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Abstract

This paper presents 96 new inequalities with common structure, all elementary to state but
many not elementary to prove. For example, if n is a positive integer and a = (ay, ..., a,) and
b = (b1, ..., by) are arbitrary vectors in R = [0, 00)", and p(m,‘,j) is the spectral radius of
an n X n matrix with elements m; ;, then

> min((aja;), (bibj) < Y min((a;b;), (bia;)),

i,j i,j

> “max((a; +a;). (b; +bj)) =Y max((a; + b)), (b; +a;)).
i,J i,J
p(min((a;a;), (bib;))) < p(min((a;b;), (bjaj))),
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Zmin((aiaj)s (bibj))xix; < Zmin((aibj)s (biaj))xix;j,
i, i,
forallreal x;,i = 1,...,n,

//log[(f(X) + () (M) + g(y)]du(x) du(y)

< //10g[(f(X)+g(y))(g(X)+f(y))]dM(X)dM(y).

The second inequality is obtained from the first inequality (which is due to G. Zbaganu [A
new inequality with applications in measure and information theories, in: Proceedings of the
Romanian Academy, Series A1 (1), 2000, pp. 15-19]) by replacing min with max, and x with
+, and by reversing the direction of the inequality. The third inequality is obtained from the
first by replacing the summation by the spectral radius. The fourth inequality is obtained from
the first by taking each summand as a coefficient in a quadratic form. The fifth inequality is
obtained from the first by replacing both outer summations by products, min by x, x by +,
and the non-negative vectors a, b by non-negative measurable functions f, g. The proofs of
these inequalities are mysteriously diverse.

A nice generalization of the first inequality is proved: Let * be one of the four operations
+, x, min and max on an appropriate interval J of R. Let a, b € J". Denote by a * a the
n X n matrix @; j = a; * aj. Then the matrix a * a is more different from b * b than a x b is
from b x a. Precisely, if ||A|| = Zlgi,jgn la; jl, then la xa —b*b|| = llaxb—Dbx*all.
© 2004 Joel E. Cohen, Johannes H.B. Kemperman, Gheorghe H. Zbdganu. Published by Else-
vier Inc. All rights reserved.
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1. Introduction

This paper presents a family of new inequalities, all elementary to state but many
not elementary to prove. This introduction explains how these inequalities came to
be conjectured, describes some applications in information theory and operations
research, and previews the inequalities that will be proved (and disproved).

1.1. Story of this project

In 1999, Zbiganu considered a question in information theory. If one of two mes-
sages must be sent over a channel with only two input symbols, A and B, and with
n output symbols, 1, ..., n, is the chance of error in transmission minimized by
sending the first message as AA and the second message as BB, or alternatively by
sending the first message as AB and the second message as BA? Zbdganu conjec-
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tured that a lower risk that the wrong message will be received is achieved by coding
the two messages by the pairs of symbols AA and BB than by the pairs of symbols
AB and BA. This result is equivalent to a beautiful inequality: if n is a positive integer
and a = (ay,...,a,) and b = (by, ..., b,) are arbitrary vectors in ‘.R:‘L = [0, c0)",
then

Zmin((aiaj)a (bibj)) < Zmin((aibj), (biaj)). (L.D)
ij ij

Zbdganu proved (1.1) by induction on n. He communicated his results to his col-
leagues in Bucharest and also (by e-mail in June 1999) to Cohen and Kemperman.
The day he received Zbdganu’s results, Kemperman found a quick and very differ-
ent proof of (1.1) involving the covariance function of a Gaussian process closely
related to the Brownian bridge. Cohen instead was immediately fascinated by the
very simple structure of (1.1). Reading from left to right on each side of the inequality
(1.1), one first uses the operator S = addition (summation), next the operator I =
minimum, and finally the operator P = multiplication (product). Cohen proposed
to call Zbaganu’s inequality S/P<. He suggested that SIP< was one of 64 possible
inequalities in which each of S, I, P in Zbaganu’s inequality was replaced by each of
S, I, P and A = maximum. Kemperman recognized that these four operators could
be replaced by commutative operators, leading to a more general question:

Let a and b be arbitrary vectors in k" (possibly required to be non-negative).
Let D, E, F be commutative operators (with domain and range to be specified).
Assuming compatibility of all operations specified, when is it true that, for all pairs
a and b,

D(E(F(ai,a;), F(b;,b;))) < D(E(F(a;, b)), F(aj, b;))) (1.2)
or else that
D(E(F(ai,a;), F(b;,b;))) =2 D(E(F(ai, bj), F(aj, b;)))? (1.3)

Typically, F maps U x U into V (such as U = R and V = R"), while £ maps
V x Vinto W (such as W = R or W = R™) while D operates on n X n matrices
with values in W. The range of D is taken to be some partially ordered set, including
possibly all # x n matrices with the Loewner ordering.

If valid, the inequality (1.2) is denoted by DEF <, and (1.3) by DEF >, respec-
tively. Except for some equalities, at most one of DEF < and DEF> will be true.
Which of these two has at least a chance to be true can usually be seen from the
special case when all elements of a equal one constant and all elements of b equal
another. When the inequality is true in general, the direction of the inequality is
usually determined by this special case, so one may as well speak briefly of the
inequality DEF'.

Cohen initially considered the 64 inequalities DEF when D, E and F are re-
stricted to {A = max, / = min, S = sum, P = product}. (At various points, we use



4 J.E. Cohen et al. / Linear Algebra and its Applications 395 (2005) 1-82

different notations for the minimum, so it is useful to be forewarned that 7 (x, y) =
min(x, y) =x Ay, for any real x,y. Similarly for the maximum, A(x,y) =
max(x, y) = x Vv y.) Each of A, I, S and P can operate on finite sets of any size.
Thus D = S (the sum of matrix elements) has a different meaning from F = § (the
sum of a pair of numbers), as in the inequality SAS. Because A, I, S and P are all
associative, DEF is true with the equality sign when E = F. This observation proved
16 of the 64 inequalities.

Cohen tested numerically the remaining 48 candidate inequalities DEF and was
very surprised to find that for 46 of them, it was not possible to obtain numerical
counterexamples. Kemperman and Zbaganu then undertook the challenge of proving
the 46 surviving candidates. This paper reports the proofs of those 46 inequalities,
and counterexamples to the other two would-be inequalities.

We also investigated several further extensions of these inequalities. Cohen sug-
gested the case where D is the spectral radius of the non-negative matrix. In this
case, we write D = R. Zbdganu suggested the case where we replace the summation
D = S by a quadratic form. In this case, we write D = Q. Each of these two formal
mutations of (1.1) led to 16 additional conjectured inequalities, giving a total of
96 = 64 + 16 + 16 new conjectured inequalities. Zbdganu also suggested the case
where we replace the vector pairs a and b by pairs of functions and the summation
D = S by an integral.

We believe that these inequalities represent an important new class of inequalities.
Despite our efforts, we have not found any universal type of proof. In view of the two
exceptional cases, such a universal proof may not exist. On the other hand, if there
is a totally new algebraic structure behind many of our results, it might well lead to
a better understanding why some results of type DEF are true and (a few) others are
false.

1.2. Applications

As mentioned above, Zbdaganu’s inequality (1.1) answered a question in infor-
mation theory. If a; represents the probability that the input symbol A is received
as the output symbol i and b; represents the probability that the input symbol B
is received as the output symbol j, and if the channel is memoryless so that er-
rors in transmission affect output independently for each input symbol, then the
matrix (a;a;) is the joint probability distribution of output symbols (i, j) when
the input symbols are AA, the matrix (b;b;) is the joint probability distribution of
output symbols (i, j) when the input symbols are BB, and similarly for the matrices
(a;ibj) and (b;a;). The left side of (1.1) measures the similarity between the matrices
(a;ja;) and (b;b;) because it takes the value 1 when the matrices are identical and
takes the value O when the matrices have disjoint support (that is, the elements
of one matrix are zero whenever the corresponding elements of the other matrix
are positive). Similarly, the right side of (1.1) measures the similarity between the
matrices (a;b;) and (b;a;). Inequality (1.1) shows that a lower risk that the wrong
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message will be received is achieved by coding the two messages by the pairs of
symbols AA and BB than by the pairs of symbols AB and BA. (For teachers, the
lesson here may be that if you are trying to teach your students one of two mes-
sages, it is better to convey the message twice in the same way than to convey it
once in each of two different ways; but this application should not be taken too
seriously.)

Generalizations of (1.1) were suggested by generalizations of matrix multipli-
cation important in operations research, including manufacturing theory and routing
theory [4,3,1] (and references cited in these sources). If U = (u; )i, j=1,...,
(vi,j)i,j=1,...n are any two real n x n matrices, then conventionally (U x V); ; =
Zk uj k X vg j. The (max, plus) algebra defines a generalized matrix product ® in
which the binary operation x on scalars is replaced by + and the summation of
n scalars is replaced by max: (U ® V); j = maxy(u; x + vk, ;). The (max, times),
(min, plus) and (min, times) generalizations of conventional matrix multiplication
are defined similarly. These definitions suggested replacing each of the three opera-
tions in (1.1) (addition, min, and multiplication) by each of the four operations, min,
max, addition and multiplication.

For example,

> max((a; +a;). (bi + b)) > > max((a; + b)), (bi +a;)) (1.4)
i,j i,j

is obtained from (1.1) by replacing min with max, and x with +, and by revers-
ing the direction of the inequality. This formula has a natural interpretation in the
design of a manufacturing process. Suppose a product has two necessary compo-
nents, components 1 and 2. Suppose these components are manufactured in parallel.
Each component requires a process of two steps, steps 1 and 2. Two machines called
A and B can be arranged in one of two manufacturing configurations. In configura-
tion I, component 1 passes through machine A in step 1 and again through machine
A in step 2 while component 2 passes through machine B in both steps 1 and 2.
In the alternative configuration II, component 1 passes through machine A in step
1 and through machine B in step 2 while component 2 passes through machine B
in step 1 and through machine A in step 2. The product is completed when both
components have completed both steps. Which manufacturing configuration, I or
IL, has a shorter average time to produce a product? The time that each machine
requires to complete a step depends on the environment in the factory (for example,
the temperature or the voltage). Let us suppose that at each step the environment
may be in one of n possible states, i = 1, ..., n, and that these states are equally
likely and independent between steps 1 and 2, although identical for both machines
at each step. If the environment is in state i at step 1, machine A requires time a;, and
machine B requires time b; to complete step 1; and exactly the same is true at step
2. Thus if the environment is in state i at step 1 and in state j at step 2 (which will
occur with probability 1/n?), and if component 1 passes through machine A at step
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1 and through machine B at step 2 (as in configuration II), then the time required to
make component 1 is a; + b}, the time required to make component 2 is b; + a;, and
the time required to complete the product is max((a; + b;), (b; + a;)). If both sides
of (1.4) are multiplied by 1/n?, then the left side represents the average production
time in configuration I while the right side represents the average production time
in configuration II. The inequality (1.4) shows that configuration II is preferable to
configuration I because it has shorter average production time. The assumption in
this example that each state of the environment is equally likely can be replaced by
arbitrary probabilities for each environmental state, using the extension to quadratic
forms that is described below.

In another example, suppose a factory located at X has 2 suppliers of a hazardous
raw material. These suppliers are located at V and Z. The raw material is trucked
from V to W in one day, transferred to a fresh truck and trucked from W to X in
a second day; and likewise from Z to Y in one day, and then in a fresh truck from
Y to X in a second day. The factory uses two trucking companies, A and B, and
for legal reasons is obliged to use both companies every day. (The raw material is
highly sensitive and the government does not permit the factory to be dependent on
a single trucker.) The factory can use plan I or plan II to ship the material. In plan
I, company A operates from V to W and from W to X, while company B operates
from Z to Y and from Y to X. In plan II, company A operates from V to W and
from Y to X, while company B operates from Z to Y and from W to X. The capacity
of the trucks operated by both companies depends on the road conditions, which
are affected by weather, landslides and forest fires. On any given day, both truck-
ing companies experience the same road conditions. Suppose that under condition
i =1, ..., n, the maximum capacity of the trucks available from company A (or B)
is a; tons (or b; tons, respectively). If conditions are in state i on the first day and
in state j on the second day, then, under plan I, company A can ship min(a;, a;)
tons of the material from V to X and company B can ship min(b;, b;) tons from Z
to X, so the factory in X can receive min(a;, a;) + min(b;, b;) tons. Under plan II,
if conditions are in state i on the first day and in state j on the second day, then
the factory can get min(q;, b;) tons of the material from V via W and min(b;, a;)
tons from Z via Y, so the factory in X can receive min(q;, b;) + min(b;, a;) tons.
Under the worst combination of circumstances (i, j), the factory can count on receiv-
ing min; ; (min(a;, a;) + min(b;, b;)) tons under plan I and min; ;j(min(a;, b;) +
min(b;, a;)) tons under plan II. Inequality /S/> in Table 1 tells the factory that plan
I assures at least as great a supply of the raw material as plan II. Inequality AS/>
shows that the maximum possible delivery under plan I is at least as great as that
under plan II. If the n conditions are equally likely and independent from one day to
the next, then inequality SS7> guarantees the company that plan I has at least as great
an average delivery of the material as plan II. If condition i occurs with probability p;
and independently from day to day, then OS/> guarantees that ) _; j(min(a;, aj) +
min(b;, b)) pip; = Zi’j(min(ai, bj) +min(b;, a;))pipj, i.e., plan I has a better
average delivery rate than plan II.
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Table 1 Inequalities of the form DEF< or DEF>, where D, E, F € {A, I, P, S}, excluding the 16
cases DEF= when E = F. See footnote

DEF Explicit form and generalizations (when possible) Proof

1IP< /\i’j((a,-aj) A (b,‘bj)) < /\i,j ((aibj) A (b,'aj)) Easy,
Ny (FEFON A (M) < Ay y (F()8(N) A Section 3
(fF(Mgx)))

1IS< /\i’j((a,- +aj) A (b +bj)) g/\i’j((ai +bj) A (bi +aj))  Easy,
Ny (O + FON A ) +80)) < Ay, ((F() + Section 3
g Af() +8(x)

A< /\i’j((a,- \/aj)/\(b,‘ \/bj)) < /\iqj((a,' \/bj)/\(bi \/aj)) Easy,
Ny (F@V FON A GE) VL) < Ay, (fF()V Section 3
gD A )V g)))

IPI> /\i,j((ai naj)bi Abj)) = /\i,j((‘li Abj)(bi Naj)) Easy,
/\x,y((f(x) A FONEE) AgH)) = /\x,y((f(x) A Section 3
8 A gx))

IPS<  N\; j(a;i +aj) ;i +b;)) < N\ j (@i + b)) +aj) Easy,
Ny (F@) + FONEE) +80)) < Ay, (F() + Section 3
gONU ) +g(x))

IPA< /\i,j((“i Vaj)bi Vb)) < /\i,j((ai vV b;)b; Vaj)) Easy,
Ny (O V FONEE) Ve < Ay, (F(x) Vv Section 3
gONf) V g@))

ISI> /\i’j((a,- Aaj)+(b,- /\bj)) 2/\1"1-((0,' Abj)+(bi /\aj)) Easy,
Ny (FE A FON+@E) AN = Ay, (F(X) A Section 3
g+ (f() Agx))

ISP> N ((@ia)) + (b)) = N j(@ib)) + (biaj) Easy,
N,y (FOLO) + (€M) = Ax , (f()g(»)) + Section 3
(fMgx)))

ISA< /\i’j((a,- \/aj)+(b,- \/bj)) S/\i’j((a,' \/bj)+(bi \/aj)) Easy,
Ney(F@V FON +@E) Ve < Ay, (F()V Section 3
g+ (f( V)

IAI> N\ (@i Aaj)V (b Abj) > N j(a; Abj) v (b Aaj))  Easy,
Ny (SO A LNV () Ag() = Ny y (f(X) A Section 3
gV (f() Agx))

IAP> /\i’j((a,-aj)v(b,‘bj)) = /\I-’j((a,'bj) Vv (bjaj)) Easy,
Ny (FEFON V()M = Ay, (fF()8()) vV Section 3
(fF(Mgx)))

IAS> /\i,j((ai +aj) Vv (b +bj)) 2/\1-’]»((61,‘ +0bj) Vv (bi +aj)) Easy,
Nxy (O + FONV @)+ = Ay, ((F () + Section 3
gV (f(y) +8x)

For the PEF inequalities, u is a positive measure
PIP< l_[i,j((“iaj) A (bibj)) < l_[i,j((aibj) A (biaj)) Is SIS

S [logl(f(x) £ A (g(x)g(y) ] dp(x) du(y) <

S [1ogl(f(x)g(3)) A (g(x) f(yN]dm(x) du(y)
E(log(f(X)f(¥) A g(X)g(¥))) < E(log(f(X)g(¥) A
g(X) f(Y)))

(continued on next page)
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Table 1 (continued)

DEF

Explicit form and generalizations (when possible)

Proof

PIS<

PIA<

PPI>

PPS<

PPA<

PSI>
PSP>

PSA<

PAI>

PAP>

ni,j((ai +a;) A (b +bj) < ni,j((ai +bj) A (bi +aj))
S [logl(f (x) + £ (3)) A (g(x) + g(y)]1dp(x) du(y) <

S [logl(f (x) + () A (g(x) + f(y)]dp(x) du(y)
E(log((f(X) + f(¥) A (g(X) +g(¥)))) < E(log((f(X) +
g A X))+ f()))

Hi,j((ai Vaj) A (bj v bj)) < Hi,j((ai \/bj) A (b; \/aj))
S [logl(f @) v fF()) A (g(x) v g(yNTdu(x) duu(y) <

S [logl(f(x) v gy) A (gx) v f()]du(x) du(y)
E(og((f(X) Vv f(¥) A (g(X) Vv g(¥)))) < E(log((f(X) V
g A (X)) Vv f(Y))))

[1i,j(ai nap) i Abj)) =TT j(ai Abj (b Aay))

S [logl(f (x) A fF())(g(x) A g(yN]Tdp(x) du(y) >

[ [logl(f (%) A g (g(x) A f ()] du(x) du(y)
Elog((f(X) A fF(Y)(8(X) A g(¥)))) = E(log((f(X) A
gEX) A f(Y))))

[, j(ai +ajp)bi + b)) <[; j(ai +bj)(b;i +aj))

S [logl(f () + fF()(g(x) + g(yNTdu(x) due(y) <

J [ logl(f (x) + g3 (g) 4+ f(yNIdu(x) dpu(y)
E(log((f(X) + f(¥Y)(g(X) +g(¥))) < E(og((f(X) +
g(Y)(g(X)+ f(Y)))

[1;,jWai vap b vo) <T1; jai vbj)(bi vag)

S [logl(f (x) v f(y))(g(x) v g(yN]du(x) du(y) <

[ [logl(f (%) v g (g(x) vV f(»)]du(x) du(y)
E(log((f(X) Vv f(¥Y)(g(X) Vv g¥)))) < E(log((f(X)V
g (gX) v f(Y)))

Hi,j((ai Aaj)+ (b Abj)) = ni,j((ai Abj)+ (bi Naj))

[ jaiaj) + (i) > [1; j(aibj) + (bia)))

S logl(f () £ () + (g(x)g(y)]dp(x) du(y) >

J [logl(f()g(») + (8(x) fF(yDTdp(x) du(y)
E(log((f(X) f(Y)) + (g(X)g(Y)))) > E(log((f(X)g(Y)) +
X)) f (X))

[1;,j (@i v ap) + i vbp)) <Tl; j(a; v bj)+ (b Vay)

S [logl(f(x) vV f() + (g(x) V g(y)]du(x) du(y) <

S [logl(f (x) v g(3)) + (g(x) v f ()] dp(x) d(y)
E(log((f(X)V f(¥) + (g(X) v g(¥)))) < E(log(f(X) v
g¥) +gX) v f(V))

[T (@i nap) v (b Abp) = TT; (@i Abj)V (b Aaj))
S [logl(f () A fF() v (g(x) A gyN]du(x) duu(y) =

[ [log[(f(x) A g(3)) V (g(x) A fFOYNIdu(x) diu(y)
E(og((f(X) A f(Y)) V (8(X) A g(¥)))) = E(log((f(X) A
gV (g(X) A f(Y))))

[ jWaiaj) v ;b)) = T1; j((@ibj) v (bia)))

S [log[(f(x) F() vV (g(x)g(yN]dum(x) duu(y) >

S [1ogl(f ()g(3) Vv (g(x) f(yN]du(x) diu(y)
E(log((f(X) f(Y) V (g(X)g(¥)))) = E(og((f(X)g(¥)) v
©X)f))

Theorem 6.11

Is SIA

Is §S1

Corollary 4.10

Is SSA or Corollary 4.10

False!, True forn =2

Theorem 6.1

Implied by GSA
(Corollary 5.9)

Is SAI

Is SAS
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Table 1 (continued)

DEF

Explicit form and generalizations (when possible)

Proof

PAS>

SIP<

SIS<

SIA<

SPI>

SPS<

SPA<
SSI>

SSP>

ni,j((ai +aj)Vv i +bj) = l_[i,j((ai +bj)Vv (b +aj))
[ [10gl(f () + f (1)) V (g(x) + gy dp(x) du(y) >

[ [1ogl(f (x) 4+ () Vv (g(x) + f ()] dp(x) du(y)
EQog((f(X)+ f(¥) Vv (g(X) +g(¥)))) = E(log((f(X) +
g(N) v (g(X)+ f(¥))

For the SEF inequalities, 1 is a bounded signed measure and
xeR"

i jaiap) A (bib)xix; < 3oy i (aibj) A (bjaj))xix;
SIS @)F()) A (g)gN]du(x) du(y) <

S I A (g f ()] dpex) du(y)
E(f(X)f(Y)Ag(X)g(Y)) < E(f(X)g(Y) A g(X)f(Y))
i@ +ap) A b +b)xix; <3 i((ai +bj) A b +
aj))xix;

ST + £ ) A (€) + g dp(x) du(y) <
I @) 4+ g) A (g(x) + f(r)]dp(x) du(y)
E(fX)+ fX) A (X)) +g(Y) < E(f(X)+gX) A
&X)+ f(N))

i jaivap) A vb)xxg <35 (@i Vb)) A b v
aj))xix;

SV FON A (R) v gNTdp(x) du(y) <
JJI @) Vg Age) v fFyN]du(x) du(y)
E(fXOV fX)A X))V X)) <EWfX)VegX)A
X)) v f(¥))

i jai nap) (b Ab)xix; =3 (@ Abj) (b A
aj))xix;

ST A fFONE) A gyNTdu(x) du(y) >

ST @) A g A fFNTdu(x) du(y)

