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This work is concerned with the growth of  age-structured populations whose vital 
rates vary stochastically in time and with the provision of  confidence intervals. In 
this paper a model 

is considered, where Y, is the (column) vector of  the numbers of  individuals in each 
age class at time 1. X is a matrix of  vital rates. and w refers to a particular 
realization of  the process that produces the vital rates. I t  is assumed that ( X i /  is a 
stationary sequence of  random matrices with nonnegative elements nnd that there is 
an integer no such that any product XI,,,  ... X , , , X l  has all its elements positive 
with probability one. Then. under mild additional conditions, strong laws of large 
numbers and central limit results are obtained for the logarithms of  the componenls 
of  Y,. Large-sample esti~nalors o f  the parameters in these limit results are derived. 
From these, confidence intervals on population growth and growth rates can be 
constructed. Various finite-sample estimators are studied numerically. The 
estimators are then used to study the growth of  the striped bass population breeding 
in the Potomac River of  the eastern United States. 10 I985 Acadcrnic Prcss. Inc. 

T o  describe an age-structured population whose vital rates vary 
stochastically in time, let Y, be the (column) vector consisting of the 
numbers of individuals in each of K age classes at time 1. Assume that 
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where X is a matrix of vital rates and w refers to a particular realization of 
the process that produces the vital rates. 

The model ( I )  emphasizes the effects of variations in the vital rates them- 
selves. The formulation suppresses the variability of births and deaths 
conditional on given vital rates. 

A simple example of the use of ( I )  would involve confining attention to 
the females in the population and then taking the Xs as Leslie matrices. 
These have the age specific fertility rates in the first row, the age specific 
survival rates in the (i + I, i) elements, i = 1, 2, ..., K - I, and all other 
elements zero. 

The model (I), under various conditions on the Xs, has been much 
discussed, particularly with a view to establishing asymptotic results on the 
long-term population growth rate. Tuljapurkar and Orzack (1980) g' ~ v e  a 
comprehensive listing of earlier work. We shall treat (I ) in greater generality 
and, for the first time, provide confidence intervals and a hypothesis testing 
framework for population growth rates and total population. 

A convenient approach to studying the long-term behaviour of ( I )  is via 
the asymptotic theory of subadditive processes. Let X , ,  X,, ..., be a stationary 
ergodic random sequence of K x K matrices with nonnegative elements and 
write M,) for the i, j element of a matrix M. Suppose that 
E llog max(X,),,I < co and also that there exists an integer no such that any 
product Xj tno ... Xj, ,XI has all its elements positive with probability one. 
Then (Xnor ... Xnos , I ) I  I > 0 and 

is a subadditive process and the Kingman ergodic theorem for subadditive 
processes (e.g., Hall and Heyde, 1980, Theorem 7.5, p. 2 15) leads to 

t - log(X, .. X,) ,  , * log II 

(say), which is a finite constant, as t -+ co. This results continues to hold for 
all matrix entries i, j and, under mild additional conditions, can be 
augmented by a central limit theorem 

(A denoting convergence in distribution and N(0, I) the unit normal law) 
for some a > 0 and all I < i, j < K. The results extend those of Furstenberg 
and Kesten (1960), lshitani (1977) and Tuljapurkar and Orzack (1980) and 
can readily be used on the model (I). In particular, it can be shown that the 
ergodic theorem gives for the total population size I'Y,, 

t-I  log IIY,* l og1  (= lim t - - ' E  log I'Y,) 
I -m 

(2) 
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and the central limit theorem gives 

This last result (in mixing form) provides a basis for the construction of 
confidence intervals for population projections. 

In Parts 2 and 3 of the paper we shall establish the above results and 
indicate how log 2 and o can be estimated in practice. An application to the 
striped bass population of the Potornac River is given in Part 5 to illustrate 
the usefulness of the methodology. 

