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TL data structure: multiple samples, 
each with multiple observations
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Sample number j=1 j=2 j=3 j=…

Population size or 
density in units 
(quadrats, plots, 
transects, 
counties, states, 
years, days)

…

…

…

…

Mean (weighted) m1 m2 m3 m…

Variance
(weighted)

v1 v2 v3 v…



Japanese beetle larvae 
Chester I. Bliss J. of Economic Entomology 1941
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Areas 1, 3: 
144 samples 
each area, 
each sample 
16 counts of 1 
sq.ft. each

Areas 2, 4: 
144 samples 
each area, 
each sample 
16 counts of 1 
sq.ft. each
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Count aphids on each 
plant in a set of 5-35 
plants. Count 182 sets 
of plants.

Both sample variance v 
& sample mean m have 
sampling uncertainty, 
but log v has about 6x 
the error variance of log 
m.

Goal of study was to 
stabilize variance for 
ANOVA.

Hayman & Lowe 1961

New Zealand J. Sci

v = 3.42m1.65

5-35 plants per set

182 sets of aphid counts



Taylor’s law Nature 1961

In multiple sets of samples, the variance of 
population density is proportional to a 
power of the mean population density.

.
.

.

Taylor stated no model of error (deviations 
from exact equality).
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Lionel Roy Taylor 
(1924–2007)
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TL matters practically because 
variability is fundamental.

Fluctuations of forests, fisheries, infectious 
diseases, disease vectors, tornados

Conservation of endangered species

Sampling insect pests of cotton & soybeans, 
fishery stocks

Linking levels of biological organization: 
variance-body mass allometry

Evaluation of human population projections
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Taylor’s law(s) mathematically
Given an index set with element(s) , 

is a family of nonnegative random 
variables with finite, positive first 2 moments.

Population TL: real constants , such 

that , .
Sample of size is a set { } 
of iid copies of , with sample mean 

, sample variance .
Sample TL: or

.
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Slope b in TL is "elasticity."
Taylor's law says: variance  a(mean)b.

Then

 % change in variance for 1% change in mean.

b = "elasticity of variance with respect to mean" 
(in economists' use of "elasticity").

b = 2 iff coefficient of variation (SD/mean) & 
signal-to-noise ratio (mean/SD) are constant 
(regardless of the value of the mean).
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Slope b in TL is independent of 
scale of measurement.

If for r.v. , & , then 
mean of is variance of is 

obeys TL power law with same exponent 
b, coefficient .
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Spatial & temporal Taylor’s laws

Let = population density at s in 
space & at t in time. 

Spatial TL: for each , calculate mean 
& variance averaging over space s.

Temporal TL: for each , calculate 
mean & variance averaging over 
time t.
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Voles
85 

populations, 
31 years

Hokkaido, 
Japan

Cohen & Saitoh
Ecology 2016
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Temporal TL Spatial TL

Synchrony lowers slope of TL.

b±SE=1.61±0.14

R2=0.61

b±SE=1.43±0.13

R2=0.80

A population-
dynamics 
model with 
synchrony can 
reproduce both 
forms of TL.



Questions re spatial & temporal TL
Let = population density at s in space 

& at t in time. 

Under what conditions on do a spatial 
& temporal TLs hold simultaneously?

When spatial TL & temporal TL both hold, 
how are b(spatial) & b(temporal) related?

How should TL take account of spatial & 
temporal dependence?

Are TL & power spectrum related? If so, how?
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Norway

Norway has 430 municipalities, 19 first-level 
administrative counties (fylker), & 5 regions, 
with complete counts from a population 
register from 1978 to 2010.

Helge Brunborg
Statistics Norway
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Meng Xu, Pace U.



Norway annual registration

county 1978 … 2010

1 …

… … … …

19 …
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Observe = number of people per 
square kilometer in county in 
year .

Likewise for 430 municipalities, 5 regions.



Weighted population density
Let spatial unit have area , population size 

, & density .