E(fXO A fFN@EX)AgY) = EW(f(X) A

g (X)) A f(Y)))

> jWai +aj) b +bjxix; <35 (e +bj)(b; +
aj)xix

ST+ £ (gx) + NI dux) du(y) <

S I + g (g@) + f (DT du(x) du(y)

E((f(X)+ fNEX) +g(¥) < EW(f(X) +

g (g(X) + f(¥))

i (@i vap) b vby)) <3 i(ap vby)b; vay)
Zi,j((ai Aaj)+ (bi A bj))xixj > Zi,j((ai A bj) + (bj A
aj))xix;

ST A F)) + (800 A gy du(x) di(y) =

S I A g 4 (g(x) A fFyNTdp(x) dpe(y)
E(fQOAfFX)+ (X)) Ag¥)) = EW(f(X)Ag) +
(X)) A f(N)))

> j(aiap) + bibj)xixj = 35 j((aibj) + (biaj))xix;
ST @) F)) + (gx)gNTdu(x) du(y) >

S I @) + () f ()T dp(x) dpe(y)

E(fXOfX) + (8(X)g(¥)) > EW(f(X)g(Y)) +

(8(X) f(¥)))

Corollary 6.8

Theorem 5.3,
Brownian bridge

Theorem 5.5

Theorem 5.6

Theorem 5.12

Induction on |X|

Easy

False!, True forn =2
Theorem 5.11

Easy

(continued on next page)
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Table 1 (continued)

DEF Explicit form and generalizations (when possible) Proof

SSA< Zi,j((ai \/aj)-i-(bi \/bj))xixj < Zi,j((ai Vbj)""(bi \4 Theorem 5.7
aj))xix;

ST @V L))+ (gx) v gyn]du(x) du(y) <
SIS v g)) + (g0 v £ ()] dm(x) dpe(y)
E(fX)V f(Y)+@X)Vvegd)) <E(f(X)Vegl)+
X)) Vv f(¥)

SAI> Zi,j((ai /\aj)\/(bi /\bj))x,'xj' > Zi,j((ai /\bj)\/(b,' A Impliedby SIA
aj))xix;

ST @ A LONV (gx) A gy du(x) du(y) >
ST A g()) Vv (g(x) A fNTdp(x) du(y)

E((f(X) A F(V) V ((X) A g(Y))) = E((f(X) A g(Y)) V
(§(X) A F(Y))

SAP> Zi‘j((a,‘a‘/) \ (bibj))xin > Zi,j ((a,-bj) \ (b,’(lj))x,'x]' Corollary 5.4,
T FON)V (g@gONdux) duly) > Implied by SIP
JJIf@E) Vv (g(x) f(yN]du(x) du(y)

E((f(X)f(Y) V ((X)g(Y)) = E((f(X)g(Y)) v
X f(V))

SAS> Zi’j((ai +a;) V(b +bj)xixj > Zi’j((a,- +bj) Vv (bi +  Implied by SIS
aj))xiX;

SISV FO) Vv (g) v gy du(x) du(y) =
TTI )V gV (g() v F NI du(x) du(y)
E((f(X)+ F(Y)V (g(X) + g(¥) = E(f(X) + g(Y) v
((X)+ f(Y))

AlIP< Vi,j((aiaj) A (bibj)) < Vi,j((aibj) % (biaj)) Easy,

Vi (FO)F D) A (68NN < Vi, y (F ()8 (1) A Section 3
(f(gx)))

AlS< Vi, j ((a; + aj) A (b; + b/)) < \/,"j((a,‘ + bj) vV (b; + aj)) Easy,
Vi, y ((FG) + ) A () +8(3) < Vi, y ((F(x) + Section 3
g A (f(y) +8(x))

AlA< \/,',j((ai\/aj)/\(b,- \/bj)) gvi,j((a,- \/bj)/\(b,'\/aj)) Easy,

Vi ((FO)V F) A () V (1)) < Vi (F () v Section 3
gONAf()Vgl)

API> \/i,j((a,' /\aj)(b,- /\bj)) > \/i!j((ai /\bj)(b,‘ /\aj)) Easy,
Vi, y ((FG) A FOONEE) Ag())) = Va y ((f(x) A Section 3
gONf() A gx))

APS< Vi j((aj +a;)(bi +bj)) <V j(ai +bj)bi +aj)) Easy,

Vay (S + FON (@) +8(1) < Vay (f () + Section 3
gON () +g(x))

APA<  V; j((a; Vaj)(bi vbj)) < Vi j((a; Vbj)biVayj)) Easy,
Vi, y ((F) V FEK) vV g(n) < Vay((f(x) v Section 3
SNV g(x)))

ASI> Vv j((a; Naj) + (bj Abj)) = Vi j((a; ANbj)+ (b Aaj)) Easy,

Vay (S A FO) + (8() A g(1))) = Vary (F () A Section 3
g + (f(y) A gx)))

ASP> ;i j((ajaj) + (bibj)) = Vi j((a;jbj) + (bjaj)) Easy,

Vi (FO)F ) + (88N = Vi y (f () () + Section 3

(f(»gx)))
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Table 1 (continued)

DEF Explicit form and generalizations (when possible) Proof

ASA< \/,',j((ai \/aj)-i-(biVbj)) S\/,’,j((ai vbj)—i-(b,-Vaj)) Easy,

Vi, y(F)V (1) + (g(x) Ve < Va,y(f(x) Vv Section 3
g+ (f(y)VgK))

AAl> \/,"j((a,-/\aj)\/(bi/\bj))>vl~!j((ai/\hj)v(b,-/\aj)) Easy,
Vi, y ((F) A F()) V(gx) Ag()) 2 Va,y ((f(x) A Section 3
gV (f(y) Agl)

AAP> Vi j((ajaj) v (bibj)) = Vi j((aibj) v (bjaj)) Easy,
Vi, y(F) F() v (g(x)g(¥)) 2 Vi, y (F()g(¥) Vv Section 3
(fF (g

AAS> Vi j((aj +aj) Vv (bi +bj)) = Vi j((ai +bj) Vv (bi +aj)) Easy,
Vi y ((F) + FO)) vV (g(x) + (1)) = Vi, y (f(x) + Section 3
gV (f(y) +g(x))

Assume that @ > 0, b > 0; in some cases, this condition can be relaxed. Assume f and g are
measurable and non-negative (or positive, where positivity is required for the expressions to make
sense).

1.3. Results

Table 1 states explicitly 48 of the 64 inequalities that involve only S, P, I, A,
along with some generalizations of these, including two inequalities identified as
false. Table 1 omits the 16 equalities DEF where E = F. For each true inequality
SEF in Table 1, the corresponding inequalities REF and QEF pertaining to the spec-
tral radius and quadratic form are true for non-negative a, b € R"*. When SEF holds
for all real (not merely non-negative) a, b € R”, then QEF also holds for all real (not
merely non-negative) a, b € R". The inequalities SPA, QPA, and RPA are all false in
general (Section 5). If n = 2, then all 96 inequalities are true.

Our inequalities yield a nice generalization of (1.1).

Theorem 1.1. Let * be one of the four operations +, X, A and v on R. Let a, b €
R". Denote by a x a the n X n matrix aj,j = a; * aj. Then the matrix a * a is more
different from b x b than a * b is from b x a. Precisely, if | A| = Zl<i,j<n lai i,
then

laxa—>bxb|| >|laxb—>bxal.
Proof. We use the identities [x — y| =2(x Vy) —x —y=x4+y —2(x A y).
I. If x*y =x Ay, then

|a; Aaj —b,’/\bj| =a,-/\aj+biAbj —2(a,~/\aj/\bi/\bj),

|al~/\bj—bi/\aj|=a,~/\bj+bl-/\aj—Z(ai/\bj/\bi/\aj).
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Therefore
Z |aiAaj—bi/\bj|— Z |a,~/\bj—bi/\aj|
1<i, j<n 1<i, j<n
= Z (a,-/\aj—l—b,-/\bj)— Z (ai/\bj—i—biAaj)
1<i,j<n 1<i,j<n
207

because of the inequality SS/>.
2. Zbdganu [7] proved the case x * y = xy. In fact, he proved more:

2
n

la*a—bxb|—laxb—bxal > (Z(w - |b,»|)> .
i=1

3. If x*y =x 4y, then

laj +aj — (b +bj)l =a; +aj +b; +bj —2(a; +aj) A (b +bj),
laj +bj — (bj +aj)l =a; +bj +bj +aj—2(a; +bj) A (b +aj).

Therefore

D ai+aj—bi+bpl— Y lai+bj— (bi+a))l

1<i,j<n 1<i,j<n

=2 ) (@+bpAti+a)=2 ) (a+a)Abi+b))
1<i,j<n 1<i,j<n

>0

because of the inequality SIS<.
4. Ifx*y =x Vv y,then

|a,-\/aj—b,-\/bj|=2(ai\/aj Vbi\/bj)—(a,-\/aj +bi\/bj),
Iai\/bj—b,-\/aj|=2(ai\/bj \/bi\/aj)—(a,-vbj +bi\/aj).

Therefore
Z |a,-\/aj—b,-vbj|— Z |a,~\/bj—b,-Vaj|
1<i,j<n 1<i,j<n
= Z (CliVbj—i-bi\/aj)— Z (ai\/aj—i—bivbj)
1<i, j<n 1<i, j<n
>0

because of the inequality SSA<. [J
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Remark. Another byproduct of our inequalities was indicated to us by Victor de la
Pena (personal communication, 2000). The inequality SAS> may be written in terms
of the independent and identically distributed random variables X, Y, the real-valued
functions f, g and the expectation operator E (distinguishable by context from the
earlier use of E for an unspecified one of the binary operations S, P, I, A) as

E((f(X)+ f(¥) Vv (g(X) +g(Y)))
z E((f(X) +g(Y)) v (g(X)+ f())).

If we let f(x) = x, g(x) = —x, then
EX+Y)V(=X-Y) ZE(X-Y)V(=X+Y))

orE|X + Y| > E|X — Y|. This is a special case of the inequality (2.1) of Buja et al.
[2] for independent and identically distributed scalar real-valued random variables
with n =1 and p = 1. By standard techniques, one can prove for the Euclidean
norm that E||X 4+ Y| > E|| X — Y| for independent and identically distributed n-
dimensional real random vectors X and Y, since ||x|| is an integral of |(x, a)| where
a belongs to the unit sphere.

1.4. Organization of the paper

This paper has eight sections. Following this introductory Section 1, Section 2
establishes fundamental definitions and some general principles. A notion of equiv-
alence among inequalities is established. A Remark following Theorem 2.9 shows
that it is sufficient to investigate only three classes of inequalities: those with three-
letter codes IE/E,, PE4E, and SE,E,, where E, and E, are defined at (2.8), (2.34),
(2.35). Section 3 discusses IE,E, and the equivalent AE, E, and proves all 24 inequal-
ities IEF and AEF with E, F € {I, P, S, A} and E # F. Section 4 analyzes E,E E;
when0 < p=¢g <rand p =¢g < 0 < r. Theorem 4.11 extends some of the results
obtained for E,E,E, to quadratic forms: If » > 1, then QSE, < holds. If r < 0, then
OSE,> holds. Section 5 deals with SE,E, and Section 6 deals with PE,E,. Section
7 presents generalizations and counterexamples, and reviews major open problems
remaining from this work. Section 8 gives results, repeatedly used, that are derived
from a theorem on the number of zeros of sums of exponential functions. References
for all sections and acknowledgments follow Section 8.

Although we have completely analyzed a large number of inequalities, three mys-
teries remain. First, why should so many of these inequalities be true, given that
they were conjectured by formal analogy? Second, why should the methods used
to prove those conjectures that are true be so extraordinarily diverse? Third, what
differentiates the few conjectures that turned out to be false from the overwhelming
majority of others that turned out to be true?
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2. Notations and general principles

Let E(x, y) and F(x, y) be functions such that the composite function
H(x1, x2, x3, x4) = E(F(x1, x2), F(x3, x4)) (2.1)

is defined for each choice of the non-negative numbers x, (r = 1,2, 3,4). We will
assume that both functions £ and F are symmetric and non-decreasing (in the usual
senses). Thus the value of H remains unchanged under the following operations:

(i) Interchange x; and x;.
(ii) Interchange x3 and x4.
(iii) Interchange the pairs (x1, x2) and (x3, X4).

(ii) is a consequence of (i) and (iii).

Let n be a positive integer, i, j € {1,2,...,n} and let J be an interval of real
numbers. Often, J will be a subset of [0, co) but sometimes J may include negative
numbers. The definition of J will depend on the functions involved in a particular
situation. Leta = (ay, ..., a,) and b = (by, ..., b,) be arbitrary vectors in J”. For
each pair a, b € J", define

ujj = H(ai,aj,bi,bj) = E(F(a;,a;), F(b;,bj)),
v, j = H(a;, bj,b;,aj) = E(F(a;, bj), F(b;, a;)), (2.2)
Wi =V — Ujj.
Since E, F are symmetric,
uij=uji, vij="vj, I,j=1,...,n. (2.3)
Let
U= ijij=1,.n. V=0 ij=1,...nn W= (Wij;)ij=1,.n (2.4)

denote the associated n x n symmetric matrices. The scalars u; ;, v; ; and matrices
U =U(a,b)and V = V(a, b) depend on the pair of vectors a, b € J".

We aim to determine when, under various additional assumptions, U is “smaller”
(or “larger”, respectively) than V for every a, b € J".

Definitions. Let D be a function which assigns a real number DW to each symmet-
ric n x n matrix W = (w;, ;). Then property DEF < holds if

DU < DV foralln > 1, andalla,b e J". (2.5)
Property DEF> holds if
DU > DV foralln >1, andalla,b e J". (2.6)

Property DEF= holds if both (2.5) and (2.6) are true, i.e.,
DU =DV foralln > 1, andalla,b e J". 2.7
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Remark. Usually DW will be some average of all the elements, or of only the
diagonal elements, of W, as illustrated in (2.8).

Equality. If a = b, then from (2.2) one has u; ; = v; j for all i, j, hence U =V
and DU = DV.

Definitions. D is monotone if DU is non-decreasing in each entry u; ; (withi < j,

always insisting on the symmetry u; ; = u; ;).
The function U +— DU is symmetric if D is a symmetric function of all the n?
variables u; j, ie., if T :{1,2,..., n}2 - {1,2,..., n}2 is a permutation and tU

means the matrix (4, j))i,j, then DU = D(zU).

Remark. If D is symmetric and b = (b, ..., b,) can be obtained from a =
(ai, ..., a,) by a permutation o of {1, ..., n} which is its own inverse, then DU =
DV.

Equivalently,

bj =ay(jy forall jando™' =0 = DU =DV.

Proof. By assumption a; = ds¢(j) = bs(j) for all j. It follows that u; ;) =
E(F(ai, as(jy), F(bi, bs(j))) = E(F(ai, bj), F(bj,a;j)) = v; j foralli and j. Then
DU = DV because D is symmetric. [

A simple example is the case that by = a and by = aj, while b; = a; fori > 3.

LEINT3

Definitions. The monotone functions S, P, I, A, R stand for “sum”, “product”,
“minimum”, “maximum”, and “spectral radius”, respectively. If W = (w; ;) is any
n X n symmetric matrix (including but not limited to that defined in (2.4)) with

eigenvalues Aj, and i, j € {1,2, ..., n}, then

PW=1_[wi,j, SW=Zwi’j’ IW=I?inwi,j, AW=ni1a_xwi,j,
ij ij K "
(2.8)

1/p
RW = max{|2,|,1 < j <nl, E,,W:(Zwl{’j> for p # 0.
ij

The operator P applies only to matrices W that are non-negative. Thus, DEF with
D = P is allowed only if both E(x, y) and F(x, y) take only non-negative values,
forall x,y € J.

Here W is always symmetric, so the eigenvalues are real. The spectrum of W is
the ordered set of its eigenvalues, counting the multiplicities. The smallest eigen-
value is denoted by o1 (W), and the greatest one by 02 (A). The spectral radius is
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pW = max(log (W), |o2(W))). 2.9)

If W is semipositive definite, then all the eigenvalues are non-negative and
p(W) = 02(W). For any n x n matrix A, let A > 0 mean that all the entries of A are
non-negative. The Perron—-Frobenius theorem [5] asserts that

A>20 = p(A) =0(4A). (2.10)

As a consequence, A > 0 implies that o1(A) 4+ 02(A) > 0.
The quadratic form QW : R" — R associated with W is defined by

OW(x) = ('Wx)eqr = ) wijxix;. @.11)

I<i,j<n

We write U < V if V — U is semipositive definite, meaning that QW (x) > 0, Vx €
R". For each W, QW is a function of x, whereas the monotone functions S, P, I, A,
R, E, each yield a single real number.

We shall also use the notation S, P, I, A for the same four binary operations (sum,
product, min, max) applied to pairs of reals, instead of to all the elements of a matrix
as in (2.8). Thus

Px,y)=xy, Skx,y)=x+y, (2.12)
I[(x,y) =min(x,y) =x Ay, A(x,y)=max(x,y)=xVy. (2.13)

Each of P, S, I and A makes Ry = [0, co) or ‘R into a commutative semigroup and
is associative:

E(E(x,y),2) = E(x, E(x,)),
for all real x, y, z, foreach E € {P, S, I, A}. (2.14)

Examples. We now illustrate the notation defined in (2.5)—(2.7), (2.12) and (2.13).
The property PEF < holds if and only if, foralln > 1 and all a, b € J",

n n n
[TI]EF@.ap. Fi.b) <[] ] EFai.bp). Fbi.ap). — (2.15)

i=1j=I i=1j=1

n

Similarly, SEF < means that, foralln > 1 and all a, b € J",

n n

> > E(Fai.a)). F(bi,b))) <Y Y E(F(ai.bj). F(bj.a)). (2.16)

i=1 j=1 i=1 j=1
SEF> means that, foralln > 1 and alla, b € J",

Z Z E(F(a;,a;), F(b;, b))) > Z Z E(F(a;, b)), F(bi,a;)). (2.17)

i=1 j=1 i=1 j=1
In (2.15), it is understood that E(x, y) > 0. Similarly, the choice E = P requires
that F(x, y) > 0. As a more explicit example, property PIS< asserts that
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[T @ +ap) A@i+b) <[] +b5) A B +ap)) (2.18)

i=1j=1 i=1j=1

foralln > landalla, b € R

Definitions. Property QEF < holds if U < V, or explicitly

n n n

D > E(F(ai.a)), Fbi,bj)xixj < Y Y E(F(a;, b)), F(bi, aj))xix;,
i=1j=1 i=1 j=1
(2.19)

foralln > 1,allx €e R, and alla, b € J".
Property QFEF> holds if V < U, or explicitly

n n n

E E E(F(ai,aj), F(bi,bj))xix; > E E E(F(ai, bj), F(bi,aj))xix;
i=1 j=1 i=1 j=1
(2.20)

forallnm > 1,allx e R, and alla, b € J".
Property REF < holds if the spectral radius of U is not greater than that of V,

REF< <= p(U)< p(V), Vn>1, Ya,be J", 2.21)
REF> <= p(U)>p(V), V=1, Ya,be J". (2.22)

It is obvious that QEF < = SEF < and QEF> = SEF>. (Put x; = 1, Vi.) The
next fact is less obvious.

Theorem 2.1. IfU >0,V > 0and U < V, then p(U) < p(V). As a consequence
QFEF < implies REF <. Moreover, QEF < implies SEF < and QEF> implies SEF>
even if U, V are not non-negative.

Proof. U <V meansthat } | ; i, Ui jXiXj < 1< jcn Vi, jXiXjorx'Ux < x'Vix,
Vx € R", hence sup{x'Ux;x € R", |x| = 1} < sup{x'Vx;x € R", |x| = 1}. But
o2 (U) = sup{x'Ux; x € R", |x| = 1} (see e.g. [5]). S0 02(U) < 02(V) = p(U) <
p (V) by the Perron-Frobenius theorem. The second claim is trivial. [J

2.1. The relations E C F

DEF < and DEF> are rarely both true. Often an effective way of determining
which of DEF < and DEF> (if any) might be true is to examine the special case:

ai=x, b=y, i=1,...,n, (2.23)
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where x and y are arbitrary non-negative constants. Then, from (2.3), all elements of
U = (u;,;) equal u and all elements of V = (v; ;) equal v, where

u=EWFx x),F(y,y), v=EWF(x,y),F(y,x). (2.24)

In this special case, for any “reasonable” operator D (such as S, P, I, A; ruling out
trivial operators such as DU = 0), one has DU < DV if and only if u < v. Thus
u < v for all x, y is a necessary condition for DEF < which does not depend on D.

Definitions. Let E C F denote E(F (x, x), F(y,y)) < E(F(x,y), F(y, x)) forall
x,y > 0,andlet E D F denote E(F(x,x), F(y,y)) =2 E(F(x,y), F(y, x)) for all
x,y = 0.

If DEF < is true, then E C F or equivalently

ui; <vii, Yn=1, Vi=1,...,n, Va,be 9{1 (2.25)
Similarly, if DEF> is true, then E D F or equivalently
ui; =vi;, Yn=1, Vi=1,...,n, Va,be 9{1 (2.26)
Let T = trace (sum of the diagonal elements of a matrix argument). Clearly (2.25)
implies TU < TV while (2.26) implies TU > TV.
In applications, it is usually very easy to check which of E C F, E D F is true
(if any). If neither is true, then neither DEF < nor DEF> can be true, regardless of
D. If, for instance, E C F is true but not £ D F, then DEF> is false while DEF <

may or may not be true; and vice versa. If both £ C F, E D F hold, or equivalently
if

E(F(x,x), F(y,y)) = E(F(x,y), F(y,x)) forallx,y >0, 2.27)

then DEF= may be true. In any case, (2.27) implies TEF= (where T = trace).
In the special case E = F, (2.27) becomes

E(E(x,x),E(y,y)) = E(E(x,y), E(y,x)) forallx,y >0, (2.28)
Since E(x, y) is always assumed to be symmetric,

x*y=E(x,y) (2.29)
defines a commutative operation. With £ = F, (2.27) can be stated as

(xxx) % (yxy)=(x*y)*x(x*y). (2.30)

A sufficient condition for (2.27) is for the operation * to be commutative and asso-
ciative, for then it follows from (2.2) that

Ujj = (ai *aj) * (bl‘ *bj) = (a,- *bj) * (bi *bj) =V
foralli, j=1,...,n, (2.31)

that is, foralla, b € ‘Rﬁ, U =V and therefore DU = DV . This proves:
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Theorem 2.2. Suppose x x y = E(x,y) is associative, always assuming E is sym-
metric or equivalently * is commutative. Then (2.31) and DEE= are true for any D
whatsoever. In particular SEE=, PEE=, IEE=, AEE=, TEE=, QEE= and REE=
all hold.