The model ( I )  is closely related to the one which can be obtained from a 
formulation of the population process as a rnultitype Galton-Watson 
branching process with random environments. In this case the dimerent types 
would correspond to the different age classes. The offspring probability 
generating functions 

are chosen from a collection Q, of probability generating functions according 
to a sequence of environmental variables c,,, n = 0, 1,2, ..., which are 
assumed to stationary and ergodic (or perhaps even independent and iden- 
tically distributed). This process evolves in such a way that the conditional 
generating function of Y;, , = (Y,(t + I ), ..., Y,(t + I )) given Y, is 

E [ (1 #:d'(~) I Y,] . 
i - l  

Tanny (1981) has studied the growth of this process and obtained various 
results analogous to (2). Results like (3),  on which confidence intervals and 
hypothesis tests must be based, are not available except in the I-type case or 
the case of constant environment. 

The evolution of the system ( I )  depends crucially on properties of 
products of random matrices since iteration of ( I )  gives 

We begin by specifying the kinds of matrices with which we shall deal. Let 
X I ,  X,, ..., be a stationary ergodic random sequence of K X K m:~trices with 
nonnegative elements. For a matrix M denote by M, the element in the ith 
row and jth column. We shall suppose that the matrices ( X i )  satisfy two 
assumptions: 



(A I)  There exists an integer n, such that any product Xj + .,, .. . Xj + , 
of no of the matrices has all its elements positive with probability one. 

(A2) For some constant C, I < C < a, and each matrix Xi, . 

with probability one, where M(X) and m(X) are, respectively, the maximum 
and minimum positive elements of X. 

Assumption (A I ) is standard within the theory of nonnegative matrices. I t  
ensures that the effects of the initial composition of the population disappear 
in the limit (demographic weak ergodicity). Both assumptions define an 
"ergodic set" in the sense of Hajnal (1976). For products of K X K Leslie 
matrices with no zero vital rates n, = K and, in general, if no exists then 
n, ( 2"- 2 (Cohen and Sellers, 1982). the bound being sharp. 

Assumption (A2) is perhaps less familiar than the more restrictive version 
in which 

for each matrix X, and some p, y used by Tuljapurkar and Orzack (1980); 
(A2) allows, for example, cases such as Xi = a i X ,  where the a, > 0 are 
stationary (and unrestricted) while X is fixed. 

Next suppose that the process X , ,  X,, ..., is defined on a probability space 
(R,.Y, P). Write. 4: for the a-field generated by X ,,..., X, and let 

( (n)= sup ( J P ( B J A ) - P ( B ) J ; A E . M ~ , B E . - ~ ~ ~ , P ( A ) > O ~ .  
k > 0 

The condition ( ( n )  -+ 0 as n -+ co (called uniform mixing) is one of a number 
of standard conditions of asymptotic independence (see, e.g., Hall and 
Heyde, 1980, Chap. 5). 

The basis for the inferential results of the paper is provided by the 
following theorem. 

THEOREM I .  Suppose that the stationary ergodic sequence of matrices 
{X,} is such that assumptions (AI )  and (A2) are satisfied and 
E Jlog M(Xl)J < co. Then, for all 1 ,< i, j S K ,  

t - '  log(X, . .. XI),]- log rl ( 5 )  

(say), which is aJinite constant, a s  t +  m. Furthermore, 

and  

then 

lim t ' 1 2 ~  1 log(X, .. . XI),, - t log A ]  = c ~ ( 2 / n ) ~ " ~  
I * C f ,  

exists for 0 S o < oo and ij- o > 0, then 

(to2) - (log(X, ... XI),) - t log A 1 5 N(0, I ) (mixing). (8 

a s  t -+ a, the convergence being ntiring (in the serlse of RPqi).  

