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McArthur fails to specify whether the sibs having twin children were
males or females; the probability she records is that for male sibs.
As may be seen in the table the result for the relationship 'X's sister
had DZ twins' is i(l + q) 2 •
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DISTRIBUTION, PARMI LES APPARENTES, DE GENOTYPES
CONDITIONNANT LA GEMELLITE
RESUME
La probabilite qu'une personne soit d'un genotype donne quand on connait
le genotype d'un sujet qui lui est apparente, est obtenue avec l'aide de matrices
de probabilite conditionnelle.
On considere quatre hypotheses avec un gene unique pour expliquer l'heredite
de la gemellite chez l'homme.

REFERENCES
Li, C. C. and Sacks, L. [1954]. The derivation of joint distribution and correlation
between relatives by the use of stochastic matrices. Biometrics 10, 347-60.
McArthur, N. [1952]. A statistical study of human twinning. Ann. Eugen. 16,
338-50.

240 NOTE:

On Estimating the Equilibrium and
Transition Probabilities of a FiniteState Markov Chain from the
Same Data
JOEL

E.

COHEN

Computation Laboratory, Harvard University, Cambridge, Mass. 01238, U.S. A.

SUMMARY
A single set of data that conforms approximately to the condition of stationarity
sheds no light on the validity of a certain Markov chain model. Tests for validity
should be made before a8king whether the stationary distribution has been reached.

The results of a variety of behavioral and biological studies may be
represented by a finite string of letters chosen from a discrete, finite
alphabet. For example, a study of animal vocalizations may yield a
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sequence of discretely categorized signals. It is frequently reasonable
to see whether the observed string could have been generated by a
Markov chain with constant transition probabilities and a finite number
n of states equal to the number of distinct letters observed. Each
distinct letter corresponds to one state of the chain.
Supposing the string had been generated by an irreducible, aperiodic
Markov chain with a matrix P = (p, 1) of transition probabilities, it is
known that there exists a unique stationary (row) vector p = (p;)
of probabilities of occurrence which satisfies p = pP. Some investigators
are tempted to suppose that they may test the validity of assuming a
Markov chain source by seeing how closely their maximum-likelihood
estimates q of p and Q of P satisfy the condition of stationarity
q

= qQ,

(1)

where again q is a row vector. The purpose of this note is to point out
that if the same string of observations is used to obtain both maximumlikelihood estimates q and Q, then (1) must be approximately satisfied,
with an accuracy which increases as the length of the string of data.
Hence the observation that a single set of data conforms nearly to (1)
sheds no light on the validity of the Markov chain model.
Let N be the length of the string. Let N, be the number of times
the ith letter occurs in the string and N, 1 the number of times the
ordered pair of (i, j)th letters appears in the string, fori, j = 1, 2, · · · , n.
Suppose the i'th letter of the alphabet begins the string and the i"th
letter of the alphabet ends it. If N,. = 1::7- 1 N, 1 and N.; = L:~- 1 N, 1
and if 6k 1 is the Kronecker delta, then for i = 1, 2, · · · , n,

N,

= N,. + 6,,, .. = N., + 6,,, • .

(2)

The maximum-likelihood estimate q, of the ith probability of occurrence p, is q, = N;/N. The maximum-likelihood estimate q;;
of the transition probability p;; is q, 1 = N;;/N,, . Hence the jth component of the row vector qQ is

(3)

But by (2), N.;
of (3) gives
~
L..,

1.=1

q,q,;

Nt

= N -

6; ,i'

a.,.
N'·

•

Substituting into the last member

N ... ·

+ NN• .·' =
',,.

q;

1

+N

(N,...
)
N~- 61 ·''
',,.

(4)
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which approaches q; as N increases. Thus for a given long string, the
estimated equilibrium or stationary probabilities q and estimated
transition probabilities Q must nearly satisfy (1).
The correct tests for deciding whether a string could have been
generated by a finite-state Markov chain with constant transition
probabilities and of given order are stated explicitly in Billingsley [1961].
These tests should be made before asking whether the stationary distribution has been reached, that is, whether q and Q, each derived from
different data from the same source, satisfy (1).
SUR L'ESTIMATION DES PROBABILITES D'EQUILIBRE ET DE
TRANSITION D'UNE CHAINE DE MARKOV A NOMBRE
D'ETATS FIN! A PARTIR DES MEMES DONNEES
RESUME
Un ensemble unique de donnees approximativement conformes ala condition de
stationnarite n'apporte aucune lumiere sur la validite d'un modele markovien.
Les tests de validite devraient ~tre faits avant de se demander si la distribution
stationnaire a ete atteinte.
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SUMMARY
A representation suggested by Tallis [1966] is used to find equilibria for a multiallelic sex-linked locus, the equilibria being a generalization of those for the diallelic
sex-linked locus.

Tallis [1966] has demonstrated that by representing the gene frequencies of a population by a vector p, and the genotypic viabilities
by a matrix y, one can find the equilibria of a multiallelic autosomal
locus under selection. These are given by p = y- 1 1A, where >.. =
(1 Ty- 1 1)-1 and 1 is the unit vector. The procedure for finding the value
of p is equivalent to the maximization of the mean viability of the
population w = pTyp.