Corollary. In the 16 cases DEE where D and E are chosen from {S, P, I, A},
DEE= holds.

An important class of symmetric associative functions £ may be constructed as
follows. Let H be a (non-empty) sub-semigroup of the additive semigroup [—oo,
400). Thatis, x, y € H implies x + y € H. Typically, H = [c, c0) with ¢ > 0 (usu-
ally c = 0); or H = [—00, 00). Let G be a subset of R of the same cardinality as H
andlet ¢ : G — H be a 1:1 function from G onto H. Then

xxy=Eyx,y) = go_l((p(x) +@(y)) forallx,ye G (2.32)

defines a commutative associative operation on G.

Examples. Choose G = [0, 00) and H = [—00, 00) and

¢(x) =logx, go_l(z) =¢*. Thenx xy =exp(logx +logy) = xy.
(2.33)

Or choose G = H = [0, co) and ¢(x) = x” where p > 0. Thus ¢! (z) = z!/? and
xxy =P +yHP = E,(x,y) (2.34)
by abuse of our notation in (2.8). In particular, E1(x, y) = x + y. Letting p — o0
leads to
X xy =max(x,y) = Ex(x, y),
which is not a special case of (2.32). Alternatively, if G = (0, co), H = (0, co) and
¢(x) = x~", where r > 0, then
1
Letting r — oo leads to the limiting case x * y = min(x, y) = E_oo(x, ¥).

Xky= =FE_,(x,y) (say). (2.35)

We have seen that £ C F is a necessary condition for DEF< and that £ D F
is a necessary condition for DEF> (provided DU > DV when U > V). We seek
conditions such that £, C Ey, where these functions are defined in (2.32).

Theorem 2.3. Let ¢ and v be continuous and 1 : 1 (and thus strictly monotone)
functions from G onto H with G = H = (0, 00) or G = H = [0, 00).

(1) If @ is increasing, then E, C Ey < @ o Yyl
v~ is convex.

is concave and Ey D Ey & ¢ o
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(i) If ¢ is decreasing, then E, C Ey < ¢ o Y]

is convex and E, D Ey & @ o
1//_1 is concave.

Proof. Define x = ¢ o ¢y ~!. Then

Ey(Ey(x,%), Ey(y, ) = ¢~ (X2 () + x Q¥ (),
Ey(Ey(x,y), Ey(y, ) = ¢~ Qx (¥ x) + ¥ ().

Hence E C F is equivalent, if § = ¢ (x),n = ¥ (y), to

¢ (xQ5) + x @) <9”'Qx(E +m) forall >0, 7 >0.  (236)
If ¢ is (necessarily strictly) increasing, this in turn is equivalent to
x(28) + x@2n) < 2x(E +mn) forall§ >0, n>0. (2.37)

Letting s = 2&, t = 27, an equivalent inequality is

t t
X (S;— )2 X(S)‘;X() foralls,t > 0.

Because ¢, ¥ are continuous and thus measurable, E, C Ey is true if and only if
x = @¥ ! is concave.

If ¢ is strictly decreasing instead, the opposite inequality holds in (2.37). Then
E, C Ey ifand only if x = ¢y~ is convex.

For E, D Ey, the function x = ¢ o ¥ ~! must be convex or concave, respec-
tively, depending on whether ¢ is increasing or decreasing, respectively. [J

Remark. Equality (2.27) holds if and only if ¢ o ¥ ~! is both convex and concave,
thus linear. Moreover, in case (i), if x is strictly concave, then (2.36) and (2.37)
hold with strict inequality when & # 7. Equivalently, letting £ = E, and F = Ey,
the inequality £ C F holds with strict inequality when x # y. The other case (ii)
behaves analogously.

Remark. As a reminder, if x is strictly increasing, then x is convex (concave) if
and only if x ! is concave (convex). If x is strictly decreasing, then x is convex
(concave) if and only if X_l is convex (concave).

Theorem 2.4. For the associative operators E, and Ey,
E, CEy ifandonlyif Ey D Ey. (2.38)

Proof. Suppose first that ¢ and ¥ are both increasing. Thus x = ¢ o ¥ ! is increas-
ing. From Theorem 2.3, case (i), E, C Ey < x is concave < x~ ' =yeé!is con-
vex (since y is increasing) < Ey D E, (from (i) with ¢ and v interchanged).

If ¢ and ¥ are both decreasing (so that x = ¢ o ! is again increasing), then
E, CEy & go ¥~ !is convex < Y~ is concave < Ey D E, (from (ii) with ¢
and v interchanged).
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Now suppose ¢ is decreasing and v is increasing (so that ¢y ~! is decreasing).
Then E, C Ey < @y~ isconvex < Yo~ !isconcave < E, D Ey (from (i) with
@, ¥ interchanged).

The same reasoning works if ¢ is increasing and ¥ is decreasing. [

Theorem 2.5. Transitivity:

ifE, CEy and Ey C Eg, then E, C Ey. (2.39)

Proof. Let f=¢o0 !, g=poy™', h=vo06"!. Then f=(poy™)
(Y o0~ = g(h). According to Theorem 2.3, we want to prove that if ¢ is increas-
ing (decreasing), then f is concave (convex). Given that E, C Ey and Ey C Ey,
there are four cases depending on whether ¢, i are increasing or decreasing.

Suppose that ¢ is increasing.

If  is increasing, then g = ¢ o ¥~ is increasing and concave and & is con-
cave. This means that h(px + gy) = ph(x) + gh(y) for any p, g > 0 such that p +
g =1.50 f(px +qy) = g(h(px + qy)) = g(ph(x) + gh(y)) (since g is increas-
ing) > p(gh)(x) + q(gh)(y) (since g is concave) = pf(x) +qf(y); that is, f is
concave < E, C Ey.

If ¥ is decreasing, then g = ¢ o /! is decreasing and concave and h is con-
vex. This means that h(px + qy) < ph(x) + gh(y) for any p, g > 0 such that p +
g =1.50 f(px +qy) = g(h(px + qy)) = g(ph(x) + qh(y)) (since g is decreas-
ing) > p(gh)(x) + q(gh)(y) (since g is concave) = pf(x) + qf(y); that is, f is
concave < E, C Ey.

Suppose that ¢ is decreasing.

If ¥ is increasing, then g = ¢ o ! is decreasing and convex and % is concave.
This means that h(px + gy) > ph(x) + qgh(y) for any p,q > O such that p + g =
1.So f(px + qy) = g(h(px + qy)) < g(ph(x) + qh(y)) (since g is decreasing) <
p(gh)(x) 4+ q(gh)(y) (since g is convex) = pf(x) + qf (y); thatis, f is convex <
E, C Ey.

If ¢ is decreasing, then g = ¢ o ¥ ! is increasing and convex and / is convex.
This means that h(px 4+ qy) < ph(x) + gh(y) for any p,q > 0 such that p + g =
1. So f(px +qy) = g(h(px +qy)) < g(ph(x) + qh(y)) (since g is increasing) <
p(gh)(x) + q(gh)(y) (since g is convex) = pf(x) + ¢f (y); thatis, f is convex <
E, C Ey. 0

1

Theorem 2.6. Fora, € R/{0}, if E, = Eq(x, ) on [0, 00)? is defined by (2.34),
(2.35), then

Ey C Eg (equivalently, Eg D Ey) <= o < B. (2.40)

Moreover, ifa < B, then E C F with E = E, and F = Eg holds with strict inequal-
ity when x # y. Hence, ifa < B, then Eg C Eg is false.
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Proof. Apply Theorem 2.3 and the first Remark after it, choosing ¢ (x) = x%, ¥ (x) =
x# (x > 0). Thus @ o 1/f_l(y) = y“/ﬁ (y > 0), which is strictly concave if —1 <
a/B < 1, strictly convex if either /8 < —l orelse /B8 > 1. O

Remark. In the collection {Ey; « € R/{0}}, the operator P(x, y) = xy fits in very
nicely in place of the missing operator Eq. More precisely,

Ey CPCEg <= a<0<§8. (241)

Proof. Let a < 0. The operator E, coincides with E, where ¢(x) = x®. Further
P = Ey where ¥ (x) = log x, thus ¥ ~!(y) = ¢”. Hence ¢ o ¥y ~!(y) = ¢ which
is convex. Since ¢(x) = x* is decreasing, E, C P follows from (ii) of Theorem 2.3.

Let 8 > 0 and ¢(x) = x#; thus Eg = E, while ¢~ !(y) = y/. Let ¥ (x) =
log x; thus ¥ o 1 (y) = log y!/# = (1/8) log y is concave. Since ¥ is increasing,
this proves that P = Ey, C Ey, = Eg. [

Thus we should regard P as some sort of limit of Eg as g — 0 from below or
above, except that the latter limit does not exist in the obvious sense. However, P is
a limit of Ey, for B — 0 when we define

xP—1 1
Y(x) = Yp(x) = = logx + Eﬁ(logx)2 I
Then ¥~ (y) = (1 4+ By)!/#. Thus
B B_2o
VY@ + o) =y (%)

:(x’s—l—yﬂ—l)l/ﬁ—)xy as 8 — 0.

After all, (1/B8)log(x? + y# —1) = (1/8)1log(1 + Blogx + Blogy + O(B?)) —
log xy.

Remark. The functions ¢(x) and ¥ (x) = p¢(x) + o (with constants p #* 0 and o)
are essentially equivalent in the sense that £, = Ey, i.e., both E, C Ey and E, D
Ey (the latter being equivalent to Ey, C E). After all, oYy '(y) = (y —0)/p and
¥ 09~ (y) = py 4+ o. The latter two functions, being linear, are both convex and
concave.

We thus arrive at the (rough) identification that
I=E , H=E_,, P=Ey, S=E, A=Eix. (2.42)
Here H stands for the harmonic operator

1 Xy
I/x+1/y x4y

Hx,y) = (2.43)
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It thus follows from (2.33) and (2.35) that (with E»(x, y) = /x2 + y?)
ICHCPCSCE,CA. (2.44)

Our goal is to prove (or disprove) properties of the type DEF < or DEF> defined
in (2.5) and (2.6). In the sequel, we will restrict £ and F to associative, commutative
operators E = E, and F = Ey except that we will also include / = E_, A =
Ei~ and P = Ey. To see more precisely why 7, A and P = E are limiting cases,
we analyze the conditions (2.5) and (2.6) when D = E),, E = E;, F = E, with
p.q.r € R\{0}.

Definitions. Given a, b € (0, 00)" we denote DU by L, , ,(a,b) and DV by
Rp.g.r(a,b). Thusif p,q,r ¢ {—o0, 0, 0o}, we have

==

2
Lp,q,r(av b) = Z ((a,r +a;)% + (blr + b;)%)q R (2.45)
1<i, j<n
q q L F
Rpgrlaby= > ((a{ +b5) 7 + (b +a;)7)" (2.46)
1<i,j<n
So
E,E E, < < Lp4,(a,b) <Rp4,(ab), ¥Yn=1, Va,be (0, 00)",
E,E E,> <= Lp4,(a,b) >Ry, (a,b), VYn=1, VYa,be (0,00)".

(2.47)

When one of the indices p, ¢, r belongs to {—o0, 0, 0o}, then (2.45) becomes

2\ 7
L,,,q,oo(a,b)z( > ((a,'\/aj)q-i-(b,'Vbj)q)‘f) , (2.48)
I<i,j<n
1
1 AN
Lp,oo,,(a,b)=< > ((a{+a;)w(b{+b;)7> ) : (2.49)
1<i,j<n
q q 1
— T a4+ 46!
Loo,q,r(a,b)—lénha}én ((a, +a})r + (b; + b)) ) , (2.50)
1
P P
Lp,q,_oow,b):( > (<aiAaj>q+<biAbj>q)q> : 2.51)
1<i,j<n
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Ln<nAmb)=< > (M{+aQ%A(M4Jﬁﬁ>P>i

I<i,j<n

==

L_soqr(a.b)= min (m;+qﬁ)?+(wﬁ+bp?) ,

1<i,j<n
1

Lp,q,o<a,b>=< 3 (<a,-a,->q+(b,-b,->q)5> ,

I<i,j<n

1

1 VAN

Lp,O,r(a9 b) = ( Z ((azr“‘aj)’(bzr‘i‘b;)’) ) ,
1<i, j<n

1
Logr@b) = [T (@ +ap?+ @ +6pF)".

1<i,j<n

Theorem 2.7. Limiting cases:

() rlin;o Lpgr(a,b)=Lpgo(a,b), r—leoo Lpgr(a,b) =1Ly, l(a,b),

—00 < p,q < 100,

(ii) qli{go Lp,q,r(a» b) = Ly cor(a, b), qEIPoo Lpg.r (a,b) = Ly —cor(a, b),

—o0 < p,r < +00,

(iii) pll{go Lp,q,r(a’ b) = Loo,q,r(a’ b), pEIPoo Lp,q,r(aa b) = L—oo,q,r(av b),

—00 < ¢q,r < +00,
. . L a,b
mhmlﬂ¥J=M%WﬂJh
r—0 25

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

L ! a,b
W) lirr}J M =Lyo.2 (Wa, \/l;) [the presence of 2r on the right is inten-
q— 24
tional],
. . Lp,q,r(ay b) L . . .
(vi) lim ———=—— = (Lo4,/(a, b)) [n is the dimension of a and b as always].
p— nr

The same holds if one replaces “L” with “R”. Here \/a, \/b are the vectors with

components (\/a;)1<i<n> (Vbi)1<i<n-

Proof. If x € (0, c0)™, then

1
lim (xf—l—xé’—l—-u—l—x,’,’,)!’ = max{x;; | <i < m},
p—>00

1
lim (x/ +x)+- - +x})” =min{x;; 1 <i <m}
p——00
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and

1
p p P\ 7
X +x5, +---+Xx
lﬁ)(l 2m ’") = (x1x2 - x) /™
P

For instance, we compute the limit (vi):

1
p >

q 2\ q
Zléi,jén ((air +a;)r + (b} +b;),>‘1
= lim

p—0 n2

Lp,q,r(a, b)

2
nr

lim
p—0

==

=1 I] ((al-r+a§)%+(bf+b;)%)

1<i,j<n
1
= (LO,q,r(aa b))n*.

The limit (v) with ¢, the middle index, is subtler:

<=

L b
1imM= lim [ >

(a] +a’) +(b’—|—b’
q—0 o q—0

I<i,j<n

<=

lim
—0

- >

1<i,j<n

(_ (al +a’) +(b’+b’ )

>

= Z ((air +a;)217 x (b} —I—b;)%)p

1<i,j<n

Lpoa(a,¥b). O

Remark. The function (p, ¢, r) — L 4.,(a, b) is not continuous at 0, but there are
no problems for the limits at oo, i.e., im,_ ) g—qgo.r—ro Lp.g,r(@, D) = L py 40,10
(aa b)v VpOs q()v ro € [—OO, OO]\{O}

The next result considerably simplifies our approach.

Theorem 2.8. Lett #+ 0 be arbitrary and p, q, r any real numbers or £00. Then

Lipigar(@,b) = (Lp g, BNV, Ripigir(a,b) = (Ry 4, @, b)Y,
(2.57)

where a' denotes the vector (a;)lgign and b' denotes the vector (b;)lgt’gn.
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Proof. If p, g, r are real numbers different from 0, then

tp P
1q 19\ 1q
Lipigirta,by=| > ((af’ +al )+ b + b;’)zr) !

1<i,j<n

1N\ 7

- = ((<a;>’ F @) + (0 + (b;)’)%)g

1<i,j<n
= (Lpg,@, b)Y

Another six cases when one or two of the indices p, ¢, r equal 0 raise no problems,
but are space consuming. For instance,

ip

Liposr(a. b) = Z ((afr + a;r)i_'r’ b + b;r)i—f)

I<i,j<n

- = (((af)r + @) (@ + (b})’)f)

I<i,j<n

(Lo, by
and

1
Lo,q.0(a,b) = 1_[ ((aiaj)'? + (bibj)'1)
1<i,j<n

t

[ T (e + o)

1<i,j<n

= (Logo(d,b')/'. O

2.2. Equivalences

Definitions. The inequalities DEF (with either < or >) and GHK (with either < or
>) are equivalent if and only if the truth of one implies the truth of the other, and vice
versa. An equivalence between DEF and GHK will be written as DEF <> GHK.

Equivalent inequalities must either both be false or else both be true. It is possible
that DEF< < GHK < or that DEF < < GHK>. In the former case, we say that
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DEF and GHK are similar. In the latter case, where the direction of the inequalities
is reversed, we say that DEF and GHK are dual.

Theorem 2.9. E,E.E, < E;E E,, whenever t #0. If t > 0, then E,E E, and
EpEEyy are similar; ift < 0, they are dual.

Proof. Lett > 0.IfE,E,E,<,then L, , ,(a,b) < Rp 4 (a,b),V¥(a,b) € (0, c0)".
Then Lip,iq.ur(a,b) = (Lpgr(a', 6N (from (2.57) < (Rpq,r(@',b')/" =
Rip.1q.1r(a, b), hence EyEyyEy < holds. If EyErEy-< holds, then replacing ¢ with
1/t we see that E,E,E, < holds, too. In the same way, one checks that E,E E,> &
ElpElqur>'

If <0, then E,E/E,< implies that L,,.(a',b") < Rp4.(a', b") =
(Lp.gr(@ DY = (Rpg.r(@', 6DV = Lip 1g,0r(a,b) > Rip g .ur(a, b), ¥n > 1,
Va, be (O, OO)" = EtpthEtr>- OJ

Remark. This theorem implies thatif p ¢ {—o0, 0, 0o}, then the inequality E,E,E,
is equivalent to SE;/,E,/p. Also, any inequality IE,E, is equivalent to AE_,E_,.
Therefore, we have to study only three types of inequalities: IE,E,, PE,E, and
SE4E,. Consequently, Section 3 discusses /E,E,, Sections 4 and 5 deal with SE E,
and Section 6 deals with PE,E,.

Definition. The set Q denotes the set of all (p,¢q,r) € [—oo, 0o]® such that
Ey,E E,< or EpE E,> hold(s).

One goal of this paper is to find properties of this set €.

Theorem 2.10. If(p,q,r) € Qandt € R, then (tp, tq,tr) € Q. If (Pms Gms Tm) =
(p.q.7) € ([—00, 0c0]\{O)? and (pm. G rm) € 2, then (p.q.r) € Q.

Proof. For t # 0, the first assertion says that E,E E, <> EpE E,. 1If t = 0, then
EpEyEy = EgEgEy = PPP which holds with PPP=. So (0,0, 0) € Q. The sec-
ond assertion comes from continuity of L, , , and R, 4 , outside O and Theorem
27. 0O

Remark. According to the above theorem, one can visualize the set Q as sets at
three levels of p: at level p = —oo, we get the set Q_o, = {(q,r); (—00,¢q,r) €
Q}; at level p = 0, we get the set Qy = {(g,r); (0, g, r) € Q}; and, finally, at level
p=1,wegettheset Q1 = {(p,q); (1, p,q) € Q}.

Other useful ways to establish equivalence are changing the sign and taking the
logarithm.

(i) Changing the sign. Consider DEF and suppose D, E, F € {I, S, A} (P is ex-
cluded) and E # F and at least one of E, F belongs to {A, I}. Now suppose this DEF
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is true in the sense that either (2.5) or (2.6) holds for each choice of a, b € iR'jr Let
e=(1,...,1) € W.Itis easily seen from (2.2) that, on replacing a by a 4 Ae and b
by b + Le, both DU and DV increase by exactly the same amount (depending on the
choice of A € R). Hence, the difference DV — DU remains unchanged. It follows
that if the inequality at hand (DU < DVor DU > DV) is true for all a, b € SR{’H
then it must also be true for all a, b € R". Consequently, that inequality remains true
under a simultaneous replacement of a by —a and b by —b. Pulling the minus sign
to the front gives a new (but equivalent) inequality, having opposite direction. Its
type can be obtained from DEF by changing each / into A and each A into /, while
leaving any S unchanged. This method proves nine equivalences.

SIS < SAS  AIS < IAS IIS < AAS
SIA < SAI  AIA < JAI  [IA < AAI (2.58)
SSA < SSI  ASA < ISI  ISA < ASI

(ii) Taking the logarithm. Another strategy is to transform S into P by introducing
a logarithm. Consider an equality DEF, as in (i) with D, E, F € {I, S, A} (none
equal to P)and E # F and at least one of E, F belongs to {A, I}. As we saw, if DEF
istrue foralla, b € ‘.R’L then it must also be true for all a, b € R". Now replace each
old a; by loga;, and each old b; by log b; where the new a;, b; are strictly positive.
Finally, replace DU and DV by exp(DU) and exp(DV). This creates a new (but
equivalent) inequality having the same direction as the original DEF'. Its type can be
obtained from DEF by replacing each S by P. This method proves 14 equivalences.

SSI < PPI  SSA < PPA SAS < PAP

SIS < PIP SAI <> PAI  SIA < PIA

ASA < APA  ASI <+ API ISA < IPA (2.59)
ISI < IPI AIS < AIP  IAS < IAP

AAS < AAP 1IS < IIP

Together (2.58) and (2.59) are equivalent to eight quadruplets and two pairs.

PPI <> PPA <> SSI <> SSA
PIP <> PAP < SIS < SAS
PIA <> PAI <> SIA <> SAI
IPI <> APA <> ISI <> ASA
IPA <> API <> ISA <> ASI
IAP <> AIP < IAS < AlIS
IIP < AAP < IIS < AAS
ISI <> ASA < IPI <~ APA
IIA < AAI

AIA < IAI

The equivalences (2.60) involve 32 + 4 = 36 properties DEF and reduce the proof
of these 36 properties to the proof of just 8 +2 = 10 properties (a gain of 26). In
addition, there are 48 — 36 = 12 properties DEF (with E # F) not yet mentioned
so far.

(2.60)
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3. Inequalities of the form IEF or AEF

We now prove all 24 inequalities /EF and AEF with E, F € {I, P, S, A} and
E #+ F. These inequalities are consequences of a more general fact.

Theorem 3.1. Let ¢, ¢ : (0, 00) — (0, 00) be 1:1 onto continuous functions (hence
they are monotone). Define, as in (2.32),

Ep(x,y) =0 (o) +0(3), Ey(x,y) = "W x)+ ¥ ()
forall x,y > 0. (3.1

Then

E, CEy < IE,Ey< and AE,Ey < hold,
EyDEy < IE,Ey> and AE,Ey> hold.

