
MALARIA I N  NIGERIA: 
CDNSTRAINED CaYTINUXIS-TIE MARKDV MmLS A3R DISCRETE-TIME 

~ I T U D I N ( \ L  DATA ON HUW MIXEDSPECIES INFECIIONS 
1 J o e l  E. Cohen and Burton Singer 

"A thorough p r i o r  knowledge of t h e  endemicity of  malaria w i l l  

be e s s e n t i a l  i n  a population which is t o  receive an acceptable 

malaria vaccine ." 
S. Cohen (1979, p. 340) 

"In art as in  science t h e r e  is no delight  without the  d e t a i l ,  

aud it is on d e t a i l s  t h a t  I have t r i e d  t o  fix the  reader 's  

a t ten t ion .  Let me repeat  t h a t  unless these a re  thoroughly 

understood and remembered, a l l  'general ideas1 ( so  e a s i l y  

acquired, so prof i tab ly  reso ld)  must necessari ly remain but 

worn passports  allowing t h e i r  bearers  short cuts  frao one area 

of ignorance t o  another." 

V. Nabokov (1972, p. 8 )  

Abstract 

A research project  on malaria i n  the Garki d i s t r i c t  of 

northern Nigeria included 8 basel ine surveys a t  approximately 
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10 week in te rva ls  p r ior  t o  e f f o r t s  t o  control malaria. Using 

data from these surveys, we define 4 infect ion s ta tuses  for  each 

person: uninfected, s ingly infected with e i t h e r  Plasmodium 

malariae (P.m.) OF P. falciparum (P.f.1, and jo in t ly  infected 

with both species. We study the  4 x 4 estimated t r a n s i t i o n  

probabil i ty matrices P ( s , t )  from survey s t o  survey t during 

the 8 basel ine surveys. We find t h a t  the infect ion h i s t o r i e s  

a r e  representable a s  a time-series of time-homogeneous 

continuous-time Uarkov chains with in tens i ty  matrices of a 

spec ia l  form, ca l led  model Q. This model excludes the  

poss ib i l i ty  t h a t  both P.f. and P.m. would e i t h e r  be gained or  

l o s t  simultaneously. The model makes it possible f o r  the  f i r s t  

time t o  disentangle the  t rans i t ion  i n t e n s i t i e s  of one species 

when a second species is absent f r a n  the  t rans i t ion  i n t e n s i t i e s  

of the f i r s t  species when the  second species is present. 

A spec ia l  f o m  of Q, cal led model U ,  which is formally 

equivalent t o  Lotka-Voltem competition equations l inear ized  

near equilibrium, d id  not describe the  f u l l  s e t  of t r a n s i t i o n  

tab les .  We i n f e r  t h a t  t h e  Lotka-Volterra equations should not 

be regarded as a general model f o r  the in te rac t ion  of malarial  

species in human populations. 

The variat ion of the  estimated parameters of model Q ,  a s  

functions of age and season, is reviewed i n  de ta i l .  A major 

f inding is t h a t  adul t s  a r e  generally b e t t e r  than very young 

children i n  eliminating infect ions fmm peripheral  blood. 

Adults appear t o  be l e s s  susceptible than children only t o  

infect ion with P.f. when P.m. is absent. 

Possible non-Uarkovian dependence between events 

separated by a t  l e a s t  one survey is not modeled in our time- 

se r ies  representat ion.  We present evidence t h a t  i n i t i a l l y  

uninfected individuals remain uninfected, and i n i t i a l l y  doubly 

infected individuals remain doubly infected.  with higher 

frequency than would be predicted fran the narkovian assumption. 
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1. Introduction 

Ualaria remains one of man's most durable and l e t h a l  

p a r a s i t i c  diseases.  From 1972 t o  1976, the number of confirmed 

autochthonous ( i . e . ,  not imported) cases of malaria in  the 

world increased from 3,251,000 t o  7,517,000, an increase of 

131%. These f igures  omit China, Kampuchea and Vietnam, for  

which f i g u r e s  a re  not ava i lab le ,  and a l l  of Africa, f o r  which 

the f igures  a r e  unrel iable (Director-General of WHO, 1978. 

p. 226). I n  Europe, the  number of autochthonous cases increased 

from 21.000 t o  39,000 and i n  The Americas fmm 284,000 t o  

379,000. For Africa,  the  estimated number of annual deaths due 

t o  malaria is one mil l ion ( S .  Cohen. 1979, p. 324). By the  end 

of 1976. "the population of  o r ig ina l ly  malarious areas of  the  

world was 2.048 mil l ion . . . 352 million (17%) were l i v i n g  in 

places where no antimalaria measures were undertaken" (Noguer 

e t  e l . ,  1978, p. 9 ) .  
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An improved understanding of  the  n a t u r a l  dynamics of  

malaria in fec t ions  i n  unprotected human populations may provide 

a more p rec i se  basel ine aga ins t  which t h e  performance of  

control  measures can be assessed and may suggest c r i t i c a l  

points  a t  which t h e  d i sease  could be attacked. 

The research p ro jec t  on the  epidemiology and con t ro l  of 

malaria conducted i n  t h e  Garki D i s t r i c t ,  Kano S ta te ,  jo in t ly  by 

t h e  Government of  Nigeria and t h e  World Health Organization. 

included among i ts ob jec t ives  t h e  s tudy of  t h e  basel ine 

epidemiology (Uolineaux and Gramiccia. 1979). This p ro jec t  

co l l ec ted  da ta  uniquely s u i t e d  t o  t e s t  ecological  and 

evolut ionary models of  t h e  dynamics o f  mult iple  spec ies  

in fec t ions  i n  unprotected human populations (Cohen, 1970). 