Weighted spatial mean & weighted spatial 
variance of population density

use 3 kinds of weights:

Equal , Areal , 

Population  .
2019-07-11 Joel E. Cohen 18



Human population density of 18 
counties of Norway (excluding 

Oslo) obeys spatial TL.
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2010

1978

b=2.77

(2.74,2.80)

b=3.95

(3.87,4.03)

b=2.19

(2.17,  2.21)

Cohen, Xu, Brunborg, GENUS 2013



Norway excluding Oslo, 1978-2010
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5 regions

429 municipalities
Cohen, Xu, Brunborg GENUS 2013



Questions re weighting & scales
When TL is fitted using different weights 

(e.g., equal, areal, population weights), 
how are different estimates of a & b
related?

When does TL hold simultaneously at 
different spatial scales, different temporal 
scales, & simultaneously at different 
spatial & temporal scales?

When TL holds at different scales, how are 
its parameters at different scales related?
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How do human death rates
vary over time, at each age, 

for each sex?
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Roland Rau Christina Bohk-Ewald

Demographic Research 2015, 2018



Mean & variance of mortality
Survival curve (life table) of life length at time 

is

Mortality μ at age x in year t is defined as

Temporal mean & temporal variance of 
mortality at age are
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Human ♀
mortality: 

temporal TL
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At each age 
0-100 years, 
mean, var of 
age-specific 
♀ death rate 
over 1960-
2009
Cohen, Bohk-Ewald, 
Rau, Demog. Res. 
2018
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At each age 
0-100 years, 
mean, var of 
age-specific 
♂ death rate 
over 1960-
2009
Cohen, Bohk-Ewald, 
Rau, Demog. Res. 
2018

Human ♂
mortality: 

temporal TL



Theory of TL in human mortality

Gompertz model of mortality μ at age x in year t: 

If modal age at death 
then TL 

holds exactly with b = 2:
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Modal age at death grew 
nearly linearly.

Female 1960-2009 Male 1960-2009
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Estimated almost always.
was not constant.

Female 1960-2009 Male 1960-2009
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Tornado
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Category F5 tornado viewed from the southeast as it approached Elie, 
Manitoba on Friday, June 22nd, 2007. Justin Hobson 



USA has more tornadoes than any 
other country. (Lloyd’s)

2019-07-11 Joel E. Cohen 30Cheng et al. J. Climate 2016,
observations 1980-2009



Outbreaks (≥6 tornadoes) 
cause most damage.

Outbreak is defined as ≥6 tornadoes starting 
≤6 hours apart.
1972–2010: 79% of tornado fatalities & most 
economic losses occurred in outbreaks.
No trends in numbers of reliably reported 
tornadoes or outbreaks in last half century.
Mean & variance of number of tornadoes per 
outbreak, & insured losses, increased
significantly in last half century. 

2019-07-11 Joel E. Cohen 31



F1+ tornadoes per outbreak 
in USA: variance~(mean)4.3
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Tippett & Cohen, Nature Communications 2016

Variance of # 
of tornadoes 
per outbreak  
rises >4 x as 

fast as mean.

b = 4.33±0.44
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(b) Linear growth rate

1965-2015 trends
0.0055 exp(4.27 p)

Higher percentiles increased faster.
“quantile regression”
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Extreme outbreaks (12+ 
tornadoes) increased extremely.

“Once in 5 years” extreme outbreak 
increased from 40 tornadoes in 1965 
to 80 tornadoes in 2015.

“Once in 25 years” extreme outbreak 
more than doubled from 1965 to 2015.

Tippett, Lepore, Cohen Science 2016
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Metazoan population density 
(individuals m-2) obey spatial TL. 
Parameters differ by life style.
Lagrue, Poulin, Cohen PNAS 2015

First demonstration that the parameters of TL depend 
on lifestyle within a given metazoan community

2019-07-11 Joel E. Cohen 36

b=1.68 
(1.64, 1.72)

b=2.02 
(1.97, 2.06)

b=2.10
(2.06, 2.15)



Parasites/host follow negative 
binomial: variance=mean+2(mean2).
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Minimum sample size = 5

Minimum sample size = 15
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Negative binomial

k “index of aggregation”

var = mean + k*mean2

variance approximates 

a*meanb, 
Bartlett 1947, Hayman & Lowe 1961, 

Taylor 1961
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Theories
Random sampling in blocks from skewed 

distributions: a "null" model
Cohen & Xu PNAS 2015: .