Proof. For any n > 1, let a,b € (0,00)",u; j = Ey(Ey(ai,a;), Ey (b, bj)),
vi,j = Ey(Ey(ai, b)), Ey(bi,aj)),1 <1, j <n.Expanding these expressions gives
uij = ¢ (@(Ey(ai, a))) + @(Ey(bi. b))
= ¢ oW W@ + ¥@)) + o~ @by + ¥ b))
vij =@ (@(Ey(ai. b))+ ¢(Ey(bi,a;))))
=0 oW W@) + v b)) + oW W b)) + ¥(a))).
Denote the mapping ¢ o ¥ ~! by x, as in the previous section. Let also x; = ¥ (a;)
and y; = ¥ (b;). Then
wij = (i + x5+ x i + ),

1 (3.2)
vij =@ (X +y)+ x(i +x;)).

Case 1. Suppose that £, C Ey. Then u; ; < v;;, V1 <i < n. The task is to prove

that
/\ u,-,jg /\ Vi, j and \/ u,‘,.ig \/ Vi j- 3.3)

I<i,j<n I<i,j<n I<i,j<n I<i,j<n
We shall prove more, namely,
/\ uj; < /\ v;,j and \/ uij < \/ Vi (3.4)
1<isn 1<i,j<n 1<i,j<n 1<i<n
To prove (3.4), we shall prove, for any two different indices i, j:
uijg Auj; <vi;oand ;i < v V. 3.5)
It is obvious that (3.5) together with u; ; < v;;, V1 < i < n imply (3.4), which in
turn implies (3.3). We shall apply Theorem 2.3. There are two subcases:
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Case 1.1. ¢ is increasing. Then ¢!
is concave. By (3.2),

wii =@ (XQx)+ xQy)) and uj; = (X Q2x;) + x2y;)).

As
wii Auj = (97 (X Qx) + x 2y A (07 (x2x)) + x (2y))))
= 0 (0 Q2x1) + x2yi)) A (X 2x)) + x(29))))
(since (p‘l is increasing), the first of the inequalities (3.5) becomes

o N @xi) + x @) A (X 2x;) + x2y))))
<o (@i + ) + x i +x))).

1

Similarly, since ¢~ is increasing,

Vi VU= Qx i+ y) Ve Cx(xj + )
=o' Qx (i +y) vV 2x(x; +y))),

the second of the inequalities (3.5) becomes

e Ot +x) F O + ) <o Cx (i +yi) Vv 2x (x4 yi).

1

Again because ¢~ is increasing, (3.6) and (3.7) become

O0@2xi) + xCyi) A (x2xj) + xQ2y;) < x(xi +y;) + x i +x5),
X +x5) + x (i +y;) <200 + i) vV x(xj+yi)).

But as x is concave,

(0 @2xi) + x2yi)) A (x2xj) + x(2y;))
< O0@x) + xQyi) + xQ2xj) + x2y;))/2
= (x2x) + xQyN/2+ (x2xj) + x(2yi))/2

2x; +2y; 2xj + 2y
< - 74 - s 7
X ( 2 tx 2
=xx; +y;)+ xi +x;),
hence (3.8) holds. Moreover,

(G +xj) + x i +yj))/2
<x (x,- ) ;yi + yj) (by the concavity of x)
<(Xi +yi) + (& +y))

> <G +y)Vxx;+y;))

is also increasing and (from Theorem 2.3) x

(3.6)

(3.7)

(3.8)
(3.9)
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since x is monotone increasing if i is increasing, and monotone decreasing if v
is decreasing; and if x is monotone, x ((s +1¢)/2) < x(s) V x(¢). Thus (3.9) holds,
too. Therefore (3.5) holds. We have proved IE,Ey < and AE,Ey < in this case.

Case 1.2. ¢ is decreasing. Then ¢! is increasing as well and (from Theorem 2.3)
X is convex. As

wii Auj = (7 (X Q2xi) + x 2y A (@ (x2x) + x 2y;))
=0 (X Q2x) + xQ2yi)) Vv (x 2x) + x 2y;))

(since ¢~ !

o N @xi) + x 2y Vv (x (2x;) + x2y;)))
<o i 4+ y) + xGi + x)). (3.10)

is decreasing), the first of the inequalities (3.5) becomes

1

Similarly, since ¢~ is decreasing,

Vi VUi =0 Qx i+ y) Ve Cx(x; +y))
=0 @x (i + y) A2x(xj + ¥)))s

so the second of the inequalities (3.5) becomes
e O x) + xGi +y)) <o Qx4 yi) A2x (x4 ). (31D

As go_l is decreasing, the inequalities (3.10) and (3.11) are equivalent to
(X 2xi) + x 2yi)) v (x2xj) + x2y;)) =2 x(xi +y;) + x i +x;),
(3.12)
X+ 5) + X O+ 35) 2 2 (i 4 30) A 2X (5 + 3). (3.13)

The first one (3.12) follows from the convexity of x:
(O02xi) + x2yi)) vV (x2x;) + x2y;))
> (X 2xi) + xQ2yi) + x(2x;) + x 2y;))/2
= (X 2x;) + x2yj)/2+ (x 2xj) + x(2yi)/2
2 x(xi +yj) + x i +xj).
The second one (3.13) follows from the convexity and monotonicity of x:

(x(xi+xj)+x(yi+yj))/2>x(’ ’2’ ’)

_ ((xz' +yi) + (x; +)’j)>

2
2 x(xi +y) A x(x;+y)).

Thus we have proved IE,Ey < and AE,Ey, < in this case, too.
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Case 2. Suppose that £, D Ey. Then u; ; > v;;, V1 < i < n. To prove that
/\ Ui, j = /\ Vi, j and \/ Ui, j = \/ Vi, j (314)
I<i,j<n I<i,j<n I<i,j<n I<i,j<n
we shall show that for any two different indices 7, j we have:
uj j Z Vi ANV j and Uij vV uj;j = Vi, j- 3.15)
Case 2.1. ¢ is increasing. From Theorem 2.3, we know that x is convex. It is also

monotone. The proof is similar to that of case 1.1, but one must switch the sense of
the inequalities. Then (3.15) is equivalent to

X +x) + x i +yj) =2 2x (x5 +y;) A2x(xj + y;5), (3.16)
O(@2xi) + xCyi)) vV (x2xj) + x2y;)) 2 x(xi +y;) + x i +x;).
(3.17)

But (3.16) is a consequence of the convexity and monotonicity of x:
(X(Xi+xj)+x(yi+yj))/2>x( L 5 ’ ]>
((xi + i) + (x; + yj))
=X
2
Z x(xi +y) A x(xj+y)).

Likewise, (3.17) is a consequence of the convexity of x:

(O 2xi) + xQ2yi)) v (x2x;) + x(2y;))
Z (X Q2xi) + xQyi) + x2x;) + x(2y;))/2
= ((2x) + x2yi))/2+ (x2x;) + x2yi)) /2
= x(xi +yj) + x i +xj).
So we proved IE,Ey, < and AE,Ey, < in this case.

Case 2.2. ¢ is decreasing. From Theorem 2.3, we know that x is concave and
monotone. The proof is similar to that of case 1.2 and (3.15) is equivalent to

X +x;) + x i +y) <2 +y) V2x(x;+y;)), (3.18)
Or@2xi) + xCyi)) A (x@xj) + xQ2y) < x(xi +y;i) + x i +xj).
(3.19)

By the concavity and monotonicity of x,

Xi+Xx;j+y +yj
(x(xi+xj)+x(yi+yj))/2<x< ,2y y’)
((xi+yi)+(xj+yj))
=X
2
< +y) Vv xx;+y;))
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and by concavity,

((2xi) + xQyi)) A (x2xj) + x(2y;))
< O0@xi) + x Qyi) + x2xj) + x(2y;))/2
< x (i + ) + x i + xj). 0

Corollary 3.2. Denote by E, the operation E, with ¢(x) = xP, p € W\{0} (as in
Theorem 2.6). From the previous section, Eo(s,t) = st. Then
p<q = IEE;< and AE,E;< hold, (3.20)
p>q = IEE,> and AE,E;> hold. (3.21)

Proof. According to Theorem 2.6, p < g < E, CE;andp > q & E, D E,.

Corollary 3.3. The following 24 inequalities hold: [IP<, AIP<, IIS<, AIS<, lIA<,
AIA<, IPS<, APS<,IPA<,APA<, ISA<, ASA<, IPI>, API>, ISI>, ASI>, IA]>,
AAIl>, ISP>, ASP>, IAP>, AAP>, IAS>, AAS>.

Proof. According to the previous section, / = E_,, P = Eg, S=FE| and A =
E . The conclusion follows from the previous corollary. [J

4. Inequalities of the form E,E E, with p < g <rorp>q>r

If p<g<rorpZ2=q>r,the inequality E,E.E,< holds for n =1 as a con-
sequence of Theorem 2.6. Sometimes the inequality holds more generally. In this
section, we consider two cases, 0 < p < g < r (with results only in the special case
p=g¢q)and p =q < 0 < r. Theorem 4.11 extends some of the results obtained for
Ey,E4E,< to quadratic forms: If » > 1, then OSE, < holds. If r < 0, then QSE,>
holds.

Monotonicity conjecture. We believe that if 0 < p < q <1, then E,E E,< holds.

We shall prove this conjecture (in Theorem 4.6) when p = ¢, but for the moment
assume only p < g. Letg = Br, 0 < B8 < 1. Denote a! by x; and b by y;. Then
1 1
uij = (i +xpP + 0 )P vy = (@ 9)P + i) )7
4.1)

Then E, E, E, < means that for alln > 1,
1

1 1
( Z Lti’jp) << Z U,"jp> . (4.2)

I<i,j<n I<i,j<n



34 J.E. Cohen et al. / Linear Algebra and its Applications 395 (2005) 1-82

If we denote p = «g, then we must prove that

Z ((xi +x)P + (i +yj)ﬂ)a < Z ((xi + )P + (i +x,j)5)a
1<i, j<n 1<i, j<n

4.3)

forall 0 <o, B < 1. If B =1, (4.3) is obvious (and we already knew from Section
2 that DEE= always holds).

According to Theorem 2.9, E,EE, < is similar to SE;/pE,/p = SE1/0E1/a5. We
shall prove (4.3) when p = g (o = 1). Then the task is to prove that

Yoo+ Gy < YD (4P + i+ 1)),
1<i,j<n 1<i,j<n

YO< B <, (4.4)

which is SSE7 /g < after replacing x; by ail/ F and vi by bil/ P The difference between
the left side and the right side of (4.4),

Dex,y)= Y (i+x)P+0i+y)f =i+ 3P =i +x)Ff),

1<i,j<n
4.5)
has the form
D(x,y) = Z (i, xj) + (i, yj) — @(xiy yj) — 9(i, X)) (4.6)
I<i,j<n
with
p.0)=fGs+1, fw=u’, 0<BLL 4.7)

This observation motivates the following:
Definitions. Let D : (0, 00)" x (0, 00)" — % be defined by

Dye,y)= Y (fei+x)+ fOi+y)—fOi+y)— fOi+x))

I<i,j<n

(4.8)

Let C; be the set of all functions f : (0, 00) — N such that Dy >0.
According to Proposition 8.3, the set C; is a cone with property (A) defined in
Section 8. Thus the functions f(u) = ub belong to C;.

Remark on the case of equality. The functions f;(x) = ¢ belong to C; even if
t > 0.1f Dy, (x,y) = 0forany t € i, then y is a permutation of x; and conversely.
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Proof. Suppose that x is the maximum of x; and that y,, is the maximum of y;. We
have Dy, (x,y) =0foranyr € R < Y i e =37 | ¢ forall 7. Dividing both
sides by ¢** and taking r — oo, the left side is a positive number but the right side
converges either to 0 (if x;x > y;,) or to oo (if x;x < ;). As both sides must remain
equal, the only possibility is that x; = y,,. Then these terms cancel each other and
we get two sums with n — 1 terms and repeat the same reasoning. The converse is
obvious. [J

Theorem 4.1. If0 < p <, then E,E,E, < holds.

Proof. If p > 0, property E,E,E,< means that u — uP belongs to Cy, which is
assured by Proposition 8.3.

As C; has the property (A), it contains the functions x — —logx, according
to Corollary 8.2. Now if p = 0, the property E,E,E, < becomes PPE, <, which is
equivalent with PPS by Theorem 2.9. But PPS< means that

[] @+api+bp< [ @+b)bi+a) 4.9)

1<i,j<n 1<i, j<n

or, after taking the logarithm,

Z (log(ai +aj) +log(b; + bj) —log(a; + b;) — log(b; + aj)) < 0.
1<i, j<n

(4.10)
But (4.10) is true because x — — log x belongs to C;. [J
Theorem 4.2. If p < 0 < r, then E,E,E, < holds.

Proof. If p = 0, Theorem 4.1 applies.
Let p <0 < r. Since x — x? is decreasing, (4.2) is equivalent to

Z wi i’ > Z vi P (4.11)

1<i,j<n 1<i,j<n
or, from (4.1) with 8 = ¢q/r = p/r <0, to
Yoo+ Gi+yf) = Y (i +ypP + i+ x)P),
1<i,j<n 1<i,j<n
(4.12)

meaning that x — —x” is in C; which is true according to Corollary 8.2.
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If » = 0, apply Theorem 2.7(iv), passing to limitas r | 0.If L, ,, ,(a,b) < Rp p r
(a,b) forany r > O and a, b > 0, then

1

r—=>0 9y
= L, p0(a,vb) <R, po(a,vb), Ya,bel0,c0)"
< E,E,E ;< holds,

L R
lim —22%(a, b) < lim —2P% (a,b), Va,b € [0, 00)"
r— 27

since any a, b > 0 can be written in the form ({/a, \/5). O

Theorem 4.3

(1) If0 <r < 1/2, then E\E\E,> (equivalently, SSE,>) is false. However, if r =
1/2, then E\E1E,> is true.

(ii) Let p < r. The inequality E,EyE, < holds if r = 0. If r < 0, the inequality may
be false. If p > r, then EyE E,.> holds if p < 0. If p > r > 0, the inequality
may be false.

i) Ifr > 1, SSE.< holds. If r < 0, SSE,> holds.

@iv) The set Q of all (p,q,r) € [—o0, oo]? such that E,E E.< or EyE E,>
hold(s) (defined before Theorem 2.10) contains the set {=(p, p,r); p < r and
r > 0} and does not contain the points (B, ,1) or (1,1,1/8) if B > 2. In
particular, Q contains all (1,1, r) withr € [—o0, 0] U [1, oco] U {1/2}.

Proof. (i) Let r = 1/B8. We prove that E1E|E,> is false by showing that we can
produce a pair a, b € [0, 00)" such that D < 0 where
D= D(x,y,n,B)
= Z (i +x)P + i + y))f) — Z (i + )7 + i +x)F).

I<i,j<n I<i,j<n

(4.13)

Here x; = a] and y; = b. We choose x = (1/2,1/2,...,1/2)andy = (1,0, ...,0).
Then (4.13) becomes

D=n’+2+2n—-2)—2n |:<§)ﬁ+u] (4.14)
- 2 zﬂ . .

Define

gn(B)=2PD=4F —2n.3F £ (0> +2n —2)- 2P —2n(n—1)- 1%,
(4.15)
This way of writing g, shows that g, is a particular case of g from Lemma 8.1 with

m=4anda; =1In4,a; =In3,a3 =In2 and a4 = In1 = 0. According to Lemma
8.1, g» = 0 has at most 3 solutions. The values of g, which interest us are:
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B gn(B)

0 —(m—1)72

1 0

2 2(n—2)%

3 6[(n—23)2-1]

4  2(7n* —64n + 112)

5 30(n%—14n +32)

6 62n% — 1328n + 3968

From this table, we see that g»(1) = g2(2) = g2(3) = 0. Therefore g» = 0 has
only the solutions x; = 1, xo = 2, x3 = 3; so g» does not change sign on the inter-
val (2,3). But g2(2.5) < 0, hence g2(8) <0, V2 < B < 3 or, equivalently, if r €
(1/3,1/2).

Let now n = 3. From our table, we see that x; = 1 is the first root of g3. As
g23(2) =2 > 0and g3(3) = —6 < 0, another root x3 is in the interval (2, 3). Also, as
g3(5) = =30 < 0, g3(6) = 746 > 0, aroot x3 is in (5, 6). Moreover, between 3 and
5, g3 does not change sign. Therefore if 8 € [3,5] orr € [1/5,1/3], D < O.

Finally, let 8 > 5. Now write g, as

hg(n) =n*(2P —2) —2n(3# —2F — 1) +- 2P (2F —2). (4.16)

We want to prove that for any 8 > 5, there exists an n = n(f) such that hg(n) < 0,
that is, that there exists a positive integer n > 2 such thatn; < n < np where ny and
ny are the two roots of the equation of second degree hg = 0. If we divide (4.16) by
28 — 2 the equation /g (n) = 0 becomes

n—m——= 42— 4.17)

Let A = 32_52_'32_ L The discriminant 4 and the roots of (4.17) are

A=A2=28 ni,=A+VA (4.18)

Sony —n; = 24/ /. The interval (n1, ny) contains at least one positive integer n if
274 > 1 or equivalently 4 > 1/4.

We shall prove that 4 > 1 and that will finish the proof of (i). Remark that A >
(3/2)# — 1. Write

3 \5 1 V)2
A=2P ((ﬁ) _<ﬁ>> —1]. (4.19)
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B B
. 3 s P . .
The function 8 — (—2 ﬁ) ( ﬁ) is increasing because the first term increases

and the second one decreases with increasing 8. Hence the function

3\’ 1V
— — ) - —= -1 (4.20)
g <2J§ ) <f2>
increases, too. For 8 = 4, the value of (4.19)is 1/64 > 0. As 8 — 2# is also increas-
ing, the product 4 of (4.20) times 27 is also increasing. In short, 8 > 5= 4 > 1, s0

there exist positive integers between the two roots.
If r = 1/2 or B = 2, the inequality E1E|E,> is true because then we can write

n n
D=2(S,— )% where Sy =) xi. S,=) y.
i=1 i=1

If Sy = Sy, we have equality.

(ii) According to Theorem 2.9, the inequalities E,E,E,< and E_,E_,E_,> are
equivalent. So if p > r, then E,E,E,> holds precisely when E_,E_,E_,< holds.
If, in (i), we choose p = 1 and r > 1, then SSE, < holds. This proves the first part
of (iii). If p = —1, we get from (i) that E_;E_;E,< holds for r > 0. So its dual
(defined before Theorem 2.9) SSE,> holds if r < 0. (iv) Restates previous results.

[l

Corollary 4.4. The inequalities PPS<, PPA<, SSA<, PPI>, SSP>, SSI> hold.

Proof. PPS is EgEgE;; PPA is a limiting case of EgEgE,, r — oo (apply Theorem
2.7(1)); SSA is a limiting case of E;EE,, r — 00; PPI is the dual of PPA; SSP is
E\E|Ey; and SSI is a limiting case of E;JE;E_,,r — oco. [

We generalize Theorem 4.3(iii) by replacing the first summation S with a qua-
dratic form Q. The proof follows the same lines as before.

Theorem 4.5. Ifr > 1, then OSE,< holds. If r < 0, then QSE, > holds.

Proof. Instead of (4.8), define, for any n > 1 and any ¢t € 0",
Dyr.y. )= Y (fai+xp)+fOi+y)—fxi+y)
1<i,j<n

—f i+ x))tt;. 4.21)

Let C; be the set of all functions f : (0, 00) — Rsuchthat Dy(x, y, 1) > 0,Vn > 1,
Vx,y € (0,00)", Vt € R". Then C; has property (A) (Proposition 8.3) and hence
contains the functions x — x#, 8 = 1/r andx — — log x (Corollary 8.2). The proof
is the same as in Theorems 4.1 and 4.2. []
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5. Inequalities of the form SEF

Our proof will be roughly as follows.

SPA  false
SPS  easy
SSP  easy

SIP  from Theorem 5.3

SAP  from Corollary 5.4

SIS from Theorem 5.5

SIA  from GIA (Theorem 5.6)
SSI from GSI (Theorem 5.11)
SPI  from GPI (Theorem 5.12)
SAS  from SIS (Theorem 5.5)
SAI  from SIA (Theorem 5.6)
SSA  from GSA (Theorem 5.7)

5.1)

Theorem 2.1 guarantees that QEF implies SEF. As a partial converse, we shall show
that, whenever SEF holds with E, F' € {I, P, S, A}, then the corresponding QFF
holds, too. We were not able to find counterexamples to this:

Conjecture. Leta, b € [0, 00)". If inequality SE,E, holds, then the corresponding
OE,E; holds, too.

The 12 non-trivial SEF cases have E, F € {I, P, S, A} but E # F. From (2.58),
SSA < SSI, SIS < SAS, SIA < SAL (5.2)

The other six non-trivial cases SEF are
SPA, SPS, SSP, SPI, SIP, SAP. (5.3)

The first three of these (SPA, SPS, SSP) are easy to handle.
We first show that SPA< = E1EgEx < is false. It is the only SEF case that is
false. Inequality SPA < states that

Zmax(ai,aj)max(bi, bj) < Zmax(ai, b;) max(a;, b;). (5.4)
i,j i,j
Whenag; =x >0and b; =y > 0,foralli =1, ...,n, (5.4) states that xy < [max

(x, y)]z, which is true; further, strict inequality holds if 0 < x < y. For n = 3, there
are many counterexamples to (5.4). For instance, if

a=(0,1,2) b=(1,2,0) Ileftside=18 rightside = 17
(1,2,3) 2,3, 1) 53 52
(2,3,4) (3,4,2) 106 105
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The assertion QPA < is false too. By the third example of falsehood of SPA,

6 12 12 9 12 8
u=1(12 12 16|, Vv=|12 16 12
12 16 8 8§ 12 16

The eigenvalues of U are —6.4317, —3.3382, 35.7699 and the eigenvalues of V are
—0.0819, 5.4888, 35.5931. Therefore p(U) = 35.7699 > 35.5931 = p(V).
For n = 2, the situation is different.

Proposition 5.1. The inequality QPA< holds for n = 2. Therefore SPA< and RPA<
hold for n = 2. (As we indicated in Section 1, wherever P appears, we assume
non-negative a, b.)

Proof. The inequality QPA< holdsif W = V — U is positive semidefinite, or equiv-
alently wy 1 > 0 and det(W) > 0. As w1 = (a; Vb1)2 —aiby = (a1 vV by)la; —
b1| = 0, one has only to check the second condition,

[(a1 v by)ar — billl(az V ba)|az — 2]

— (a1 vV ) (@2 V by) — (a1 V az) (b1 v by)]* > 0. (5.5)

Let
A = [(a1 V b1)lar — bi[l[(az Vv ba)|ay — bal],
B =[(a1 V by)(azy Vv b1) — (a1 V a2) (b1 V by)]*.
Then det(W) = A — B.
Let us order the four numbers ay, ay, by, by as o1 < oy < o3 < 4. That can be
done in 4! = 24 ways. These 24 cases belong to three different classes.