The conditions imposed to obtain the central limit part of this theorem are 
just indicative of the possibilities. Many variants on uniform mixing and (7)  
could equally be proposed. The present choice is merely a convenient one for 
dealing with the envisaged applications. Condition (7)  easily covers the prac- 
tically important cases: (i) the matrices (Xi} are m-dependent, meaning that 
for i < k < k + n < j the sets (X ,,..., X,) and (X,, ,.... X,) are independent 
whenever 11 > m (in this terminology an independent sequence is 0- 
dependent), and (ii) the matrices {X,t are from a finite set and are deter 
mined by an irreducible aperiodic Markov chain of fixed linite order. 

The mixing convergence in the sense of Renyi means that 

2 - 112  
P((ta ) {log(X, ... XI) ,  - t log A 1 < x 1 E) -+ @(x) 

as I -+ co for any -oo < x < a, where @(x) is the distribution function of 
the unit normal law, and for any E E .  Y with P ( E )  > 0. 

Theorem I extends the corresponding result of Tuljapurkar and Orzack 
(1980) which deals with the case where {X,] form a Markov chain and /(I?) 
decreases geometrically to zero. That the condition (A3) of Tuljapurkar and 
Orzack (1980) ensures uniform mixing with a geometric rate follows from 
Rosenblatt ( 197 1, pp. 209-2 13). Furthermore, the mixing convergence in 
Theorem I allows the probability measure based on the stationary initial 
distribution to be replaced by any probability measure which is absolutely 
continuous with respect to it without perturbing the limit distribution. 

Now we apply the results of Theorem I to the system (I) .  

TIIEOREM 2. Let Y,, , = X I , ,  Y,, t > 0, and let Z, = a'Y, where a is a 
nonzero vector of nort~tegative elements. Then, under the sante conditiorts as 
(5) of Theorem I, 

lim t - log Z, = log 1 a s .  
I . r x )  
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and, f the additional conditions (6) and (7) of Theorem I hold, 

lim I -  ' 1 2 ~  I log 2, - t log I I = a (2 /7~) ' /~  
I-OD 

exists for 0 < a < a and ifo > 0, 

( la2)- 'I2 {log Z, - t log I } 5 N(0, I ) (mixing) 

a s  t + a ,  the convergence being mixing in the sense of Rhnyi. 

A wide variety of other combinations of the Zj, I < j <  t, also provide 
strongly consistent estimators of log I. In particular, let (a:", I < j < t, 
t > I ) be a set of nonnegative weights such that for all t, a ,  = C;, , ja;" > 0, 
and define the statistics 

I 

log 1, = a; ' a:" log Zj. 
/ = I  

If a;' max, ,j,, a;" + 0 then under the same assumptions as (5) it is easily 
checked that 

log I, log 1 

as I-, a .  However, the estimator I - '  log Z, has minimum asymptotic 
variance within a broad class of these combination estimators. 

Indeed, if in addition (6) holds and 

as t -, 03, where A:'' = a:'), 1 < j <  t, then if a > 0 in Theorem 2, 

var(log I, - log 1 )  - a: 
as I-, a ,  where 

The minimum asymptotic variance is achieved when a:" = I and a:" = 0. 
j < I; i.e., for the estimator r" log 2,. We shall omit the (rather involved) 
proof since the result is of a supplementary nature. A result of similar 
character holds for the estimation of the criticality parameter of a 
supercritical branching process with random environments (Pakes and 
Heyde, 1982). 

The finite-sample variance of consistent estimators log I, with varic 
of weights will be investigated numerically below (in Sect. 4 )  in an e 
provided by a real biological use of these methods. 

Theorem 2 gives a means by which approximate confidence inter! 
log1 can be constructed if a(>O) can be estimated. We shall 
I -  ' log Z, to estimate log d while a consistent estimator for a is give1 
next theorem. 

THEOREM 3. Under the conditions (5). (6), and (7) we have 

I 

(log I ) - '  (log Z i  - i log I I i-'I2 4 a(2/n)'/' 
i -  1 

a s  t + oo (A denoting convergence in probability) and 

I 

(log I ) - '  (log Z i  - i log I (  i-'I2 A ~7(2 /n ) ' /~  
i-1 

a s  t-, a ,  where log = I - '  log z,. 

