess kurtosis (Table 2). Neg-
ative skewness of residuals was also found for the lentil dataset
(Vlachostergios et al., 2011), the wheat dataset (Jones et al., 2010),
and for wheat and potatoes of the FAO dataset. Deviation from
normality of the residuals was significant in half of the cases, but
excess kurtosis was mostly not significantly different from zero.
For the data from Seufert et al. (2012), where individual means and
variances were based on different numbers n of measurements,
residuals from the linear TPL were not significantly correlated with
n(adj.R2<0,P>0.5,df=378). Non-normality of residuals is a viola-
tion of the assumptions of linear regression. However, Spearman’s
rank correlation coefficient as a non-parametric way to measure
the strength of the relationship between log(t) and log(o2) showed
significant positive relationships between the two variables in all
cases (Table 2) in which linear regression had been found to be
significant. Further, with Box-Cox transformation of the data, nor-
mality of residuals could be obtained in most but not all cases.

The residuals from the linear TPL regression can be interpreted
as a measure of yield stability (Fig. 3); positive residuals indicate
that the log(o2) is larger than expected for a given log(u), and neg-
ative residuals indicate that the log(o2) is smaller than expected,
i.e. that the yield is less variable. We call these residuals POLAR
(POwer LAw Residuals). POLAR stability is measured in units of
log(variance), not variance per se, because POLAR are not resid-
uals on the variance scale from the power law, but residuals from
the linear regression of log (variance) as a function of log (mean).

There was no significant correlation between these POLAR sta-
bility values and the original yield means pu for any of the data
analysed (Adj. R2<0.01 and P> 0.6 for all three crop species in the
FAO dataset, as well as for the datasets from Jones et al. (2010) and
Vlachostergios et al. (2011); for data from Seufert et al. (2012), Adj.
R?=0.003; P=0.129).

In comparison to the results obtained with non-transformed
data, Box-Cox data transformation for the normalisation of resid-
uals changed the stability ranking of individual entries, though



Table 2

Characterisation of the residuals from the TL regression; #0rg: organic; Con: conventional; deviation from normality was tested with the Shapiro-Wilk test (Royston, 1982a); (*)P<0.1; *P<0.05; **P<0.01; ***P<0.001; ns:

not significant; NA: not available; heteroscedasticity was tested with the Goldfeld-Quandt test; Spearman’s p is the rank correlation coefficient for the relationship between log(mean) and log(variance); A is the Box-Cox

log(variance); when Box-Cox transformation was not possible because of negative values on the logarithmic scale, original data (means and standard

(y» =1)/A, with y
deviations) were first multiplied by 10 (data from Jones et al. (2010)) or by 100 (data from Vlachostergios et al. (2011) and from FAOSTAT (2014)) prior to the Box-Cox transformation.

transformation parameter for the transformation z

Transformed data

Original data

Deviation from

normality

Spearman’s p

Excess kurtosis Deviation from Heteroscedasticity
normality

Skewness

Farming

Crops

Source dataset

system#

sk

1.24
5.45

Hokok

0.770
0.386
0.774
0.671

ns

Hkk sk

2.39
-0.97
-0.11

***
@
ns
N

-0.95
-0.79
-0.57
-1.39
—-0.46
-1.47
-0.73
-0.49

Org & Con

Org

Various
Lentil

Seufert et al. (2012)

ns

ns

*k

ns

Vlachostergios et al.

(2011)

e

ns

ns

Con

6.01 ns

wk

ns

ns sk

1.42
-0.96

Both
Org
Con

Hkk

0.712
—0.252

ns

ns

ns

ns

Wheat

Jones et al. (2010)

ns

4.13

ns

ns

*x

2.17
-0.10

*
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Hokk

0.868
0.431

ns

ns

ns

ns

Both
NA

Fkk

0.11 ns ns

-0.12
-0.25

Wheat
Rice

FAOSTAT (2014)

0.252

ns

ns

ns

0.13
-0.57

NA

2.77 ns

e

0.439

ns

ns

*

Potatoes

these changes were small. In the organic subset from Vlachostergios
et al. (2011), 12 out of 20 lentil genotypes retained their POLAR
stability ranking, and 6 changed by only one rank; in the joint
dataset (organic and conventional), 4 genotypes did not change
their ranking, whereas 10 changed by one rank. Similarly, for the
conventional wheat data from Jones et al. (2010), 14 wheat geno-
typesretained their POLAR stability ranking. In the potato data from
FAO, 64 of 89 countries changed POLAR stability ranking by three
or fewer ranks following data transformation.

3. Discussion
Validity of Taylor’s power law for crop yields

For several diverse datasets of crop yields, log(o?2) increased
withincreasing log(u ); in several cases, this relationship was linear.
Given the wide applicability of TPL (Eisler et al., 2008), this finding
is not surprising. However, it raises the question why TPL has not
been shown for crop yields before (to our knowledge).