(5.6)

Class 1. A = apaa(ay — 1) (s — a3), B = 0. This class contains eight cases:

a1 <by<ax<by, ar<bi<by<ay, b <a <ay<by,
by<ay<ay<by, ar<by<ay<by, ar<by<b<ay,
by <ap <ay <b;, by<a<b <ay.

These cases may be expressed more concisely as ay vV by < ax Aby or ax V by <
aj A by. Obviously A — B =A > 0.

Class 2. A = azay(asz —op)(ag — ), B = a42(a3 — az)z. This class contains
eight cases:

a1 <ay<by <by, a1 <bry<b <ay, by <ay<a Kby,
by <bhy<ar<ay, ax<a <by<by, ar<b <by<a,
by <by<ay<ay, by<a <ay<by.
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Replacing o1 with o, ap with @ + x, o3 withao +x + y, and aq withow +x + y +
z, where «, x, y, z > 0, one gets

A— B =oalalxy +yz+zx) +x(x +y+2) +xyz] (5.7)
which is obviously non-negative.

Class 3. A = azaq(aq — ay) (3 —an), B = ai(og — a»)?. This class contains eight
cases:

a <a<by<b, ag<by<a<b, bi<a<by<a,
by<bhy<ay<a, a<a <bi<by, a<b <a<by,
by <by <ay <ay, by<b <a <a.

More concisely, the interval bounded by aj, b1 contains or is contained in the
interval bounded by a3, b>. Replacing o1 with «, oy with @ 4+ x, @3 with o + x + y,
and aq with @ + x + y + z, where «, x, y, z > 0, one gets

A—B=o4(az3 —a)[a(x +2) +x(x +y+2)], (5.8)

again obviously non-negative. [

Proposition 5.2. The inequalities QPS< and QSP> hold. As a consequence, SPS<
(=E|EyE | <) and SSP> (=E|E|Ey>) and RPS< and RSP> also hold.

Proof. QPS< states that
Z(ai +aj)(b +bj)xix; < Z(ai +Dbj)(bi +aj)xixj, Vxe R
i,J i,J
The a;b; terms and a;b; terms on each side cancel each other, leaving only
Z(aibj +ajb)xix; < Z(aiaj +bibj)xix;,
i,j i,j
which amounts to the obvious inequality 2pg < p? + ¢2, with p = Yo iaixi, g =
> i bix;. Similarly, OSP> means that
> (aiaj +bibj)xixj =Y (aibj + biaj)xix;,
i,j i,j
which reduces to p? + g% > 2pg. O
Theorem 5.3. Inequality QIP< holds, i.e.,
Zmin(aiaj, bibj)xix; < Zmin(a,-bj, biaj)xix;,
i,J iJ
Va, b € [0,00)", x € R". (5.9

As a consequence, SIP< and RIP< also hold.
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Proof. Consider the function

r(s,t) = min(s, t) — min(1l, st), wheres,t € [0, 0c0). (5.10)
It suffices to exhibit random variables Z(z) (t > 0) that satisfy

Cov(Z(s), Z(t)) =r(s,t) foralls,t >0, (5.11)
for then
n
D rtitpxing =y xix; Cov(Z(t;), Z(t})) = var (inZ(ti)> >0,
ij ij i=1
(5.12)
for all choices of n,#; € [0, 00) and x; € )R (i =1, ..., n). Hence, using (5.10),
Zmin(l, titj)ajaj < Zmin(ri, tj)a;a;.
i,j i,j
Ifa; >0,b; >0,i =1, ...,n, then the last inequality with #; = b; /a; immediately

yields (5.9). The case a; > 0 b; > 0 follows by continuity.
Now we construct random variables Z(¢) that satisfy (5.11). The standard Brown-
ian motion W(¢)(r > 0; W(0) = 0) satisfies

Cov(W(s), W(t)) =s At, Vs, t>=0.
Define
W(t) —tW(l) if 0

<
ZO=Yway—rw (%) i1 > 1.

Then Z(0) = Z(1) =0 and {Z(#); 0 < t < 1} is the usual Brownian bridge which
satisfies, for 0<s, <1, Cov(Z(s), Z(t)) = Cov(W(s) —sW (), W() —
tW()) =s At —st—st+st=sAt—st=r(s,t). Here we used (5.10). This
verifies (5.11) when 0 < s, < 1. When s, ¢t > 1, then

Cov(Z(s), Z(1)) = Cov (—SZ (l) 1z (%))
e (2(2) #(2)
:st|:<§ ;) H_s/\t—1_r(st)

Finally, if 0 < s < 1 < 1, then

Cov(Z(s), Z(t)) = Cov (Z(s), —tZ (%)) = —tCov (Z(s), VA (;))

=t [min (s, ;) - ﬂ —s—min(st, 1) =r(s.0). O
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Remark. To see whether (5.9) and (5.12) hold with equality, apply the following
operations (where n may be replaced by a smaller integer).

(i) Ignore all indices i for which either a; = 0 or b; = 0.
(i1) Lump together into a single index p all indices i with the same ratio b; /a; =t
letting ap =} _ aj and by =y, _ b;, for all > 0. The new pair a,, b,

has the same values as the old pair for the left side and right side of (5.9).
(iii) Permute indices to satisfy (5.16) in the proof below.

Then the old pair a, b satisfies (5.9) with the equality sign if and only if the new
vector b is the reversal of the new vector a, where reversal is defined in the proof
below after (5.17).

Proof. SetY =)/ | a;Z(t;). Then EY = 0. Equality holds in (5.12) if and only if
Y = 0 with probability 1. Let#; = b; /a; and let {ty, ..., 7¢} be the distinct numbers
among {ti;a; #0;0<t; <1,i=1,....n}U{l/t;i;a; £0;t; > 1,i =1,...,n}.
One may assume that 0 < 71 < --- < 17 < 1. Since Z(0) = Z(1) =0, Y is a lin-
ear combination of the form ¥ = Zle ¢, Z(t,). Because Brownian motion W (t)
is a process of independent random increments, ¥ = 0 if and only if ¢, =0,r =
1,..., k. Equivalently, Y = 0 if and only if

Za,-:ia,» forr =1,...,k. (5.13)

=T, Tr

This allows us to determine when (5.9) holds with the equality sign. If, for in-

stance, a, = 0, then the terms with i =r or j =r are always zero and can be
ignored. If a, = b,, then each term u; ; on the left side of (5.9) withi =ror j =r
exactly cancels the corresponding term v; ; on the right side of (5.9). Replacing n by
a smaller integer if necessary, we may assume that

ai >0, by >0, a; #b; foralli=1,...,n. (5.14)

Then t; = b; /a; satisfies t; #0,1; #1,i =1, ..., n. Condition (5.13) for equality
becomes

Zai: Zbi forr =1,...,k. (5.15)
b 4
r B

bi .
a

After lumping as prescribed in part (ii) above, we may assume that all the ratios
t; = bj/a; are different. Permuting indices, we may assume that

b b b b b
0< L 2o g (5.16)
ai ap ar ar+1 an

Then the necessary and sufficient condition (5.15) for equality can hold only when
n = 2m is even, and when r = m = n/2, and finally when

aj = byyy1-j, bj:a2m+l—ja j=1,...,m. 5.17)
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This is the same as b; = ap;,—j forall j =1, ..., n = 2m. Thus (assuming (5.16)),
the vector b is a reversal of the vector a, that is, by ;) = a; (i =1, ..., n) where the
permutation o is its own inverse. The first Remark in Section 2 guarantees that in
suchacase DU =DV. O

Example. Inequality (5.9) holds with the equality sign if n = 8 and

a=(p,q,3r,3s,2t,2u,3v,3w), b= 3p,3q,r,s,3t,3u,2v,2w).
(5.18)

Here p, q, ..., v, ware positive and suchthat p + g =r +s; 1 +u = v + w.

Remark. Here is a proof by induction of SIP<. The function r defined at (5.10) sat-
isfiesr(s,t) = —t xr(s, 1/t),r(s,0) =r(s,1) =0,r(t,t) =t (1 —1)if0 <t < 1
while r(¢t,t) =t — lif t > 1. Lett; = b;/a; and, as at (5.12), let

Qu(t,x) =Y r(ti, tj)xixj, x € R". (5.19)
ij
We will prove that always O, (¢, x) > 0. The proof is by induction with respect to n.
The case n = 1 is trivial since r(z,t) > 0. Let n > 2 be fixed.

Lemma. For any t € [0,00)" and x € X" and i,j €{l,...,n}, Q,(t,x) >0
whenever one of the following occurs:

(i) Eithert; = 0 for some i ort; = 1 for some j.
(ii) #; =t} for some i, j withi # j.
(iii) #;t; = 1 for some i, j withi # j.

Such points t € [0, 00)" will be said to be “special points”.

Proof. (i) Let (for example) #{ = O or #; = 1. Since r(t1, ¢;) = 0 for all j,

n n
Qn(t,x) =) > rlti, t))xix; >0, (5.20)
i=2 j=2

where the inequality holds by induction.

(ii) Suppose t1 = 1» (say). Let 11 = 11, 12, . . ., T, be the distinct values of 71, . . .,
ty.

Let ¢, > 1 denote the number of 7; equalto 7, (p = 1,...,m). Thenc; > 2 and
ci+--+c¢u =n,thusm < n. Let

Jp={jell,....n}tj =1,}. (5.21)

Thus |J,| = ¢p;and putar, = Z{xj;j e Jp}, p =1,...,m.Then, as is easily seen,
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m m
On(t,x) = Z Zr(fpv T py = Om(t,a) 20,
p=lg=1
by induction.
(iii) Suppose (for concreteness) that 0 < t; < 1 < 1, satisfy 1t = 1. Let o =

(a2, ..., ay) be defined by oo = ar — t1a; while j = a; for all 3 < j < n. Putting
il = (t2, ..., t;), we have, by induction, that
n n
Qn1(th @) =" " r(ti tj)aia; > 0.
i=2 j=2

It suffices to show that 0, (¢, x) = Q,_1(t!, ). The terms r(#;, tj)a;a; with 3 <
i,j <ninQ,(t, a)and Q,_(t', &) cancel each other. Thus, it suffices to show that
B+ 2B, = C{ + 2C, where

By = r(t, t)ai +r(t2, )a3 + 2r(t1, )ajaz,

n
By =) (r(th.tparaj + (12, t))aza;),

Jj=3
_ 2 5
Ci1 =r(t2, t2)a2 =r(tr, )(ar — hay)”,
n n
Cr = Zr(tz, tj)otzaj = Zr(tz, tj)(az — fla1)aj.
Jj=3 j=3

Here, r(t1, 1) = t3r(t2, ), (11, t;) = —t17(t2, t;) for all j > 2, implying By = C;
and By = C,. This settles case (iii) and thus the lemma. [

Let x € %" be fixed and let ¢ € [0, 00)”. From our lemma, Q,(t°, a) < 0 would
imply that r = 9 is not a special point. Thus, we may assume that

100, 1) £ 1, ) £ 1 foralli, j, 1) 1) ifi #j.

Permuting indices, 0 < t? < tg << t,?. Let us now study Q, (¢, a) as a function

of the first coordinate y = #1, with y close to yg = t?. The other coordinates are
fixed, thus 1, = tg, oty = t,?. One has Q,(t,a) = ¢(y), where

d(y) =y (y) + 22’1: (min (y, t?) — min (1, yt?)) aja; + C. (5.22)
=2

Here C is independent of #{ = y while ¥ (y) := r(y, y)a7 = y(1 — y)a if 0 < y <
Lyl =G — l)af if y > 1. ¥ (y) is concave on [0, 1] and linear on [1, co]. The
sum in (5.22) represents a linear function of y as long as the interval (y, yg) does not
contain any of the values 1, t;.) and 1/ t? (which values are all different from y© = t?
since yO =10 is non-special). This range of y amounts to a closed interval [yj, y2]
with 0 < y; < yo < . Further, y; < tg < 4o00.
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If 9 > 1, then ¥ (y) is linear in the interval [yq, y2]. If t? < 1, then v (y) is con-
cave on [y, y2]. In each case, ¥ (y) and thus ¢ (y) are concave on [yy, y2].

The extreme points 7! and 7 = ¢ in [0, 00)" associated with y = y; and y = y,
are clearly special points. For there #{ = y must necessarily take one of the values
0,1, tj.) or l/tj.), where j > 2. From the above lemma, both ¢ (y;) > 0 and ¢ (y2) >
0. Hence, the concavity of ¢ (y) on [y, y2] yields that ¢ (y) > O forall y; <y < y».
Hence ¢ (yg) = ¢(t?) =0, (%, a) < 0is impossible. [

Corollary 5.4. The inequalities QAP>, that is,
Zmax(aiaj, bibj)xixj > Zmax(aibj, biaj)xix;,
i,j i,j
Vn>1, Va,be[0,00)", x e€R", (5.23)

SAP> and RAP> all hold.

Proof. We will use QIP<, that is, inequality (5.9). abbreviated to L < Ry, to prove
(5.23), abbreviated to Ly > R». It suffices to show that L, — Ry > R| — L1, that is,
Li+L> > R+ Ry.Sincex Ay + x Vy=x + Yy, the latter is equivalent to

Z(al-aj +bibj)xix; > Z(aib]‘ +biaj)x;x;.

i,j i,j
This is precisely the trivial inequality SSP, saying that p> 4+ g2 > 2pq, where p =
Za,-xi and q = Zb,-xi. O
Theorem 5.5. The inequalities QIS<, that is,

> (i +aj) A b +bp))xixj < Y (@i +bj) A (aj + bi))xix;,

ij ij

Yn>1, a,bel0,00)", xeiR", (5.24)

SIS<, SAS>, PAP>, PIP< and RIS< (this last one if a, b > 0) all hold.

Proof. From (2.60), PIP <> PAP < SIS <> SAS, so it suffices to prove (5.24). In
QIP< (5.9), replace a; by a; + A and b; by b; + A (1 <i < n), where A > 0. The
n? terms A% on each side cancel each other. Hence
> (aiaj + Mai +aj)) A (bibj + (bi + bj))xix;
ij
<Y (aibj + Aai + b)) A (ajbi + Maj + bi))xix;.
i,

Divide both sides by A, and let A — oco. [
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Theorem 5.6. For every non-decreasing [ : J — N where J is an interval contain-
ing all the a; and b;, the generalized inequality

> fUaivaj) A b v b))xix,
i,J
< Z fUaivbj)n(b;Vaj)xix;, Yn=1, Vxe i (GIA<)
i,J

holds. Hence the inequalities QIA <, namely,

D (@i vag) A b v bp)xix; <Y (@i Vbj) A (bi Vaj)xix;,
i,j i,j
vn > 1, Va,b,x € X", (5.25)

and SIA<, SAI>, PIA<, PAI> and RIA< are true, the last one ifa, b > 0. Equality
holds in (GIA<) for every non-decreasing function f if and only if, for every c € N,
the number of those i such that a; > c is the same as the number of those i such that
b; = c, that is, if there exists a permutation o such that b; = a ;).

Proof. Recall from (2.60) that PIA <> PAI <> SIA <> SAI.

Step 1. Prove GIA< for f = 1[¢ o), Where ¢ € 0.

Let N ={1,2,...,n} and think of x as a signed measure on N with the weights
x;.Sox(A) means ) ;4 x; and if C C N x N thenx @ x(C) = Z(i,j)eC XiXj.

Let D = Zi,j[f((ai \% bj) A (aj Vv b)) — f(a; v aj) A (bj \% bi))]xix.,' be the
difference between the right and left sides of (G A<). We shall prove that D > 0.
Let

wi j = f((ai vV bj)A(ajVbi))— flaiVvaj)AbjVb)). (5.26)

Then w; ; € {—1,0,1}. Precisely, w;; =1 % (a; Vbj) A(bj Vaj)>c and
(@i vVaj)NbiVvbj) <c. let A={i € N;a; >2c} and B={i € N;b; > c}. As
(@i Vbj)An(biVaj)>csaVbj>candbVaj>c<% (i€Aorje B)and
ieBorjeA) < ((i,j)e AxNor (i,j)e Nx B) and ((i, j) € Bx N or
(i, j) € N x A), we see that

(@i Vb)) n(biVvaj)=>c
< (i,j)eABXNUAXxAUBXBUN x AB. (5.27)
Similarly, (a,-\/aj)/\(bi\/bj)<c<:>ai\/aj <c or bl’Vbj <c& (ap <c

andaj <c)or (b <cand bj <c) & (i,j) € (A“XNNN XA )U (B x NN
N x B€). Therefore

(@i vVaj) A Vb)) <c < (i, j) € (A° x A9) U (B x BY). (5.28)
Combining (5.27) and (5.28) gives
wij=1 <= (i, j) € (AB° x AB°)U(BA“ x BA®) :=Cj. (5.29)
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Onthe otherhand, w; ; = —1 ¢ (a; V bj) A (b; Vaj) < cand(a; Vaj) A (b vV
bj) = c. Similar considerations yield
wij=—1 <= (i, j) € (AB° x BA°) U (BA® x AB) := C». (5.30)

As a consequence, D =) ;@i jXiXj =Y iec, XiXj = D jec, XiXj =
X Q@x(C1) —x @ x(C2) = x(ABS)? + x(BA)? — 2x(AB )x(BA) = (x(AB°) —
x(BA))? > 0 and we are done.

Step 2. Let us denote by H the set of those functions f : J — N for which GIA<
holds. H is a positive cone, thatis, f, g € H, A, u > 0 = Af + ug € H. Moreover,
H is sequentially closed, that is, if (f;;),, is a sequence of functions from H such that
fm — f,then f € H. By Step 1, H contains the functions of the form f = 1|¢ ).
Any non-decreasing function f is the limit of a positive linear combination of func-
tions of this type, hence any non-decreasing function f belongs to H. Thus GIA<
holds for any non-decreasing function. [J

Remark. All that matters are the values of f on the finite set {a; V a;,a; vV bj, b; Vv
bj; 1 <1i, j <n},soany function f behaves as a step function.

We prove next a generalization of SSA < which will be used in the next section. It
also gives an alternative proof of SSI/>.

Theorem 5.7. Let J = (6y, 01) be an interval and f : J + J = (26p, 261) — N be
concave and non-decreasing on J. Letn > 1, a,b € J" and x € N"*. Then

Z fa;i va;+ b; v bj)x,'x/'

I<i,j<n

< Y. flaiVvbj+bivajxix;. (GSA<)

1<i,j<n

Proof. Let vi,j=a; vV bj +a; Vv b; and ujj=a;vaj—+ bj V b;. GSA< holds if
and only if S = S(a, b, x) > 0, Va, b, x where

Sta.b.x)= Y (f(vi))— flui)xix;. (5.31)
I<i,j<n

The proof of (5.31) uses induction on the number k& of different values of @; and
bj.Denote by Z = Z(a, b) = {a;, b;; 1 <i < n}. We order these different values as
Z={0y<z1 < - <zr <0O1}.

If k£ = 1, (5.31) is obvious because then u; ; = v; j and § = 0.

Let n, x be fixed and k = |Z| > 2. The induction assumption is that S(a’, »") > 0
for any a’, b’ € J" such that | Z(a, b)| < k.

Let t € (6y, z2). Let a(t) denote the vector contained in J” obtained from a by
replacing a; by t each time a; = z1. We construct b(¢) similarly: each time b; = z;
we replace b; with ¢.
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Then Z(a(t),b(t)) ={t <z <--- <z} and Z(a(z2),b(z2)) ={z2 <---
< zx}. Thus | Z(a(t), b(t))| = k for t # zo and |Z(a(z2), b(z2))| =k — 1.

Let S(#) denote the sum from (5.31) with a, b replaced with a(z), b(t). Then
S(z2) 2 0 according to our induction assumption. If we prove that the function
S(t) is non-increasing on 6y < t < 7z, then we are done. We shall derive an explicit
formula for S(7).

Recall that x € )" will not be changed. As in the proof of GIA <, we interpret x
as a signed measureon N = {1,2,...,n}.Let 1 <r,s < kand

Ars={i;1<i<nanda; =z,,b; =z5}, myy =x(Ary) = Z X
i€Ary

(5.32)

There are k° sets A,.;, some of them possibly empty. They are disjoint and their
union is N = {1, 2, ..., n}. For the values of A, s and m, s associated with the pair
(a(t), b(t)), when z; is replaced by ¢, we write A, s(2), m, ().

Consideri, j € N suchthati € A, and j € A, 4. This means that a; = z,, b; =
Zs,aj =2z, and bj =z,. Moreover, u;j=a;vVa;+b;Vb=2Vi,+2zV
2g = Zpvr + 2gvs and similarly v; j = z4vr + zZpvs. Replacing these quantities in
(5.31) yields

S =YY 1 Gaur + 2pvs) — f @pur + 2gu)Imrs(Omp g (1), (5.33)
r,s p.,q

Here and throughout, each z; is to be replaced with 7. Let g(¢#) denote the sum of
all terms in (5.33) that involve ¢. To prove that S(¢) is non-increasing, it suffices to
prove it for g(#). We claim that if 8y < f < z (as assumed above), then

gty =cf(t+)+af+z)+ -+ ft+z) (5.34)
where
Cm = Z ml,smp,l+ Z miy gy, 1
pVvs=m qVvr=m
_( Z mi gmi.s + Z mpylmM). (5.35)
qVs=m pVr=m

For instance, the first sum on the right side of (5.35) derives from the fact that
f@gvr +zpvs) = f(t+zm) if g =7 =1 and p Vs = m; similarly for the other
three sums on the right side of (5.35). Keeping the first sum in (5.35) as it is and
renaming the summation variables in the other three sums, (5.35) simplifies to

cn=— Y A, where d;=mg; —m;. (5.36)
pVs=m

In particular, 47 = 0, thus ¢; = 0, agreeing with the fact that, in (5.33), the term
f(t + 1) has coefficient 0. Then (5.36) implies that
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it ten=— Y Ady=—(Ui -+ A <O,

p,s:1<pvs<m

Leto, =1+ ---+ Am)z. Remarking that ¢,, = 0),—1 — 0;,, we deduce from
(5.34) and the fact that oy = 0 that

k
gO)=> (om1—om) f(t+20)

m=2

k—1
=Y oulft +zmi1) — £+ zm)] — ok f (£ + 20).

m=2

As o, > 0, Vm, this latter formula clearly shows that g is decreasing: the last term
is decreasing since f is increasing and the rest of terms are all decreasing since any
concave function f has the property that x — f(x + b) — f(x + a) is decreasing if
b>a.Inourcasea = zx and b = z+1. U

Corollary 5.8. Inequality QSA< holds; therefore SSA< holds. If a,b > 0, then
RSA< holds.