For inferential purposes we would ordinarily use the case where Z 
total population size I'Y,. Then if 6 is the estimate obtained via The 
for a from a realization Y,,, ..., Y,, where t is large compared with 
approximate 100(1 - a )% confidence interval for the growth rate log 

t - log I ' Y, f z,/, 6 t ~ ' / ~ ,  

where 

Furthermore, the mixing convergence in Theorem 2 can be used to 
approximate confidence intervals for the logarithm of the population s 
later time r > 1. We have, writing 

that 

as r -, oo for fixed t and hence for large t, 
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Thus, an  approximate 100(1 -a)% confidence interi!al for the logarithm of 
the population size log 1 ' Y, is 

1 1 2  rt - ' log I 'Y, f 6 min (rt - 1"z,,2 + r z,,, . ,,,,,, _ ,,). 
o > q > o  

(10) 

The minimization in (10) is not straightforward in general but approximate 
results can easily be obtained numerically in particular cases. 

In practice the actual generation numbers to, ..., t will frequently be 
unknown so we must work with differences from to. Using Theorem 2, 

(I - to) - l(log I ' Y, - log I ' Y,n) = log 1 (1 1) 

is a strongly consistent estimator of log 1 while to estimate a we can employ 

which is consistent for a in view of Theorem 3. Then in (9) and all but the 
first term of ( 10) we replace t by t - t o ,  log I ' Y, by log 1 ' Y, - log I ' YIo, and 
(in (10)) r by r - t to obtain approximate 100(1 - a)(%# confidence intervals 
for log ,l and log I'Y,, respectively. The theory, of course, has the great 
advantage that no specific information is required about the matrices Xi of 
vital rates. However, such information is required to confirm the relevance of 
the model (I ). 

Proof of Theorem 1. In the case of random matrices Xi all of whose 
entries are positive with probability one, the result of Theorem I is known 
save for the mixing property of the convergence to normality (8). For the 
strong law (2) see the corollary of Furstenberg and Kesten (1960) while the 
remaining results involve a minor modification of Theorem 2 of 
lshitani (1977) (see Theorem 7.7 and the discussion in pp. 225, 226 of Hall 
and Heyde, 1980). We shall indicate the changes that are necessary in the 
proofs of these results to cope with the present context and to establish 
mixing convergence in (8). 

Fundamental to the proof of the theorem are rcplacements dealing with 
matrices which may have zero entries for Lemmas 2 and 3 of Furstenberg 
and Kesten (1960) and these we shall denote below by Lemmas 2' and 3'. 
We write 

while Mij denotes the element in the ith row and jth column of hf ,  and 

Mi. = x Mi,, M , )  = Mi,. M .  = 2: 2 Mi,. 
j - -  I i I i - l  J I  

(1 M (1 = max Mi , .  
i 

LEMMA 2'. If (A I ) and  (A2) are  satisfied, 

( "  Ym)i, > 0 

f o r n > , n , a n d  all I < i , j < K  and 

I < M(n mYm)/m(n t m  Ym) <  KC)^"^ (14) 

for n >, n,. Also, for al l  n. 

I < M(" t m  Ym)/m("+" Ym) ,< (KC)". (15) 

ProoJ The result (13) follows by assumption. To  prove (15) we first 
note that for any i, j for which i t  is positive, ("tmYm),j is a sum of (n + 1)-  
tuples numbering between I and Kn. Then, for ("'" Ym)ij > 0, 

using (A2) and (15) follows. This also gives (14) for n < Zn,,.  
T o  obtain (14) for rr 2n, + 2 we note that 

(ntmym) - \ '  (ntmyn-nnlm n - n n - l t m  n , , t l  t m  
i i  - , )ir( Y )rs(n"m Ym), 

r.s 

from two applications of the special case n = II,, of (15). 




