Parametric families of distributions
Exponential change of mean & variance
Nonnegative random variables with infinite 

mean
Brown, Cohen, de la Peña, J. Appl. Prob. 2017
Brown, Cohen & colleagues, in preparation

Primes and twin primes
Cohen, The American Statistician 2016
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Random sampling of skewed distributions

2019-07-11 Joel E. Cohen 41

100x100 matrices of
iid values from a 
fixed distribution:
A Poisson
B negative binomial
C exponential
D gamma
E lognormal
F normal translated
Cohen & Xu PNAS 2015



A "null model" of Taylor's law:
random sampling in blocks

Cohen & Xu PNAS 2015

Consider N > 2 "blocks" (samples) of iid 
observations (random samples) of r.v. X  0 
with four finite moments.

Assume block j has nj > 3 observations, j = 
1, …, N.

Total number of observations is n1 + + nN.

Joel E. Cohen 422019-07-11



Assume X has 4 moments.

Suppose X has finite mean E(X) = M > 0, 

finite variance var(X) = V > 0, 

finite 3d & 4th central moments 

E([X - M]h) = μh, h = 3, 4, 

coefficient of variation CV = V1/2/M, 

skewness γ1 = μ3/V3/2, 

kurtosis κ = μ4/V2. 

Joel E. Cohen 43



Least-squares regression of log 
sample mean & sample variance

Let xij denote observation i in block j, i = 1, …, nj.

Assume all observations are iid, 

&  nj is large enough that ,

& , denote the least-squares estimators, 
respectively, of b, log(a) in log-log linear TL,

. 

Then, for large N, large ,

Joel E. Cohen 44



Slope b of TL skewness
Skewness is , 

kurtosis is .

implies . 

Rohatgi & Székely, Stat. & Probab. Letters 1989

.
45



Test the null model: are blocks iid? 
Test for homogeneity (equality) of variances

Bartlett's test if data are normal Shapiro-Wilk test

Levene's test if data are not normal

Brown & Forsythe 1974 use median or 
trimmed mean in addition to mean

Test for homogeneity (equality) of means (IF 
homogeneity of variances is NOT rejected)

1-way analysis of variance

Kruskal-Wallis nonparametric test
Joel E. Cohen 46
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linear regression,
normal, slope 0

If variance=a(mean)b,
a>0, then on log-log 
plot, TL has slope b,

intercept log(a).
Often 1 ≤ b ≤ 2.

Taylor’s law holds for some  
classical probability distributions.
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Exponential mean & variance
If mean & variance are exponential 

functions of parameter t,

then with .

If mean & variance are asymptotically 
exponential functions of time t, & mean is 
invertible, then variance is asymptotically a 
power-law function of mean.

Generally, if , 
then .
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Exponential parameterizations of 
mean & variance

Branching processes Cohen Theoret. Pop. Biol. 2014

Birth-and-death processes Cohen T.P.B. 2014

Multiplicative random walk (iid factors) 
Cohen, Xu, Schuster, Proc. R. Soc. B 2013

Markovian multiplicative process
Cohen, Theoret. Pop. Biol. 2014

Deterministic exponential clones
Cohen, Theoret. Pop. Biol. 2013
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What happens to sample TL 
when mean is infinite?

50Mark Brown                 Victor de la Peña



Stable laws with support [0,∞)
For , define iff

& 

for any Laplace tr. .

is a stable law with "tail index" .

has infinite mean. 

All stable laws with support [0,∞) have this 
form. Any nonnegative r.v. in the domain of 
attraction of obeys , 
where is a function slowly varying at ∞.
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Easy case: stable law with 

where .

is the distribution of the first passage 

time to in standard Brownian motion.

has no familiar, 
tractable expression.
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Stable law with obeys TL 
with increasing sample sizes.

53

Theoretical (not fitted) line of slope b=3
For stable law of index ,

slope is .

Sample mean & 
sample variance 

diverge to as , 
but Taylor’s law holds!



Asymptotic TL for stable laws (1)

W.o.l.o.g., set .
Let iid, .

Define , . Then

; 

(a new form of TL with non-degenerate limit distribution!)

as ;

for all .
54



Asymptotic TL for stable laws (2)

&

, where

.