Proof. Take f(x) = x. It is concave and increasing. [J
Corollary 5.9. Inequality PSA< holds.

Proof. Take f(x) = logx. It is concave and increasing. [
Theorem 5.10. [nequalities QSI> and QSA<, explicitly

D ai Aaj)+ (b Ab)xixj =Y (@i Abj) + (b Aap)xix; — (5.37)
i,j i,j

and

Y (@i vaj)+ b Vb))xixj < Y (@i Vv bj) + (b Vaj)xixj,  (5.38)
iJ iJ

hold, and so do PPI>, PPA<, SSA<.

Proof. The proof of QSI> is similar to the proof of Q/P<. One has to check that the
matrix W is semipositive definite, where w; ; = [a; Aaj +b; ADj]l —la; ANDj +
aj A b;]. Let W(t) denote the usual Brownian motion with covariance Cov(W (s),
W(t)) =s At and let Z; = W(a;) — W(b;). The vector Z = (Z;)1<i<n has the
covariance W. That proves (5.37). The W matrix is the same for QS7> and QSA<,
since x Ay +x vV y = x + y. This proves (5.38). In view of PPI <> PPA < SSI <
SSA from (2.60), PPI>, PPA<, SSA< hold. [J
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Theorem 5.11. The generalized SI inequality
> s naj)+ (b Abj)xix;
iJ
> 8@ Abj) + (b Aaj)xixj, Vx e R, (GSI>)
ij

holds whenever g : J — ‘R is non-decreasing and convex.

Proof. By (GSA<), we know that, foralln > 1,

Z f(a; Vaj + b; \/bj)xixj < Z f(a; \/bj + b; \/aj)x,-xj,
1<i,j<n 1<i,j<n

Vx € R", (5.39)

holds for every non-decreasing and concave function. If we replace in (5.39) the a;
and b; with —a; and —b; we get

Z f(=(ai naj+bi Abj))xix; < Z f(=(ai Nbj+b; Naj))xix;,
1<i,j<n I<i,j<n

Vx € W (5.40)

Let g(x) = — f(—x). With this new function, (5.40) becomes

Z glai Naj+b;i Abj)xixj = Z g(a Abj+bi Aaj)xix;. (5.41)

1<i,j<n 1<i,j<n

Now let g be any non-decreasing convex function. Then f(x) = —g(—x) is concave
and non-decreasing. Thus for f, GSA< holds, hence GSI> holds for g. [

Theorem 5.12. If g is non-decreasing and convex, then for alln > 1,

> g(ai naj)bi Ab)xix; =Y g((ai Abj)(bi Aaj))xix;
i,j iJ
VYa,b € [0,00)", x e R". (GPI>)

In particular, inequality QPI> holds. Explicitly,

Zmin(ai, aj)min(b;, bj)xjx; = Zmin(ai, bj)min(a;, b;)x;x;,
ij i,j
Ya, b € [0, 00)", x € R, (5.42)

hence SPI> is true, too.
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Proof. We may assume that all the a; and b; are positive. For if 1 < r < n is such
that either @, = 0 or b, = 0, then, on each side of (5.42), each term with i = r or
j = r equals zero. But then that index r may be dropped. Assuming that all the a;
and b; are positive, we can write ¢* instead of ¢; and €' instead of b;. The inequality
to be proved GP/> becomes

Z g((es" A S (el A e’f))xl-xj > Z g((es" Ael) el A esf))xixj (5.43)

ij i,j

or
Z g( esms_,~+t,-/\t_,~) xixj > Z g ( eSiAt_/JrSj/\fi) XiX;. (5.44)
i,J iJ

Let f(x) = g(e*). Then f is also non-decreasing and convex. Thus (5.44) becomes

Z fGins;+t Atpxixj 2> Z flsint+1 Asjpxix; (5.45)
i,j i,j
which is the inequality GSI> which we know is true according to Theorem 5.11.
O
Remark. Why does SPA< not hold? Consider
> gl(ai vay) x (bi v bj)xix;
1<i,j<n
< Y gl v bj) x (bi v ap)xix;. (GPA<)
1<i,j<n

As in the previous proof, write ¢* instead of a; and €' instead of b;. The inequality
GPA < becomes

Z g(esi\/Sj-‘rt,'\/lj) g Z g(esi\/tj+sj\/ti).
ij i,j
According to Theorem 5.7, this inequality holds if the function f(x) = g(e*) is con-

cave and non-decreasing. But this inequality fails if g(x) = x because then GPA<
becomes SPA < which we know to be false. That may explain the failure of SPA<.

Remark. The previous example suggests that GSA < in Theorem 5.7 is false as soon
as f fails to be increasing or if f is not concave, meaning that § < 0 (S as defined
at (5.31)) for at least one choice of n, a, b, x. That suggestion is true.

Proposition 5.13. If f is not non-decreasing, then GSA< is false.

Proof. Let p < g besuchthat f(p) > f(g).Letx =p —¢q/2,y =¢q/2.Leta; =
xand b; =y, V1 < i < n. Then property GSA < (if true) would say that f(x + y) <

FQxVvy) = fQ2y) & f(p) < f(g), contradicting f(p) > f(g). U
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Counterexample. If f is increasing but not concave, then GSA < may fail.

Let n=2a=0,1), b= (2 —1). Thus by < a; <a» < b; and U = @ (3))

V= (‘2‘ g) Then (5.31) yields that § = Ax2 + Bx2 + 2Cx;x with A = f(4) —
fQ2),B=f2)— f(0)andC = f(2) — f(3). As A, B > 0, for this quadratic form
to be non-negative we must have 4 > 0 where 4 = AB — C2.If f is concave this is
of course true, but it is easy to find continuous increasing functions for which 4 < 0
so that GSA < cannot hold for them.

So far we have assumed that @; and b; are non-negative. That forced the matrices
U, V to be non-negative, too. So any inequality of the form QFF implied the corre-
sponding REF. But what happens if we allow a, b € R" to be arbitrary? Sometimes
QFF holds in this generalized form. But what about REF? Here is a counterexample.

Proposition 5.14. If a,b € R", then QSP>, QPS< and RSP> hold but RPS< is
false.

Proof. The proof of QSP> and QPS< reduces to the obvious inequality p* + ¢* >
2pg which holds for any real numbers. The fact that RPS< is false can be seen by

choosingn =2,a = (1,2) and b = (0, —1). Then U = (_03 :g), V= ((l) ?).The

eigenvalues of U are 1 and —9 thus p(U) = 9. V has a double eigenvalue equal

to 1 hence p(V) = 1. Thus W = (; 3) is positive semidefinite, but p(U) > p(V),

disproving RPS<.
However, RSP> is true. Indeed, the matrices U and V are given by
ujj =aa; —{-bibj, Vi, j =a,~bj+biaj. (5.46)

We shall prove that p(U) = p(V).
Let A # 0 be an eigenvalue of U. Therefore there exists an x # 0 such that Ux =
Ax. But

n

n
Ux); = Zui’jxj = Z(a,-aj +b,-bj)xj

Jj=1 j=1
n n

= Za,-ajxj + Zbibjxj' = wa; + Bb;,
j=1 j=1

where

a:a(x):(a,x):Zajxj and 5=,B(x)=(b,x)=ijxj.
j=1 j=1
(5.47)
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The equation Ux = Ax becomes wa + Bb = Ax. Therefore, multiplying on the left
by the row vector a, we get

n n
Ao = Zaj)\xj = Zaj(aaj + Bbj) = Aa + CB,
j=1 j=1

where
n n n
A=Y"a;, B=) b7 and C=) a;jb; (thusC’>< AB). (548)
j=1 j=1 j=1
Multiplying on the left by the row vector b, we get

n n
M=) bjlxj=Y bjaa;+pbj) = Ca+ BB.
j=1 j=1
Thus A must satisfy
a(L—A)—CB=0, Ca—p(—B)=0. (5.49)

If we think of (5.49) as a homogeneous system of linear equations with unknowns
« and B, we want it to have non-trivial solutions (since« = =0= Ax =0=
A = 0, because x was supposed to be an eigenvector). The condition for the existence
of non-trivial solutions is that

So any non-zero eigenvalue of U must satisfy (5.50). Both roots of (5.50) being
positive, the spectral radius of U is the greater of the two roots:

pU) = 3(A+ B+ VA~ BP+4C?). (5.51)

Now the eigenvalues A of V should satisfy Vx = Ax with some x # 0. Similar
computations yield

n n

hence

n n

AB = ijkxj = ij(ﬂaj +abj) = CB + Ba,

j=1 j=1
n n

ha = "ajixj =Y aj(Baj+abj) = AB + Ca.
j=1 j=1
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Thus « and g satisfy

Ba—(A—C)B=0,(C—2A+AB=0. (5.52)
If non-degenerate solutions exist, we must have
B C—-x\ ) ) _
det(C—k A >—0<:>A —2CA+C“— AB =0. (5.53)

So p(V) is the greater of the magnitudes of the two roots of (5.53):
,o(V)=max(|C—«/AB|,|C+«/AB|)=|C|+VAB. (5.54)

It is easy to see that p(V) < p(U). Indeed, let A = |C| + +/AB. So A > 0 and
22 =2CA+ 4, where A = AB — C2 = A(v/AB — |C|) > 0. We want to check that
A lies between the two roots of (5.50) or equivalently that 22 —A(A+B)+ AB —
C?<0& 22— AA+B)+AVAB—-|C))<0& A(L—A—B+/AB—|C|)
<0< —A — B+ 2/AB < 0 which is obvious. [

5.1. Generalizing the inequalities

It is not important that the index set be finite.
A technique exists to generalize all the inequalities of the form SEF. Suppose for
instance that SEF < holds, namely,

D owi < Y iy (5.55)
1<i,j<n 1<i,j<n
where Uujj = E(F(a,-, aj), F(bi, b])) and Vi,j = E(F(ai, bj), F(bi, aj)) and a, b
are any vectors of length n, for any positive integer n.
If one replaces a and b with a*, b* constructed by repeating each pair (a;, b;)
k; times (k; non-negative integers), then (5.55) becomes

Z uj jkik; < Z v;, jkik; Vn, k; non-negative integers. (5.56)
1<i,j<n I<i,j<n
But (5.56) implies that a similar inequality must hold with k; replaced by rational

numbers p;, 1 <i < n. All these p; can be written as k; / k with the same k. So we
have

Z Ui jPiPj < Z Vi,jPiPj

I<i.j<n I<i.j<n

V(pi)1<i<n rational non-negative numbers. (5.57)

Now let (p;)1<i<n be any non-negative numbers. Consider sequences of non-nega-
tive rationals p; ,, converging to p; as m — oo. As (5.57) holds for p; ,,, instead of
p; for any m, it holds in the limit, too. Therefore
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Y. E(F(ai,a)), Fbi,b))pipj < Y, E(F(ai, b)), F(bi,a))pip;

1<i,j<n 1<i,j<n

V(pi)ici<n 2 0. (5.58)

Now consider a finite measure space ({2, K, i), a partition of Q (not the set Q =
{(p,q,r) € [—00, 00]3; EpE E, < or E,E4E,> hold(s)} defined before Theorem
2.10), namely (A;)1<i<, and two simple functions f = Y/, aila;, & = Y 71— bila,.
(Any pair of simple functions can be written that way.) Let p; = w(A;). Then

/ / E(F(F (), £O)), F(g(x), g())) due(x) dp(y)

= > E(F(ai.aj). F(bi.bj))pip;

I<i,j<n
and
f / E(F(f(x), g)), F(g(x), f(3)) du(x)dua(y)
= Y E(F(a, b)), F(bi,a))pipj.
I<i,j<n
So

f / E(F(f(x), f(y). F(g(x), g(y))) duu(x) due(y)

< / / E(F(f (), g0)), F(g(0), £()) duex) dp(y)

must hold for simple f, g. Approximating measurable functions as usual by simple
ones, we conclude:

Theorem 5.15. If SEF < holds, then

/ / E(F(F (), £O), F(g(x), g())) due(x) du(y)

< f / E(F(f (), g0, F(g(x), £()) du(x) due(y)

holds too, for any measurable non-negative functions f, g, where | is a positive
measure. A similar generalization holds for SEF>.

Corollary 5.16. If SEF< holds and X, Y are two independent identically distrib-
uted random variables and f, g are two measurable non-negative functions, then
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E(E(F(f(X), f(Y)), F(g(X), g(Y))))
S EEF(f(X), g(Y)), F(g(X), f(Y)))). (5.59)

Proof. Apply the standard transport formula: Let i be a measure on some space

E. Let f : E — F be a measurable function, and on F define the image measure

v(B) = n({x; f(x) € B}).If g : F — R is measurable, then [ gdv = [ g(f)du.
O

Remark. Similar reasoning shows that if QEF < holds, then (5.56) may be replaced
by

> wijkikp < Y vijkik; Vke R (5.60)

I<i,j<n I<i,j<n

Then the usual approximation of measurable functions by simple ones gives:
Theorem 5.17. If QEF < holds, then
[ [EFae. 109, Few. som auw due)
< f f E(F(f(), g0, F(g(o), £ dux) da(y),

for any measurable non-negative functions f, g and any bounded signed measure (L.
A similar generalization holds for SEF>.

Whenever we can replace S with Q in an inequality SEF, then we can replace i
from Theorem 5.15 (a positive measure) with a signed measure. So far, we have no
counterexamples to the Conjecture that opens this section.

6. Inequalities of the form PEF

Our proof will be roughly as follows.

PIP  equivalent to SIS
PIS  implied by PAS

PIA  equivalent to STA
PPI  from Corollary 4.10
PPS  from Corollary 4.10
PPA  from Corollary 4.10
PSI  false (Theorem 6.7)
PSP from Theorem 6.1
PSA  from GSA (Corollary 5.9)
PAI  equivalent to SA/
PAP  equivalent to SAS
PAS  from Proposition 6.4

6.1)
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Theorem 6.1. The inequality PSP>, namely,
l_[ (ajaj +bibj) > 1_[ (aibj +ajb;), (6.2)

I<i,j<n I<i,j<n

holds for alln > 1 and all a, b € [0, c0)".

Proof. Step 1. Preliminaries. By continuity, one may assume that ¢; > 0 for all i.
Letting t; = b; /a;, (6.2) is equivalent to

]_[(1 + 1) > ]_[(z,- +1;) if; >0 foralli. (6.3)
ij ij
This inequality is trivially true for n = 1. Whenn = 2,

[Ja+up) -] +t)=0-u)’ 1+ +15 +4nn+ 17151 > 0.

ij i,j
(6.4)
The equality sign holds if and only if 17, = 1. The function
ti +1;
fO =)= fultr, ...ty =[] L. fortemn, (6.5)
ij 144 tj
is non-negative, continuous and analytic everywhere on ‘Rﬁ Inaddition, f, (1, ..., t;)

is symmetric, that is, invariant under all n! permutations. Moreover, f,(t) = 0 if and
only if at least one of the coordinates 7; vanishes. Otherwise, f,,(¢) > 0; and then the
value f;, (¢) remains unchanged when (simultaneously) each coordinate #; is replaced
by its reciprocal. In view of (6.5), (6.2) is equivalent to

fut) <1 foralln > 1 andeachr e 0. (6.6)

Definition. A point 1 = (71, ...,1,) € W has elementary structure if {1, ..., 1,}
completely decomposes into

singlets {t; = 1} and pairs (-, f;) such that 0 < 7, <1 <ty and t,¢;, = 1.
(6.7)

For example, n = 6 and r = (3, 1, 2, 1/3, 1, 1/2) has elementary structure. Our
induction hypothesis will be

Property E(n). Property E (n) holds if (6.6) is true and, moreover, f,(¢) = 1 if and
only if # € 9’} has elementary structure.

Definition. A point z € )’} is special if either

tj=0 or t; =1 forsome j; orelsett;, =1 forsomer,s withr #s.
(6.8)
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Here j, r,s € {1,2, ..., n}. All other points t € ", are non-special. Thus ¢ € N} is
non-special if and only if
tj>0; tty#1 forany j,r,s,€{1,2,...,n} (6.9)

The set of all non-special points ¢t € )’ is an open subset of (0, 00)". Almost all
t € N} are non-special.

Main Theorem. Property E(n) holds for all n.

Proof. Proof by induction on n. Property E(1) is trivially true, while (6.4) shows
that E(2) is true. From now on 7 is fixed with n > 3. We will show that E (n) is true,
assuming (from now on) that E(m) is true forall 1 <m <n — 1.

To do the induction, we prove some relations between f,, and f,11.

Step 2. If ¢ is special and E(m) is true for 1 <m < n —1, then f,(¢) <1 and
fn() = 1 if and only if ¢ has elementary structure.
Letr € [0, 00)" and x, y > 0. Then the reader is invited to check that

Jut1(tt, -t X) = fu(Dp(E, x), (6.10)
where
. 2
2x ti+x
t,x) = —— 6.11
Pt ) 1+ x2 jli[ll+tjx 6.11)
and
o2ty oty X, ) = fu@®o(, x, y), (6.12)
where
" 2
2 2 ti t
ot x,y) = — =Y [XEY A (6.13)
1+x214+y2 | 1+xy P l+1jx 1+tjy
Remark that
p(t,00=0, pt 1H)=1 and o(t, x,1/x)=1. (6.14)

Let ¢ be a special point. Then exactly one of three cases holds:

1. For some j, t; = 0.If t* € [0, 00)"~ ! is the vector obtained from ¢ after deleting
the component ¢;, then f, (1) = f,—1(t*)p(t*, 0) = 0 by (6.10).

2. For some j,t; = 1. Then f,(t) = fu—1(t")p(t*, 1) = f—1(t*) by (6.10), where
t* € [0, 00)"~ ! is the vector obtained from ¢ after deleting the component ¢ IB

3. There exist r, s with r & s such that ¢, = 1. Then f,,(t) = f,—2(t*)o (t*, t,, t;) =
Fo2(t)o (t*, 1., 1/1,) = fu_2(t*) by (6.10), where t* € [0, 00)"~? is the vector
obtained from ¢ after deleting the components ¢, and #;.
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Assuming that E(m) holds form < n — 1, in all cases f;,(t) < 1.

Now suppose that f,,(t) = 1. That can happen only in the last two cases. In Case
2, fu—1(t*) = 1, hence t* has elementary structure. Inserting a component equal to
1 somewhere in ¢ does not affect its elementary structure. In Case 3, f,—2(t*) = 1,
thus #* has elementary structure. Inserting a pair of components (x, 1/x) somewhere
in ¢ does not change its elementary structure. [

Remark. Ifr € ?Rf"_ has elementary structure, then f,(¢) = 1, as follows from an
easy induction on .

Step 3. If (grad f)(r) = 0 and ¢ € (0, c0)", then ¢ must be special.
Let g,(¢) = log f,(¢). Taking into account the part of g, (¢) involving the coordi-
nate 7, one easily sees that

0 1 21, 1 t
— ()= — — 2 -
atrg"() , 1+tr2Jr ;{tmttj 1+t,tj}

23! y 2y L 6.1
B ;{lr+tj_1+tr[j}_ ;(t,+tj)(1+zrtj)' (6.15)

Therefore
(grad £)(1) =0 <= (gradg)(t) =0
n 1—1¢2
J

= L aTodrin
j=1

=0, VI<r<n.

Consider the function

1 1—t2
hp(t,2) =2 e 6.16
n(t:2) Z{t,+z l+tjz} X:: (z+1t)(A +ztj) (6.16)
By the change of variables
1 1 1 1
(so that z = ¢; corresponds to w = w;), (6.16) simplifies to
1 ot
ha(t.2) = —Hy(t, w), where H,(t, w) =) -~ ) (6.18)
Z i W+ wj
Then (6.15) can be written as
0 1
5g,,(t): t—Hn(t, wy) forr=1,...,n. (6.19)
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Now suppose that 10 € (0, 00)" is a stationary point, that is, grad(f)(z’) = 0. By
(6.19), that would imply that

1/(1
Hn(to, w;j)=0, VI<j<n, wherew;= 3 (t_o + t?) . (6.20)

J

We shall prove Step 3 by contradiction. Suppose ad absurdum that t° is non-spe-
cial and (6.20) holds. That is, for no r do we have that t,o =1 (that is, w, = 1)
nor does it happen that to 9 — 1 when r #+ s. Hence, if r # s, then w, = w; if and
only if tﬁ) = tso (since 1fx + 1/x =y 4+ 1/y, then either x = y or y = 1/x). In other
words, the number of different ; is the same as the number of different w;. Let
thenl < w1 < wy < --- < wy, for 1 < k < n, be the ordered set of different values
among wi, ..., wy. Let further

Jog={jiwj=wy, j=1,...,n} forg=1,... k.
All the values ¢; with j € J; are equal to one and the same value 7, such that 7, > 0,
and 7y # Land 5(fg + ;) = wg. Letng = |Jg|. Thus ng > Liny + -+ = n. 1t
follows from (6.17) that

H, (", 6.21
(1 Z ng=t o (6.21)
From (6.19), H, (to, wg) = 0forg =1,..., k. Now consider the polynomial
k k
1
= H,(°, = — - . (6.22
pw) = Hy(°,w) [ [w +wg) = ng (Tq n,) [Tw+op. ©22)
q=1 q=1 P#q
This polynomial ¢(w) is of degree at most k — 1, while from (6.20), ¢ (w) vanishes
at the k distinct points wy, ..., w. This is possible only when ¢(w) = 0 and thus
H, (to, w) = 0. But Hn(to, w) = 0 is false because, forg = 1, ..., k, the meromor-
phic function w — H, (19 w) has at w = —wy the residue ny (1/74 — 7,), which is

non-zero (as t; # 1 and # is non-special). Thus the assumption that 10 is a stationary
non-special point leads to a contradiction. This proves Step 3.

Corollary
() If fn has a local maximum at 1% € (0, 00)", then t° must be a special point,

hence f,(t%) < 1 by Step 2.

(ii) Let K be any non-empty subset of R} such that sup{ f,(t); t € K} is assumed
at a point t° € int(K). Then 1° is special and sup{fu(t);t € K} = f; % < 1.

(iii) If sup fp, = sup{fn(t); t € W} is attained at some point A= W, then Prop-
erty E(n) is true. That is, if the supremum is attained, then it must be attained
at a special point and thus it is equal to 1.

Step 4. The supremum is attained.
Let 1 < ¢ < oo and K (c) be the compact cube

K@) ={teW, l/c<tj<cforj=1,....,n} (6.23)
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Let further

M(c) = max{f,(t);t € K(c)}. (6.24)
In proving Property E(n), it suffices to show that

M(c) <1 forallc > 1. (6.25)

Namely, each point # € 0} with f, () > O (that is, t; > O for all j) is contained in
K (c) as soon as c is sufficiently large. Hence, (6.25) would imply that sup f, = 1.
In addition, if ¢ is such that f,(¢) = 1, then ¢ would clearly be stationary and thus
special and thus of elementary structure (see Steps 2 and 3).