One plausible reason is that TPL tends to become more visible
when the range of log(u) is large. Taylor et al. (1988a,b) rec-
ommended that “the range of values of values of log(x) in the
regression form of the power law. .. should be as large as prac-
ticable.” (also see Taylor et al., 1998a,b.) Though not all datasets
analysed here conform to this suggestion (e.g., wheat from organic
environments in Jones et al., 2010), in general, the data with the
largest overall range (from Seufert et al. (2012)) point into this
direction (Table 1). If a larger range does render TPL more likely
to become evident in crop data, then the chance of observing
TPL will be low when comparing treatments or genotypes with
similar means. Small ranges of means in crop yield data, and
associated low detectability of relationships between means and
variances may also be the reason why logarithmic transforma-
tion of yield data, though suggested early (Finlay & Wilkinson,
1963) and also used more recently (Piepho et al., 2014), is cur-
rently not common. In datasets with a relationship of means and
variances, the assumption of homogeneity of variances may be
achieved through a log-transformation. However, when crop yields
are log-transformed TPLis likely to disappear e.g., when the original
wheat data from Jones et al. (2010) were log-transformed prior to
the calculation of means and variances, the relationship of means
and variances was non-significant (Spearman’s rank correlation:
P=0.90).

A second reason why TPL has not been shown in crop yields
so far may be that many measurements of yield are required to
do so. For example, the unexpected negativity of the TPL slope for
oats yield data reported in Table 1 disappeared when data were
excluded from the analysis that were based on small numbers of
yield measurements for each estimate of a mean and a variance.
Taylor et al. (1988a,b) suggested that when testing TPL, at least
15 observations (here, measurements of yield) should be available
for each estimate of a mean and a variance, and at least 5 pairs
(i, 02) should be available for the regression of log(c2) against
log(w ). Taylor et al. (1988a,b) provided little statistical justification
for these recommendations. Most estimates of means and variances
reported in this paper are based on fewer than 15 measurements
of yield.

Further, Taylor et al. (1998a,b) suggested that TPL is most reli-
able when sampling is conducted consistently, i.e. when the same
statistical population is being sampled. The study by Fairfield Smith
(1938) (and previous work cited therein) indicated that plot size is
a major factor determining variance of yield. Consistent sampling,
e.g.in terms of identical plot size in all environments, is likely to be
the case with the data from Vlachostergios et al. (2011) and from
Jones et al. (2010), but within the data from Seufert et al. (2012)
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and within the FAO data, compilations are based on different data
collection methods. Despite this, TPL fits well for both the Seufert
et al. data and the FAO data.

In view of the limitations of sample size and sampling con-
sistency, we regard the present results as (possibly) the first,
exploratory word rather than the last, definitive word on crop yields
and TPL. Further research will need to investigate how TPL in crop
yield data depends on numbers and groupings of observations, as
well as on methods of crop yield measurement.

Afurther important point highlighted by our analysis is the non-
normality of residuals for TPL log-log regression of some of the crop
yield datasets (Table 2). When the residuals are not normal, or when
any other assumption made in linear regression is violated, we can
still fit the model to the data by least squares, but the confidence
intervals of intercept and slope and the significance level assigned
to the linear correlation are no longer valid. (Ordinary least squares
regression also assumes that the values of the x-coordinate, here
log( ), are known with no sampling or other error. This assumption
is violated in all of our data, though the effect of this violation is
likely to be small.) However, a non-parametric test that does not
rest on the assumptions made for linear regression (Spearman’s
rank correlation, Table 2) reveals significant relationships between
log() and log(o2) in all cases where ordinary linear regression had
shown significance. More caution is due when inferences are made
based on estimates of variance (see below).

We regard TPL (and the associated analysis of skewness and
kurtosis of residuals) mainly as a useful description of the relation-
ship between mean and variance in crop yield data. The approach
presented here provides opportunities of investigating effects of
agricultural system design, e.g. comparisons of organic and conven-
tional cropping management. Specifically, the analysis of the wheat
data from Jones et al. (2010) suggests that under high-input (con-
ventional) conditions, cultivars with high mean yields have lower
than expected yield variability, since the associated TPL slope is not
significantly positive. In contrast, the same varieties tested under
organic conditions show a significantly positive TPL slope. Although
these results need to be interpreted with caution because only two
sites per management system were included in the field trials, the
findings are plausible and in accordance with existing literature on
the interactions between wheat genotypes and cropping system
(Murphy et al., 2007). In particular, our results indicate that wheat
breeding may have succeeded in combining high mean yields with
low yield variability, but that these gains depend on the yield sta-
bilizing effects of high inputs typically found in conventional crop
management. However, why similar results were not found in the
lentil dataset is open to speculation.