55



A wider family of heavy-tailed 
distributions

If, as , & 

the slowly varying function ,

then , 

This limiting r.v. is the same as
when is stable with index .
The set of r.v.s that satisfy assumptions above 

are a family of heavy-tailed distributions, 
parameterized by , that obeys TL.

56



Nonnegative stable laws in progress

Sample higher moments 

Sample higher central moments

Upper & lower sample semimoments, 
upper & lower sample semivariances

Mark Brown, Cohen, colleagues
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α=0.2            α=0.5            α=0.8

, 



Primes

Primes not exceeding x = 10 are  
.

The number π(x) of primes not exceeding 
x is π(x) = 4.

The mean of those 4 primes is 

m(x) = 4.25 = (2 + 3 + 5 + 7)/4.

The variance of those 4 primes is v(x) = 
3.6875 = (22 + 32 + 52 + 72)/4 – 4.252.

Joel E. Cohen 592019-07-11



Primes obey as .

2019-07-11 Joel E. Cohen 60

x,
exact 

enumeration 
o, 

logarithmic 
integral

, 
asymptotic

Cohen, The 
American 

Statistician 
2016

, v=(1/3)m2

11,078,937 primes 
2x108



Twin primes

A natural number p is defined to be a twin 
prime iff p is a prime and p+2 is a prime.

3 and 5 are all the twin primes not 
exceeding 10. 7 is not a twin prime 
because 7 + 2 = 9 is not a prime.

No one knows whether the number of twin 
primes is finite or infinite.

Mean twin prime <10 is m(10) = (3+5)/2 = 4.

Variance is v(10)=(1+1)/2=1.
Joel E. Cohen 612019-07-11



Twin primes obey as 

, given Hardy-Littlewood (1923) twin-prime conjecture.

2019-07-11 Joel E. Cohen 62

x,
exact 

enumeration 
o, 

logarithmic 
integral

, 
asymptotic

Cohen, The 
American 

Statistician 
2016

, v=(1/3)m2

813,371 twin 
primes 2x108

Cohen, The American Statistician 2016



Prime number theorem

If f(x) and g(x) are real-valued functions of a 
real x, then iff, as x → ∞, we 
have f(x) → ∞, g(x) → ∞ & f(x)/g(x) →1.

Hadamard & de la Vallée Poussin, 1896: 

.

Joel E. Cohen 63



Primes are asymptotically 
uniform on [2, x]. Cohen, TAS 2016

Let X(x) be r.v., X(x) = p (x)={primesx}
with probability 1/π(x), where π(x)=# (x).

For , the cdf of X(x) is defined as 
.

Theorem:
For any , as , . 

Proof.

as . QED

Joel E. Cohen 64



Hardy-Littlewood Twin Prime 
Conjecture

HLTPC: for some constant , for all
, # 2(x) = #{3, 5, 11, 17, … x} = 

.

Sebah & Gourdon 2002

Theorem Cohen, TAS 2016. IF , 

then twin primes are asymptotically 
uniform on [2,x].
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Primes satisfy asymptotic TL.

Corollary. Variance v(x) & mean m(x) of 
primes x obey TL asymptotically as 

:

.

IF HLTPC holds,

variance & mean of twin primes x obey 
same TL asymptotically as .

Cohen, TAS, 2016
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Hardy-Littlewood, Bunyakovsky, Schinzel’s H, 

Bateman-Horn (1962) conjectures 
on admissible prime configurations
(5,7,11), (11,13,17), …, (p, p+2, p+6): n=3

Among positive integers ≤x, the number of 
prime-generating integers for n polynomials 
under reasonable conditions is

The mean m(x) & variance v(x) of these 

integers obey TL: as .
2019-07-11
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Conclusions: many roads lead to TL.
Many models yield TL exactly or 

asymptotically.

Power-law form & parameter values of TL do 
not determine underlying mechanisms.

If the underlying mechanism is known, 
parameter values of TL can discriminate 
modes of operation of the mechanism.

Interpreting the parameters of TL in terms of a 
specific mechanism requires testing the 
assumptions against detailed data.
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Thank you. Questions?
cohen@rockefeller.edu