To prove (6.25), we will derive a contradiction from the assumption that, for some
fixede,c > 1,

M(c) > 1. (6.26)
Since K (c) is compact, there exists 1° € K (c) (to be kept fixed) such that
Fu®) = M(c) > 1. (6.27)

It follows from Step 2 that the point t° must be non-special. Moreover, from Step 3
it is impossible that 10 € int(K (¢)). That is, r° must be a boundary point of K (c).
Thus the coordinates t;.) of 19 satisfy 1/c < t}) < ¢, for all j, while either t? =c
or t? = 1/c for at least one index j. Replacing each t? by its reciprocal, if neces-
sary, we may as well assume that t? = c for some j. Letw; = (l/t? + t?)/Z. Thus
1 <wj < (1/c+c)/2. Since 9 is non-special, we know that w, = w; if and only
if 10 =10

The following machinery was previously used in the proof of Step 3. Let 1 <
W] <wy <--- <o, for 1 <k < n, be the ordered set of different values among
wi, ..., w,. In particular, wx = (1/c + ¢)/2. Further k > 2. For if k = 1, then t? =

2
cforj=1,...,n,thus f,(t% = (13&2)n < 1, which contradicts (6.27). As before,
let

Jo={jiwj=wy,j=1,....n% ng=1\Jyl, g=1,... k. (6.28)

Since 7% is non-special, all the values ¥ with j € J4 are equal to one and the same
value 7, > 0, which is such that (t, + 1/74)/2 = w,. We already showed (see Step

3) that
0 0 1 0
a gn(t )Zt_OH"(t ,wr), forr=1,...,n. (6.29)
.

Here g, (t) = log f,(t) and

r

t) k
H, (1° w)=i v =Z k(@) where R(q) =n i—r
SR Swtw Hwto, N, 1)

(6.30)
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H,(t°, w) is a meromorphic function having —w, as a simple pole (with residue
R(q) #0),forg =1,...,k.

The (non-special) point 19 € 9K (¢) has coordinates t}) = c when j € J; while
otherwise 1/c < t? < ¢. Thus ¢ is located in the face F of the cube K (c) defined
by

F:{t; I/c <t <cifj¢Jk;tj:cifjeJk}.
This face F is relatively open, that is, open relative to its affine span. Recall that

gn(t) restricted to K (c) takes its largest value at ¥ € F. Hence, g, (1) restricted to
the relatively open set F is also maximal at r = ¢, implying that

0
—g, =0 ifjes, j=1,...,n. (6.31)
oty

To arrive at a contradiction, it suffices to show that
0
—g,t" <0 ifj e Jp. (6.32)
oty

(These ny = |Jx| > 1 derivatives are all equal.) For if (6.32) were true, then, slightly
moving away from the point 1° € 0K (c) into the interior of K (c), by replacing each
coordinate ¢; = c by a slightly smaller number (j € Ji), one would encounter values
gn(t) with ¢ € int(K (c)) that are strictly larger than the starting value g, (¢%). This
would contradict the assumed maximality of .

In view of (6.29), with r € J; and thus tro = ¢ > 0, the desired result (6.32) is
equivalent to

1/1
H,(1°, wp) <0, wp = 5 (— + c> . (6.33)
C
From (6.29) and (6.31) we know that
Hy( 0) =0, g=1,....k—1, l<wj <@y <-- < ay. (6.34)

Multiplying (6.30) by ]_[];: 1 (w + wy), one obtains the polynomial

k k—1 k
o)=Y R@) [Jw+wy) =C[]w—wy) whereC=)"R(q).
q=1 574 g=1 g=1
Thus ¢ (w) must be precisely of degree k — 1, in particular C # 0. Moreover,

C
Hn(to, w) & — when |[w| - oo and C # 0. (6.35)
w

It is also clear that the meromorphic function w — H,, (t, w) cannot have any zeros
besides the zeros wy, ..., wx—1, which themselves must be simple zeros. Conse-
quently, H, (:°, w) is of constant sign on (—oo, —wy) and also of constant sign on
(wg—1, +00). From (6.35), these two signs must be opposite. Since R(k) = nx(1/c —
¢) < 0, with R (k) as the residue at w = —awy, one has H, (%, w) > 0if w is slightly
smaller than —wy, hence, also throughout (—oo, —wy). Therefore, H, % w) <0
throughout (wx—_1, 00). In particular (6.33) is true. [J
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Remark. There are other ways of ending the proof. For instance, since H, (1", w)
has no zeros in the interval (—wy 41, —wy), it follows that the (non-zero) residues
R(g) and R(g + 1) must be of opposite sign, forg =1, ...,k — 1. Since R(wy) =
ng(l/c —c) < 0, it follows that R(g) must be of sign (—)kt1=q g=1,...,k).
In particular, the residue R(1) at —w; is of sign (=D*. Thus H,(t°, w) has sign
(—1)k in the interval (—w1, w1). Hence, in the interval (w1, w7) the sign of H, (tO, w)
equals (=¥ (since it has w; as a simple zero). And so on. Thus, for the interval
(wg—1, ®y), we find the sign (—=1D¥1=9, g =1,... k — 1, which is positive when
q = k — 1, that is, for the interval (wx—2, wr—1). Because of the further sign change
at the point wy_1, we find that H, (to, w) must be negative throughout the interval
(wr—1, +00). In particular, H, (#°, i) < 0, which is precisely (6.33). O

Next we prove that E,AS> is true for p < 1, which implies PAS> (letting p — 0)
and provides other insights, too. The technology is the same as that used in Section
4.

Let p > 0 and x, y € (0, c0)". We use the notation x and y here because we will
also use a and b. Let

uij = X +x;) V(i +yj),vij =@ +yj) Vi +x)). (6.36)

The claim is that

( > ”f.i)p 2( > ”f.i)p (EpAS>)

1<i,j<n 1<i, j<n
which, because p > 0, is the same as
DD IR 37
1<i, j<n 1<i, j<n
or
D@ HxpV Gty = D (@i y)VGitx))P (6.38)
I<i,j<n I<i,j<n

Define Dy : (0, 00)" x (0, 00)" — 9 by

Dy(x.y)= Y (f(Gi+x)V0i+y) = fGi+y)V Gi+x)).

I<i,j<n

(6.39)

The task is to prove thatif f(u) =u?,0 < p < 1,then Dy > 0.

Let C, be the set of all functions f : (0, 00) — 9 such that Dy < 0. We know
that the cone C; has property (A) from Proposition 8.4. Then the functions f defined
by f(u) = —u? belong to Cy, forany pin0 < p < 1.

Proposition 6.2. E,AS> holds for any p < 0.
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Proof. Let f(x) = x” for some p < 0. Then f belongs to C, by Corollary 8.2.
Therefore

iV Gy < Y (i y) Vi X))
1<i,j<n 1<i,j<n

If we raise that to the negative power 1/p we get E,AS> in this case. [J
Proposition 6.3. If0 < p < 1, then E,AS> holds.

Proof. This property is equivalent to the fact that u — —u” belongs to C;, which
is stated by Corollary 8.2. [

Proposition 6.4. PAS> is true.

Proof. The cone C; contains the function x — — log x, which means that
D (og((xi +x)) V (i +¥)) — log((xi + y,) V (i +x7))) = 0.
1<i,j<n

That is PAS>. [

Remark. As SAS> is E1AS>, the method of Proposition 6.4 gives another proof of
SAS> different from that of Theorem 5.5.

Corollary 6.5
(i) If p € [—o0, 1], then E,AS> holds.
(i) SAE, > holds if r € [1, oo] and SIE, < holds if r € [—00, 0].

Proof. (i) Propositions 6.2-6.4. (ii) According to Theorem 2.9, E,E,E, and
E.p E.y E, are equivalent whenever ¢ # 0. So, if 0 < p < 1, then E,AS> is equiva-
lent to SAEy,, = SAE,> with r > 1. If p <0, then E,AS> is equivalent to
SIEy/p< =SIE, < forr <0. [0

Remark. We now see that the collection of points (p, ¢, r) belonging to Q2 contains
all the points of the form (p, o0, 1) with —1 < p < 1. Considering Theorem 2.9,
2 also contains the points (1, co, r) withr > 1 and (1, —oo, r) with » < 0.

Corollary. Let X, Y be two independent and identically distributed non-negative
random variables. Let f, g be measurable functions. If 0 < p < 1, then

E[(f(X)P + fFDMHP v ((g(X)P + g(1))'/7]
SE[(f(XOP + gD + (g(X)P + f(¥)P)/7]. (6.40)

Proof. Corollary 5.16. [J
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Theorem 6.6. If0 < p < 1lorif p <0, then E,IS< is true. Consequently, PIS< is
true, too.

Proof. We know now that if p > 1 or p <0, then the inequality E,AS> is true.
Using the notations in (2.45)—(2.56), E,AS> states that

Lpooi(@b) = Ryooila,b), Va,b e (0,00)". (6.41)

There are two cases.
Case 1. p > 1. Raising (6.41) to the positive power p gives

(Lp,co,1(a,b))? = (Rp.00,1(a, b)), Va,b e (0,00)". (6.42)
We want to prove that (L, _co,1(a, b))? < (Rp, —00,1(a, b))?, Ya, b € (0, 00)". Re-
mark that
(LP,OO,I(as b))p + (Lp,—oo,l(a’ b))p
= Y (@+ap)vbi+b)’+ > (@ +ap) A bi+b))r

1<i,j<n 1<i,j<n
= Z ((ai +aj)? + (bj +bj)*
1<i,j<n
1 1 1 1ip
= > () + (00 +0)) =L,
1<i, j<n

where x; =a!, y; = b’ withr =1/p > 1. Theorem 4.1 says thatfor r > 1, E1E| E, <
holds. Therefore Li 1,(x,y) < Ri1,(x,y). It follows that (L, 0, 1(a, b))’ +
(Lp,—o00,1(a,b)? < (Rp,0o,1(a,b))? + (Rp —0,1(a, b))?  which, together with
(6.42), implies that

(Lp,—OO,l(av b))P < (Rp,—OO,l(as b))p’ Vav b € (09 Oo)n

As p > 0, thatis the same as L, o 1(a,b) < Rp _o0,1(a, b), Va, b € (0, 00)".
Case 2. p < 0. Raising (6.41) to the negative power p, it becomes
(Lp,oo(a, b))? < (Rp,c,1(a,b))?’,  Va,b e (0,00)". (6.43)

We want to prove that (L, oo 1(a, b))? = (Rp —c0,1(a, b)), Va, b € (0, 00)". The
equality (L o, 1(a, b)) + (Lp —oo,1(a, b))’ =Ly 1,(x,y) (with r =1/p <0)
holds in this case, too. We know that if r < 0, then E{E{E,> holds (by combining
Theorems 4.2 and 2.9). Therefore L 1 ,(x,y) = R1,1,(x, y). It follows that

(Lp,—cc,1(a, b)P + (Lp,—o0,1(a, b))”
Z (Rp,—c0,1(a, b)? + (Rp,—c0,1(a, b))* (6.44)

which, together with (6.43), implies that (L  «0,1(a, b))? > (R c0,1(a, b))?, Va, b
(0, 00)". As p <0, thatis the same as L ,1(a, b) < Rp ,1(a, b), Va, b € (0, 0c0)".
The inequality PIS< is a limiting case of E,IS< when p — 0. [J
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Theorem 6.7. The property E,SI = E,E1E_« is false for all @« < 1, and in partic-
ular fora = 0 (i.e., PSI> is false).

Proof. Choose n =3,a=(3,2,1), b=(2,1,3). Let U; j =a; Aaj+b; Nbj,
Vi.j =ai ANbj+b; Aaj. Then

5 3 3 4 3 4
Wi,p=13 3 2|, Vip=|3 2 3
3 2 4 4 3 2

It suffices to show that
1/a

1/a
{Z[U,-,j]“} < {Z[v,-,,-]“} , foralla <1; a#0. (6.45)
ivj ij

For a = 0, (6.45) becomes PSI. Numerically, [[ U; ; = 19,440 < 20,736 =[] V; ;,
the opposite of what PSI would say. From now on, assume o < 1; & # 0. Then (6.45)
is equivalent to [2(2%) 4+ 5(3%) 4 4% 4+ 511/« < [2(2%) + 4(3%) + 3(4%)]V/*. Writ-
ing h(a) = 3% — 2(4%) 4 5%, the last inequality is the same as h(x) < 0if 0 < o <
land as h(a) > Oif @ < 0. Writing ¢ () = h(a)/4% = =2+ (3/4)* + (5/4)%, the
last inequalities are the same as ¢ («) < 0 for 0 < o < 1 and ¢(«) > O for @ < O.
These inequalities follow from ¢ (0) = ¢ (1) = 0 and the fact that ¢ () is every-
where strictly convex. [J

Remark. Most pairs a, b € [0, 0c0)" do satisfy the inequality (6.45) for all o >
1; for instance, take a = b. Our counterexample is a somewhat exceptional pair.
Another exceptional pair is given by n = 3,a = (4,0,3) and b = (0, 3, 4).

Theorem 6.8. QAE,> holds if r € [1, oo] and QIE, < holds if r € [—o00, 0].

Proof. Replace (6.39) with
Dy(x.y. &)= Y (f(Gxi+x)VGi+y))

1<i,j<n
— f(xi +y)) vV i +x))))&iE;,
where & € N and let the definition of C, and f be the same. Then Proposition 8.4
asserts that C, has property (A) and thus contains our useful functions — log x and
—xP,0<p<1. O
7. Generalizations and counterexamples; review of open questions

7.1. The set Q of triplets (p, q,r) € N3 such that Ep,E4E, is true

It is probably difficult to obtain an explicit exact description of Q = {(p,q,r) €
"3, E,E4E, is true}. Numerical exploration might give a rough approximation of it.
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We can get some precise information about 2 from several special cases of some
previous generalized inequalities.

First, if f(x) =x% 0 <a <1, then f is an increasing concave function on
J = (0, o0) and GSA< (Theorem 5.7) becomes

> “[max(a;. aj) + max(b;. bj)1* < Y [max(a;, bj) + max(a;j. bi)]*, (7.1)
ij ij
whenever all a; > 0, b; > 0. Equivalently, since 0 < a < 1,

1/a
: Z[max(a,-, aj) + max(b;, bj)]a}

ij

1/a
< { > “[max(a;, bj) + max(a;, bi)]“} (7.2)
ij
which asserts E,SA<, equivalently EyE;E <, equivalently (p, q,r) = (a, 1, 00)
€ Q, forall 0 < @ < 1. Moreover, PSA< = EySA is the limiting case when « |, 0 of
E,SA<. Hence (a, 1,00) € Q,forall 0 <« < 1.

Next, choose J = (0, 00) and f(x) = —x~# where B > 0. Thus f is increasing
and concave function on J. Then GSA < becomes

Z[max(ai, a;) + max(b;, bj)]_‘3 > Z[max(ai, bj) + max(a;, b)17P,

i,j iJ
(7.3)
fora; > 0,b; > 0and B > 0, or equivalently
—-1/B
{ Z[max(a,-, a;) + max(b;, bj)]—ﬁ}
iJ
-1/
< { > “[max(a;. bj) + max(a;. b,-)]—ﬁ} . (7.4)
i,J

Now (7.4) is the inequality E_gSA< equivalently E_gE;E, < equivalently
(=B,1,00) € Q, for all B> 0. The limiting case —pB | —oo is ISA<, ie.,
(—00,1,00) € Q.

Next choose J = (0, 00) and g(x) = x“ with @ > 1 . Since g(x) is increasing
and convex on J, it follows from GSI> (Theorem 5.11) that

> “Imin(a;, aj) + min(b;, b;)1* > Y [min(a;, b;) + mina;, bi)1*,  (1.5)
ij ij
ifalla; > 0,b; > Oand o > 1. Equivalently, E,SI = E4E1E_ holds forall o > 1.
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Proposition 7.1
(1) If —oo < a < 1, then (a, 1, 00) € Q, that is, EyE1Ex holds.
@) Ifa > 1 then (a, 1, —00) € Q, that is, E4E1E_ holds.
(i) If p <randr >0, then (p, p,r) € Q.
@iv) If m is a positive integer, then (m, 1,0) € Q.

Proof. (i) and (ii) were proved above. (iii) is Theorem 4.3 (ii).
To prove (iv), which is equivalent to asserting E,,SP> for any positive integer m,
one has to check that if f(«) = u” and if

Dy(a,b) =Y (f(aiaj+bibj) — f(aibj + bia;)),
iJj

then Dy(a, b) > 0. As in the proof of the monotonicity conjecture and PAS>, let
C.; be the set of all the functions f : (0, 0c0) — N such that Dy > 0. Then C; is a
cone, closed with respect to simple convergence. We claim that if f(u) = u™, m a
non-negative integer, then f belongs to C . Indeed,

(aiaj + bibj)" — (aibj + bja;)"

]
= <r:) (afa]/‘.b:"_kb;"_k + af"_ka?’_kbf.‘b’; — akpkpn—kgmk

—
EE

i LA J

~
Il
=}

m—kym—kyk k
—a, bj biaj)
13
_ kpm—k kypm—k m—kypk m—kyk  kpm—kpk m—k
= E <k)(aibl. a;b " +a" " bia T b} — a; b b a]
k=0

m—kypkypm—k k
—a b,-bj aj).

Let Sy p(k, 1) = Z?:l a{‘bf. Summing that over 7, j we get

(5]
Dys(a,b) = Z (’Z) (Sap(k,m — k) + Sgp(m — k, k)?
k=0
—28ap(k,m — k) Sq,p(m — k, k))
(5]
— <’Z) (Sap (ks m — k) — Sap(m —k, k)’
=0

=~

1 m
=30 (Z) (Sab(k,m — k) = Sa.p(m — k. K))?
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which proves that Dy > 0. As a byproduct, we see that the equality can happen only
if Sypk,m —k) =Sz p(m —k,m)=Sp,(k,m—k)foranyO <k <m. [

Remark. Form =1, Dy(a, b) = (S4,5(0, 1) — Sp,4(0, 1))? and the equality holds
if @ and b have the same sum. For m = 2, the equality holds if @ and b have the same
sum of squares. If D ¢(a, b) = 0 for all m, then b must be a permutation of a.

Counterexample 7.2
(i) The property E,SA = E4EE« is false if 1 < o < o0, i.e., (¢, 1, 00) ¢ Q for
all o > 1.
(ii) The property EySI = EqEjE_ is false if —oo < « < 1. For o = 0, this says
that PST> is false. Thus («, 1, —o0) ¢ Qforall o < 1.
(iii) The set Q does not contain the points (p, p, 1) or (1,1, 1/p)if2 < p < oo.

Proof. (i) Choose n = 3,a = (2,1,0), b = (1,0, 2). Then the 3x3 matrices with
elements (u; ;) = (max(a;, a;j) +max(b;, b)), (v; ;) = (max(a;, bj) +max(a;, b;))
are

3 3 4 4 3 3
(u,-,j) =13 1 3 and (v,"j) =13 2 2
4 3 2 3 2 4

Hence

DUl =142 +53% +24%), > v, =32 +43%) +2(4%),
— -

L
Dov = Yo = —14202% =3 = k@) (say).
i,j i,j

It suffices to show that h(x) < O for all 1 < o < co. But (1) = 0. Thus it suffices
to prove that i’(a) < 0 for all > 1. In fact, h'(«) = (210g2)2% — (log3)3* =
(log 3)2%[(log4)/(log3) — (3/2)*] < O for all @ > 1. The last inequality holds be-
cause (log4)/(log3) < 3/2 (since 16 < 27).

Claim (ii) was proved in Theorem 6.7 and (iii) is Theorem 4.3(iv). O

Remark. However, Q contains the point (1, 1,1/2). So E1E1E)/2> is true but
E\E\Ey /> isfalseif 2 < B < oo.

Counterexample 7.3. Generalized AS may fail to be true. The PAS> inequality
may be written as

> logmax(a; +a;. b +b;) > Y logmax(a; + bj. aj + b;), (7.6)
i,j i,j
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for a; > 0, b; > 0. One may wonder whether (7.6) can be generalized to GAS> by
replacing f(x) = logx by an arbitrary increasing concave function f. The analo-
gous strategy worked for PSA and GAS> holds for the concave increasing functions
f(x)=xP,0 < p <1 (Proposition 6.3). But defining u; ; = max(a; +a;, b; + b;),
v;,j = max(a; + bj, a; + b;), unfortunately

Do fwi) =Y fi) <0 1.7)
i i

can happen with a, b € [0, co)" and a suitable choice of the increasing concave func-
tion f. For example, choose n = 3,a = (6,0,4) and b = (6, 1, 1). Then

12 7 10 12 7 10
U=w =17 2 4|, v=wp=|7 1 5
10 4 8 10 5 5

The left side of (7.7) equals S := [£(2) + f(8) +2f(4)] — [f(1) + 3£(5)]. When
f(x)=1log x, then S =1Iog(2x 8 x 4%) —log(l x 5%) =1log(256/125) > 0
(as claimed by PAS>). However, if f(x) = min(0, x — 5), sothat f(x) =0ifx > 5,
then S =[f(Q)+2fB] - [f(D]=[-3+2(-D]-[-4]=-5+4=—-1<0.

Now we prove that (1, +00,7) ¢ Qif0 <7 < 1.
Proposition 7.4. The inequalities SAE1 ;> and SIEy;, < are false if r > 1.