Consequences of Taylor’s power law for yield stability
measurement

When TPL holds for crop yield data, as is often the case according
to our results, some commonly used yield stability measures, such
as the FW regression slope fg, the variance of the residuals, dg,
from the FW regression slope and the coefficient of variation (CV),
need to be interpreted with caution.

The FW regression slopes S¢ (or alternatively, the absolute
residuals from the FW regression) are likely to increase with
increasing means (Fig. 4) when the TPL slope b is positive. In most
cases, b>0. In Table 1, b<0 only for oats in the data of Seufert
et al. (2012) and conventional wheat in the data of Jones et al.
(2010). According to our analysis, an FW regression slope g # 1
does not necessarily result from G x E interactions. If genotypes i, j
have different mean yields (u; # w;), then TPL with slope b # O s
incompatible with all genotypes showing the same yield stability
as measured by B¢ or absolute residuals from the FW regression.
Either the FW regression slopes of the two genotypes must differ

to satisfy TPL, or the absolute residuals from FW regression must
differ between the two genotypes.

This is also evident when considering some known biomet-
ric relationships. According to Becker (1981), the variances o2¢
of individual genotypes G across environments (‘places’) p are a
function of the FW regression slope B¢ and the variance (024)g
of the deviations dg from the FW regression, namely, o2¢=02p
+2(Bc —1)0%p +(B — 1202y +(024)c =02pB%c +(0%¢)c. Here 02
is the variance of the effects of the places p, and o2} is taken to
be the same for all genotypes. Thus, if 62 increases with increas-
ing g (as in TPL), then the means g must correlate positively
with the FW regression slopes B¢ or the deviations (62 4)¢ or both.
As a consequence, differences in FW regression slopes or absolute
residuals from the FW regression among genotypes may not always
result from breeding, e.g. selection for stability, but may just be typ-
ical distributions of yields that result in variances scaling with the
means according to TPL.

Further, Fig. 5 showed that the CV can decrease systematically
with increasing mean yield in line with earlier work on wheat yield
data (Taylor et al., 1999). We can specify that CV systematically
decreases with increasing mean in crop yield data following TPL
with b <2, and that CV increases with increasing mean yield if b > 2.
If CV is used as an index of yield stability, genotypes (or any treat-
ments) with higher means will automatically have greater stability
as assessed by smaller CV (if b<2) or smaller stability as assessed
by large CV (if b > 2). However, it is often desirable to separate yield
stability from mean yields in order to detect biological synergies
and trade-offs between mean performance and stability of perfor-
mance.

As the ratio of standard deviation to mean, the CV is designed
to make standard deviations more directly comparable across dif-
ferent means. However, when TPL holds with 0<b<2, the CV
‘overcompensates’ the scaling effect of the mean, so that higher
means systematically lead simultaneously to higher variances and
lower CVs. Accordingly, in a study comparing several indices of
yield stability with a principal component analysis (Dehghani et al.,
2008), the CV lay half-way between the mean and various other
indices of yield stability.

Thus, both CV and FW regression stability are related to the
mean of the treatments if TPL holds. Even if TPL is not strictly
valid e.g. because of non-linearity, as long as variances are pos-
itively correlated with the means as shown by Spearman’s rank
correlation (Table 2), both CV and FW regression stability are still
related to treatment means. These facts affect attempts to test the
hypothesis that there is a trade-off between yield and stability
as the observed relation is probably more due to statistical rela-
tionships than the actual behaviour of the treatments under test.
For example, in plant breeding and variety evaluation, a stability
index strongly influenced by the mean would not allow selection of
truly stable genotypes. This problem is particularly relevant when
means differ widely (Fig. 5), e.g. when comparing the yields of dif-
ferent cropping systems or crop species. For these comparisons, a
number of approaches to measure stability have been developed
(Piepho, 1998). In practice, however, the CV has often been used
(Rao and Willey, 1980; Mesterhazy, 1995; Berzsenyi et al., 2000;
Smith et al., 2007; Kiichenmeister et al., 2012), especially in agro-
nomic research, though mostly in conjunction with other stability
parameters.

POLAR as a new stability index

Residuals from the TPL linear regression (POwer LAw Residuals
or POLAR) can be interpreted as a measure of yield stability, with
lower stability (relative to all samples with that mean yield) indi-
cated by more positive POLAR values, and higher stability (relative
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to all samples with that mean yield) indicated by more negative
POLAR values.

In our data, there was no significant correlation between POLAR
stability and mean yields, so POLAR was independent of the mean.
Whether POLAR stability will be independent of the mean yields
in general depends on the error structure of the relationship
between log(c2) and log(u). If the residuals on the log(o?2) scale
are homoscedastic, then POLAR stability and mean yields will be
independent, fulfilling an important desideratum for stability mea-
sures.