Proof. Letr > 1. The differences between the left side and the right side of SAE /,
and SIEy,, are, respectively,

Dy (a’ b, V) _ Z (ail/r +a}/r)r v (bll/r +b}/r)r
i,
— Z (a.l/r +b1</’)r v (b.l/r +a1./’)’
i j i j )
i,
Dz(a, b, r) = Z (a.l/r + al./r)r A (bil/r +b1/r)r

i J J
i,J

Y@ B A )Y
L]

(7.8)

The task is to prove that there exist pairs a, b € [0, 00)" such that Dy (a, b,r) <0
(thus contradicting SAE|,,>) and (possibly other) pairs a, b € [0, c0)" such that
D>(a, b, r) > 0 (contradicting SIE|,, <).
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1/r 1/r
Letx; =a;"" and y; = b;"". Then (7.8) becomes

Fix,y, = Y @i+x) Voi+y) — Y Gi+y) Vit

1<i, j<n 1<i, j<n
F(x,y,r) = Z (x,-+xj)r/\(yi+yj)r— Z (xi+yj)r/\()’i+)€j)r.
I<i,j<n 1<i,j<n

(7.9)

Consider the pairx = (¢,¢,...,¢t)and y = (1,0,0, ..., 0). Suppose that 0 < ¢ <
1. Denote Fi(x, y,r) by fi(t,r,n) and F>(x, y,r) by fo(t, r,n). Then

filtrmy= Y @OTV Qi) = D ) Vi)

1<i, j<n 1<i,j<n
foltsrmy= 3 @O A+ = D @y A+
s fshysn (7.10)
As
2 ifi=j=1
yvi+yj=q1 ifi=1j#1lorj=1,i+#1
0 elsewhere
and

t+1 ifi=lorj=1

t+yDv@+y)=t+yVyj= {t elsewhere

and t < 1, (7.10) becomes

fit,r,n)=2"+C2n =200V 2)") 4+ (n— 122 —Q2n— 1)1 +1)
—(n— D%,
fo(t,r,n) = 2" +2n—-=2)2AQ2))" —(t+1) — (n2 — D",
(7.11)

We want to show that for any r > 1 there exist ¢, n such that fi(¢,r,n) < 0 and
t/,n" such that f>(t', r,n’) > 0. Choose t = % and denote fl(%, r,n) by g1(r, n) and
f2(5.r.n) by ga(r, n). So

gir.n) =2"+n*—1—@2n—1)(3/2) — (n— /2",

, (7.12)
@@ n) =2n—1—3/2)" —n*—1)/2.

Multiplying by 2", our claims become

Vr>13n>2 suchthatd” +2" (> —1)— 2n— )3 —(n— 1)? <0,

Vr>13n>2 suchthat2’2n—1) —n®>—=3"+1> 0,
(7.13)
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which can be considered inequalities of second degree in n, for a given r. Write them
as

3’—1+3’—1
2r—1 2r—1

ho(n) :=n>—2n-2" +2" 43" -1 <0.

hi(n) :=n>—2n +2" <0,

(7.14)

To prove that for any > 1 there exists a positive integer n > 2 such that i ;(n) < 0,
it suffices to check that there exist positive integers lying between the two roots of the
equations &; = 0. The two roots of 1y =0 are ny» = % + /41, and of h, =0
are ”/1,2 = 2"+ ./4,, where

3r—1\* 3 -1
41 = - —2, Ay =43 2 4. 7.15
! <2r—1) 7 —1 ? * (719

A positive integer n between the two roots exists if and only if \/4; > 1/2 &
4; > 1/4. We shall prove that condition for r > 4 (in the first case) and for r > 2
(in the second case). For the remaining values of r, we shall use Lemma 8.1.

Step 1. For 1 < r < 2, we can choose n = 2. In this case, (7.13) becomes

4" +3.2"-3.3"—-1<0, 3 -3-2"43<0, Vli<r<?2. (7.16)

In the first case, g(x) = 4% +3-2* — 3 .3* — 1* hence m = 4, where m refers to
the notation used in Lemma 8.1. It follows from Lemma 8.1 that the equation g = 0
has at most 4 — 1 = 3 solutions. But g(0) = g(1) = g(2) = 0. Therefore g does not
change the sign on the interval (1, 2). It must have the same sign as g(3/2) = 8 +
672 — 943 — 1 < 0. In the second case, gx)=3"—=3-2+3-1* hence m =
3 (in the notation of Lemma 8.1 again). By Lemma 8.1, ¢ = 0 has at most two
solutions. But g(0) =1 > 0 and g(1) = g(2) = 0 imply that the roots are 1 and 2,
hence the sign between the roots must be negative (as g outside the interval (1, 2) is
positive).

Step 2. If 2 <r < 4, choose n =3 to disprove SAE|,,. Indeed, from (7.13),
gx)=4"4+8-2"—-5-3"— 4. To prove that g(x) < 0 if 2 < x < 4, remark that
g0)=0,g()=1,g12)=—-1,g3) =—11, g(4) = —25, g(5) = 61. So one root
is x1 = 0, another root x, satisfies x € (1, 2), and the third and last one (according
to Lemma 8.1) satisfies x3 € (4, 5). It follows that the sign of g on the interval [2, 4]
is the sign of g(3), i.e., is negative.

To disprove SIEy,, <, we prove that » > 2 implies 4, > 1/4. Indeed, if r > 2,
then the function r + 4" — 3" — 2" 4+ 1 = Ay(r) is increasing for r > 2 (write it as
Ar(r)y =3"([4/3] —[2/3]" — 1) + 1 and remark that both factors of the product are
increasing!). Consequently, r > 2 implies that 42(r) > 42(2) =16 -9 -4+ 1 =
4 > 1/4. The proof that SIE, < is false is complete.

Step 3 (only for SAE|,,). Now r > 4. We shall prove that 4 > 1/4. Notice that
%:—:} > (%)r > % > 5 (as r > 4). On the other hand, the function x > x2
increasing for x > 1/2; therefore

—Xx is
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-1\ 3 -1 3\ (3 N 3\
- —=(2) —(2) —2r=(2) - (2) -2
2r—1 2r—1 2 2 4 2
9\" 3\"
=2 ((2) =(2) —1). (7.17)
8 4

As the function r +— (9/8)" is increasing and r +— (3/4)" is decreasing, their differ-
ence is increasing, too. Thus the function » — 2" ((9/8)" — (3/4)" — 1) is increasing
provided that the second factor is positive. That is true because (9/8)" — (3/4)" —
1> (9/8)* — (3/4)* — 1 = 1169/4096 > 0. As a consequence

9 3 1169

4 4
4 A Z) —(Z) -2 = —= =4.56640625 > 1/4. O
r > = 1> <4> (2> 756 > 1/

Now we prove that for a large domain of values (g, r) the inequalities SE_,E, <
are false. In the notations of Section 2,

Q=

1 [@ +d)t+ 0+
u,-,jz[(a{+a;)*?+(b{+b;)*?] o | T T T
(@) +a5)7 (b +b)F
therefore
(af +a)r (b +b))r
i = y — (7.18)
(@ +a))r + @] + b))

Similarly,
(al +b")7 (b + a7
vij = y — (7.19)
((ar + b5+ (b] +a;)7)5
Because the function (x, y) = —>*— is continuous at 0 (for x, y > 0), these for-

(x4 +y4 ) q
mulas make sense even if some of the numbers a;, b; equal 0.

Proposition 7.5. If r > (In2)/In(2 —2719), ¢ > 0, then SE_4E,< is false and
(1, —q, r) ¢ Q. In the limiting case g = 0, forallr > 1, SPE,. < is false and (1,0, r)
¢ Q.

Proof. LetL =3} ;u;j,R=7} ;v jand D= L — R. A counterexample to the
inequality SE_,E, < is a pair a, b € [0, 00)" such that D > 0. Choose n = 3 and

a=(0,1,x), b=(1,x,0). (7.20)
As
27 a;b; (al +b))r
Ujj = ———— and Vij = ———71 —
(@ + by 2
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for these a, b the matrices U and V become

1
(I4+x")7 X
0 N T
(1) 7) (+x0)7
(4277 27 x ©(4x)7
U = N T N
(1) 7) 7 (14x4)7 (144 7)
1
X x(14+x")7 0
T N
(4x4) (xt4-(14ar)7) 7
1 27
X
T T 0
24 (x‘1+2r)q
1
2%,\7 (14+x")7 2rlx
V= P T PN
(x1427)7 24 (1427 x9)
1
27 x X
0 — T T
(1427 x0) 21

Denote this particular D by D(x). Suppose r > 1. Let x — o0o. Thus (1 +x")!/" —
x — Oand

uio—> 1, uiz—>1, wurs— 2l/r U3 —x/21/‘1 — 0,

vipg = 2Y7 v —x2Y1 50, vz — 1.

For large x we have D(x) =4 + 2" —2 —2.2V/r —2=Va = _2l/r _p=V/4 4
o(x). Therefore
D(oo) =2 -2 —27Va,

For those pairs (—¢, ) for which » > 1 and 2!/" 4 271/4 < 2 we have a coun-
terexample for the inequality SE_,E,. The points (g, r) which are above the graph
of f(x) = (In2)/In(2 —271/%), £ : (0, 00) — N, provide such a counterexample.

We give a different proof when ¢ = 0. We use the same pair a, b. Then

1 1 1 1
wij = (a +a)r (6] +07)7, v j=(aj +b})r b +a)r,

0 (14 x")7 x
U=+ 2%x x40,
x x(1+4x")7 0
1 27 x 0
V=|2ix (+x")7 2rx
0 Z%x x2

Asx — 00, D=L — R — 2(2 —2'"). For r > 1, this limit is positive. [

Proposition 7.6. If0 < r < 1, then the inequality SPE, is false and (1,0, r) ¢ Q.
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Proof. The inequalities E,E E, and E;, Ey, E;, are equivalent if # # 0 (Theorem 2.9).
So SPE, = E\EyE, is equivalent to Ey/,EgE1< = E,PS< with p=1/r > 1. To
disprove it, choose a = (1, 1,..., 1) and b = (0, 0, . .., 0). After raising both sides
of the inequality to the power p we get

LP =8 +2(n—1)47, RP =97 4 2(n — 1)3” + (n — 1)°. (7.21)
To disprove E, PS<, it suffices to produce for any p > 1 a positive integer n > 2
such that

9 4 2(n—1)37 4+ (n—1)> —8” —2(n — 1H4? > 0. (7.22)
The proof follows the same lines as that of Proposition 7.4: one checks that n = 2 is
good for 1 < p < 3/2 and that for p > 3/2 the discriminant of (7.22) — which is an

inequality of second degree in n — is greater than 1/4. Actually 4 = 167 — 2(127) +
8’ >2if p>3/2. O

Remark. Propositions 7.5 and 7.6 show that the inequality SPS< is an isolated
case:if p > 0,r > 0, p # r , then E,PE, < is false.
7.2. Equality

Inequalities of type DEF are often proved by induction on n. We claim that then
it would be no loss of generality to assume that

(“") + (bf) foralli,j=1,...,n, (7.23)
b,‘ aij
or equivalently that

foralli, j =1,...,n, eithera; # bj or b; # a;. (7.24)
When i = j, this means thata; # b;,i = 1,...,n.

As we will show, this is a rather general phenomenon valid for many properties
DEF. In more detail, as to E and F, we will assume that E(x, y) = E(y, x) and
F(x,y) = F(y,x) and that @; and b; (i, j = 1, ..., n) will be restricted to a given
interval J. Then

ujj = E(F(a;,aj), F(bi,b;)), v ;j=E(F(a,bj), F(aj, b)),
ij=1,....n, (7.25)

must be well defined and the associated n x n matrices
U=U(a,b) = (ujja, b)), V=Via,b)=(vija,b))
are symmetric. Finally, we require that property DEF has the following special form.

Definitions
(i) Property DEF is true if DEF,, is true for all n > 1. For n > 1 fixed, DEF,
is true if and only if, for each choice of a,b € J", and u; ; = u; j(a, b) and
vi,j = vj j(a,b)asin (7.25),



J.E. Cohen et al. / Linear Algebra and its Applications 395 (2005) 1-82 77

n n n n
QU =3 Y dui) <OV :=) Y ¢ (7.26)
i=1 j=1 i=1 j=1
Here ¢ is a fixed function independent of n. The opposite case pU > ¢V is
realized by replacing ¢ by —¢.
(i) If U = ¢V, that is, if (7.26) holds with equality, then the pair a, b € J" is said
to be an equality pair.
(iii) A pair a, b € J" of n-tuples is said to be a special pair if there exist s,t €
{1, ..., n} such that

both a; = b; and @, = by. (7.27)

All other pairs a, b € J" that satisfy (7.26) are said to be non-special.

(iv) A pair a,b € J" has elementary structure if and only if {1,2,...,n} com-
pletely decomposes into (disjoint) singlets {r} satisfying @, = b, and pairs {s, t}
satisfying s # ¢ and (7.27).

Remark. One example wouldbea = (2,1,4,2,1,3);b = (3,2,4, 1, 1,2) (where
n = 6). An analogous definition of elementary structure was employed in the proof
of PSP (see (6.7)). There we were only interested in the ratios ¢; = a;/b; so that
(7.27) takes the form cyc; = 1.

Proposition 7.7
(1) Each pair a, b € J" of elementary structure is an equality pair.
(ii) Let n > 2 be a fixed integer and suppose that DEF,, is true for all integers
1 <m < n— 1. Then (7.26) is true for each special pair a,b € J".
(iii) In proving DEF,, by induction with respect to n, it suffices to show that (7.26)
is satisfied by each non-special pair a, b € J".

Proof. Suppose a, b € J" is a special pair. Thus there exist s, 7 € {1, ..., n} (to be
kept fixed) such that

as =b; =« (say), a; =bs = p (say); ifs =t, thenas; = b;. (7.28)
Then

ujs =usj=E(F(as,aj), F(by,bj)) = E(F(a,a;), F(B,b)))
= E(F(B.bj), F(a,a;)) = E(F(a;, bj), F (b, aj))

=V =Vje-
Thus
Usi =V, Ui =TVsi, I=1,...,n. (7.29)

Letm=n—2if s#tand m=n—1if s =1¢. Also let U° and V° denote the
symmetric m X m matrix obtained from U and V, respectively, by dropping rows s
and ¢ as well as the columns s and 7. Then
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oV — U = ¢V’ — ¢pU°. (7.30)
The matrices U? and V? may be written
U’=U(@a’10%, V°=V(@’b%,
where a® € J" (respectively b’ € J™)is obtained froma € J" (respectively b € J")
by dropping the coordinates a; and a; (the coordinates b, and b; respectively). It
follows from (7.30) that a, b € J" is an equality pair if and only if a®, b° € J™ is an
equality pair.
It is now very easy to prove (i) and (ii) by induction with respect to n. The case
n = 1 is obvious. Now let n > 2 and consider a pair a, b € J" of elementary struc-
ture. Then (7.28) holds for some choice of s, ¢t € {1, ..., n}. Since a’, b° € J" obvi-
ously also has elementary structure, it follows by induction that a?, b° is an equality
pair. Applying (7.30), it follows that also a, b is an equality pair.
As to (iii), let a, b € J" be a given special pair. Hence, s, ¢ can be chosen so as to
satisfy (7.28). By induction, we have that ¢ (V°) — ¢ (U?) > 0. It then follows from
(7.30) that ¢ (V) — ¢ (U) > 0, that is, a, b satisfy (7.28). [

Remarks. In the previous proposition, there is no assumption about the continuity
of the functions E, F and ¢. The above proof carries over to the slightly more general

case where the definition of DEF is replaced by
n

n

Y o)+ Y v <Y ¢wi)+ Y Y. (7.31)
i%j i=l i) i=1

Here ¢ and ¢ denote given functions such that all terms in (7.25) are well defined

for each choice of a, b € J".

7.3. Review of open questions

The main open problem is to derive more unified proofs of the inequalities.

A second major challenge is to complete the description of the set @ = {(p, g, r) €
[—o0, oo]3; E,E,E, < or E,E E,> hold(s)}. For partial results, see Theorem 2.10,
Theorem 4.3, Corollary 6.5 and the following Remark, Proposition 7.1, Counte-
rexamples 7.2, Propositions 7.4-7.6. As part of this project, it remains to prove
the monotonicity conjecture (from section 4) thatif 0 < p < ¢ <r, then E,E E, <
holds. We proved this conjecture in Theorem 4.6 when p = ¢.

A third open problem from section 5 is to prove the conjecture that if a, b €
[0, 00)" and if inequality SE,E, holds, then the corresponding QE,E; holds, too.

8. Zeros of sums of exponential functions, and related results

We state here some results that are used several times.
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Lemma8.1. Ifcy,...,cn #0anday, ..., ay are real and different, then
g(x) = c1eM + e + - 4 et

has at most m — 1 zeros, even counting multiplicities.

Proof. Proof by induction with respect to m. The assertion is obvious when m = 2.
Let m > 3 be fixed. Suppose g has k real zeros, counting multiplicities. We must
show that k < m — 1. Clearly, h(x) := g(x)e™“"* also has k real zeros, counting
multiplicities. Thus its derivative 2’ (x) = (g’ (x) — a,g(x))e "~ has at least k — 1
real zeros, counting multiplicities, and so does

H(x) :=h' (x)e"* =ci(ar — am)e™™ + -+ cm—1(@m—1 — am)e™ .

But H has only m — 1 terms. Hence, by induction, H has no more than m — 2 real
zeros, counting multiplicities. Hence, k — 1 < m — 2, thatis,k <m — 1. [

In the sequel, we shall be interested in several closed cones C all consisting of
functions f : (0, co) — N. Here, “closed” is always relative to the topology of point-
wise convergence.

Definition. Let Cy denote the closed cone generated by the functions f,(x) = e~
with a > 0 together with the constant functions f(x) = ¢, ¢ € i. Thus, Cy can be
described as the class of all functions f : (0, c0) — 9 equal to the limit of some
pointwise convergent functions ( f)x of the form

myg
fie(x) = cx + Zbk,ie—“m, withc; € R, br; >0, ap; >0. (8.1)

i=1

Remarks. Obviously
feC = geCyp wheng(x)= f(x+a) forsomea > 0. (8.2)

Let & > 0. Denote by A4 the difference operator defined by 4; f(x) = f(x +
h) — f(x). Let the nth iterate of A4h be AZ =Apodp0...04, (ntimes). Clearly,
if f(x)=e"%,a > 0,then (4} f)(x) = F(x)(e™* — 1)" and if f is constant, then
(4% fa)(x) = 0. In both cases,

(=D"45f >0, Vn>1 (8.3)

A non-negative function with the property (8.3) is called completely monotonic.
Due to the linearity of 4y, the inequality (8.3) holds for every f of the form (8.1).
As 4y, is also continuous with respect to pointwise convergence, we have proved that
any function f from Cy satisfies (8.3), i.e., any f from Cy is completely monotonic.
As a consequence, any f from Cy is non-increasing and convex.

If, in addition, f is non-negative, then Bernstein’s theorem (see [6—p. 161]) asserts
that f is a Laplace transform of some measure p on (0, 00), i.e., there exists a mea-
sure w1 on (0, co) such that
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Flx) = f T e du) <00, Va0, (8:4)
0

Here p is a unique measure on [0, 0o) such that ([0, a]) < oo, Ya > 0. In fact, (8.4)
implies that ([0, a]) < f(x)e**, Va, x > 0. It also follows from (8.4) that f is of
class C* and even analytic on (0, 00), so that (8.3) is equivalent to (—1)" ™ > 0.
(Indeed, divide (8.3) by 2" and let h — 0.)

As a further consequence, a function f that is bounded below belongs to Cy if
and only if f —inf f is completely monotonic on (0, o).

Proposition 8.1. Each of the following functions f : (0, co) — 9N belongs to Cy:

(i) Any finite Laplace transform of the form (8.4).
@ii) For all a > 0 and p > 0, the function f(x) = (a + x)~P. This includes the
function f(x) =x"?,p > 0.
(iii) Forall a > 0, the function f(x) = —log(a + x).
(iv) Foreach 0 < p < 1, the function f(x) = —x?.

Proof. (i) The function f(x) can be represented as the pointwise limit of finite sums
fr(x) = Zi ck.i exp(—ak.ix) such that ¢t ; > 0, ar; > 0 (since the measure p can
be weakly approximated with discrete measures). Thus f; € C.

(ii) follows immediately from the representation

1 o
(a+x)"P = ﬁf 2?7l @) 4z ifq >0 and p > 0. (8.5)
0

(iii) As the cone Cy contains the constants, by (ii) it must contain the functions
X+ (a+x)"P + (=1), for all p > 0. Hence it contains the functions x — [(a +
x)"P —1]/p,p>0. But [(a+x)"? —1]/p - —log(a+x) as p— 0,p > 0.
The cone is closed. Thus it contains limit functions such as x — —log(a + x).

(iv) We know from (ii) with p = 1 that, for alla > 0, the functionx +— 1/(a + x)
is in Cy. Hence so are the functions x + a/(a + x) — 1 = —x/(a + x) provided
a > 0. Hence, so are the finite-valued functions f on (0, co) that admit a represen-
tation of the form

© —x
o= [ 2@, (8.6)
0o a-+=x
where u is any non-negative measure on [0, co). Suppose 0 < p < 1. Then, choos-

ing u to be the measure which has the density p with respect to Lebesgue measure,
where

p(a) = a0 (@/B(p, 1 = p),
one finds that x — —x? belongs to Cy. [

Remark. By (ii), the function ¢, given by ¢, (x) = x? belongs to Cy if p < 0.
But if p > 0, then ¢, ¢ Cy since it is strictly increasing. Next, if ¥, (x) = —x?,
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then by (iv), ¥, € Coif 0 < p < 1. But ¢, ¢ Cy if p < 0 (since it is then strictly
increasing) and also ¥, ¢ Co if p > 1 (since v, is then strictly concave).

Definition of Property (A). Let C be any class of functions f : (0, c0) — R. We
say that C has property (A) if all of the following are true:

(i) Cis a cone closed with respect to pointwise convergence.
(ii) Foreacha > 0, f,(x) = ¢~ belongs to C.
(iii) C contains all the constants f(x) = ¢, ¢ € N (positive or negative).

Corollary 8.2. A class C of functions f : (0, 00) — N has property (A) if and only
if C is a closed cone and Cy C C. Hence, property (A) implies that C contains all
the special functions (1)—(iv) in Proposition 8.1.

Proposition 8.3. Letr Cy consist of all the functions f : (0, 00) — N such that

Dufi= Y (fGi+x)+fGi+y)— fli+y)— fOi+x)EE
I<i,j<n
>0 (8.7)
foranyn > 1, vectors x,y € (0,00)" and & € N". Then Cy has property (A).

Proof. The conditions (i) and (iii) are obviously true. Condition (ii) follows from
2
Dy fa = ( D (i e—“yi)si) >0. O (8.8)
1<i<n
Proposition 8.4. Let Cy consist of all the functions f : (0, co) — N such that

Dufi= Y [=f(Gi4x)V i+ + f((xi+ )V i +x)E;

1<i, j<n
>0 (8.9)
foranyn > 1x,y € (0,00)" and & € W". Then Cy has property (A).

Proof. Conditions (i) and (iii) are obviously true. Condition (ii) follows from QIP<,
which we know to be true. [J

Proposition 8.5. Ler C3 consist of all the functions f : (0, c0) — N such that

Dufi= > [f(Gxi+x)AGi+y)) = F(xi+3) A Gi +x))EE

I<i,j<n

>0 (8.10)

foranyn > 1, x,y € (0,00)" and & € N". Then C3 has property (A).
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Proof. Conditions (i) and (iii) are obviously true. Condition (ii) follows from QAP>,
which we know to be true. [
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