Further, the POLAR stability index is easy to calculate e.g., with
commonly available spreadsheet programmes, and easy to inter-
pret mathematically and graphically (Fig. 3). If POLAR values are
available from different groups within the dataset, significance
of differences in POLAR stability between these groups can be
tested. Such tests may need to be non-parametric in case of non-
normal distributions of POLAR values, as characterised in Table 2.
Conventional statistical tests that assume residuals are normally
distributed may not be appropriate in all cases. Further, POLAR can
be regarded as a special case of a more general approach of stability
analysis. This approach first builds a model to describe the relation-
ship between mean and variance and estimates variances for each
mean; it then calculates the differences of observed and estimated
variance (i.e. the residuals) as a measure of stability.

Over the past few decades, multiple methods have been devel-
oped to measure yield stability (Becker, 1981; Becker and Léon,
1988; Gauch, 1992; Eghball and Power, 1995; Piepho, 1998). These
measures have advantages and disadvantages. So does POLAR sta-
bility. Which genotype is most stable strongly depends on the
stability index used (e.g., Dehghani et al., 2008). Research on
yield stability has therefore often attempted to demonstrate rela-
tionships among different stability measures (Becker, 1981). We
suggest that future studies of the consistency of stability measures
in ranking genotypes, crop species or agronomic treatments should
include POLAR stability among other stability measures, because it
takes account of the dependence of the variance on the mean.

A characteristic of TPL is the robustness across datasets uni-
formly collected, in particular with respect to the slope b. Thus,
the TPL response itself may differ among different crop varieties.
In this case, changing the ensemble (i.e., subset) of varieties that is
tested for stability across a number of environments may change
the ensemble of associated TPL gradients. In the realistic case that
two subsets A and B of varieties are tested, with some varieties
being shared among the two subsets, the common gradient b, for
the subset A may be different from the common gradient bg for sub-
set B (bp # bg). This will quite likely change the POLAR response
of individual varieties, drawing into question its general robust-
ness, since each application may deliver a different result. One way
to increase the robustness is to make sure that a sufficiently great
number of observations is included. Similar problems are observed
for other stability measures (e.g., FW regression slope §); however,
more extensive datasets need to be analysed using TPL to elucidate
how far POLAR is, or is not, robust against changes of ensemble and
variations in the number of observations.

4. Conclusions

High stability of crop yield is an important goal in agricultural
production (Becker & Léon, 1988; Piepho, 1998; Annicchiarico,
2009).To generate reliable income each year, farmers seek varieties
or crops with low fluctuations in yields over time at the farm level.
Since the early days of professional plant breeding, researchers and
breeders have sought to develop crop cultivars with high yield sta-
bility over time and in multiple locations, so that the genotype can
be successfully grown over large areas and in many different envi-

ronments (Miihleisen et al.,2014; Chamekh etal.,2015; Ingvordsen
et al., 2015). At geographic scales larger than an individual farm,
temporal yield stability is critical for ensuring food security and
reducing the risk of food shortages (McKersie, 2015). Research has
developed several indices to characterise yield stability in various
contexts and data structures.

Taylor’s Power Law suggests a new stability index that can deal
with one form of the dependence of the variance on the mean
across large ranges of mean values, under assumptions spelled out
above. This index (POLAR stability) is easy to calculate and inter-
pret. Further, as shown for the dataset from Seufert et al. (2012),
it is applicable to historical data where only variances and means
are known, but not the original values. TPL highlights the need to
be cautious in interpreting stability measures of crop yields when
means vary over large ranges, because some measures of yield fluc-
tuations may be biased when TPL holds. In cases when different
entities (such as cropping systems or crop species) with large dif-
ferences in mean yields are to be compared in terms of their yield
stability, it is therefore essential to check for systematic relation-
ships between means and variances; ideally, enough data points
should be collected to determine TPL slopes.

We have shown that TPL is widespread but not universal in crop
yield data. From the discovery of TPL until to today, the potential
underlying mechanisms that lead to the TPL relationship between
means and variances have been the focus of numerous studies. It
is clear that as in other datasets, the original proposition of aggre-
gation behaviour as the driving force generating TPL is not valid
for crop yields. Recently it has been shown that relatively simple,
non-biological mechanisms could explain some (but not all) occur-
rences of TPL in biology (Cohen and Xu, 2015; Xiao et al., 2015). It
remains to be investigated in which cases deviations from TPL in
crop data result from the size and nature of the data, and in which,
alternatively, systematic factors explain these deviations from TPL.
While it is too early to spell out implications of TPL for agronomy
in detail, benefits can be expected for both crop science and the
study of TPL across the sciences from the wide application of the
TPL approach to crop yield data.
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