Independently of  these  empir ical  and t h e o m t i c a l  s tud ies ,  

methods have been developed t o  analyze long i tud ina l  survey 

da ta ,  such a s  those  co l l ec ted  i n  Garki, i n  terms of 

continuous-time s tochas t i c  models l i k e  those proposed f o r  

malaria (Singer and Spileman.  1976a. 1976b; Singer and Cohen, 

i n  press) .  

This paper draws together  these  recen t  empir ical ,  

t h e o r e t i c a l ,  and methodological developments. The new r e s u l t s  

presented here  a r e  both ~nethodological and substant ive.  These 

r e s u l t s  a r e  summarized i n  t h e  Discussion. sect ion 10. 

2. Ua te r ia l s  and Uethods 

Uolineaux and e a m i c c i a  (1979) describe the  Garki study 

comprehensively. The Garki s tudy had th ree  phases: a basel ine 

period, a con t ro l  per iod,  and a follow-up period. The da ta  

discussed i n  t h i s  paper a r e  drawn e n t i r e l y  from t h e  basel ine 

period. 

During t h e  18-month basel ine period, from November 1970 

t o  Uay 1972, a previously unprotected human population was 

s tudied without any at tempts  t o  i n t e r f e r e  with malaria. This 

population l i v e d  i n  a r u r a l  d i s t r i c t  (Garki) of  northern 

Nigeria, i n  t h e  West African Sudan savanna. In  t h i s  region 

the re  is a long dry season and a shor t  wet season. The dens i ty  

of mosquitoes and t h e  transmission of malaria a r e  low i n  t h e  

dry season and high i n  the  wet season. Eight v i l l age-c lus te r s  

(follow-up u n i t s ,  each containing two o r  more v i l l a g e s  o r  p a r t s  

of v i l l a g e s )  were surveyed every 10 weeks. Eight of these  

surveys f e l l  within t h e  basel ine period. 

Sixteen v i l l a g e s  were included from survey 1; 6 more 

v i l l a g e s  ( o r  sec t ions  o f  v i l l a g e s )  were added a t  survey 5. A t  

t h a t  survey. t h e  22 v i l l a g e s  had 7,423 inhabi tants .  The 

surveys aimed a t  t o t a l  coverage. The i n i t i a l  survey included a 

nominal de f a c t o  census, updated a t  each survey. 

The d a t e s ,  number o f  v i l l a g e s ,  season, and number of 

individuals  present  a t  each successive p a i r  o f  basel ine surveys 

may be summarized a s  follows: 

Approximate Population 1' 
Survey d a t e  of  Number o f  Season present  a t  both 

midpoint* v i l l a g e s  surveys n and n + l  

wet 1514 
dry 1450 

dry 1784 

dry 2364 

wet 3620 
wet 2720 

dry 2635 

dry 

*Dates o f  surveys 2-8 from Uolineaux. Storey, Cohen and Thomas 

( i n  press) .  

+1n add i t ion ,  t h e r e  were 2785 individuals  from population 2 who 

were p resen t  a t  a l l  8 surveys. 
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_ At e a c h  survey,  a t h i c k  blood f i l m  was c o l l e c t e d  from each 

ind iv idua l .  I n  c o l l e c t i n g  a t h i c k  blood f i l m ,  a drop of 

blood is drawn, u sua l ly  from a f i n g e r  o r  e a r  l obe ,  and spread 

i n  a s t anda rd ized  way on a g l a s s  microscope s l i d e .  Each f i l m  

was l i n k e d  by a code number t o  t h e  pe r son ' s  i d e n t i t y  and 

examined microscopical ly  by a s t anda rd ized  procedure. Among 

t h e  c h a r a c t e r i s t i c s  recorded from each blood f i l m  

examinat ion,  t h e  2 o f  i n t e r e s t  he re  a r e  t h e  presence o r  

absence of m a l a r i a l  p a r a s i t e s  o f  t h e  s p e c i e s  Plasmodium 

ma la r i ae  ( h e r e a f t e r  abb rev ia t ed  P.m.) and t h e  presence o r  

absence o f  a second m a l a r i a l  s p e c i e s  Plasmodium falc iparum 

(abbrevia ted P.f.1. We omit d i scuss ion  o f  Plasmodium e. 
Each i n d i v i d u a l  i n  a survey has  one o f  4 s t a t e s  of i n f e c t i o n :  

S t a t e  symbol P.f.  P.m. 

0 ( - , - I  absen t  absen t  

1 (- ,+I  absen t  p re sen t  

2 (+ ,- presen t  absen t  

3 ( t  ,+) presen t  p re sen t  

Sometimes we r e f e r  t o  P.m. a s  s p e c i e s  1 and t o  P. f .  a s  

s p e c i e s  2 .  With t h i s  convent ion,  f o r  i = 1. 2, an i n d i v i d u a l  

is i n  s t a t e  i when he  is i n f e c t e d  wi th  spec i e s  i only.  

The number of t h e  s t a t e  corresponding t o  an i n f e c t i o n  

s t a t u s  may be computed by r e p l a c i n g  - by 0 ,  + by 1 and 

i n t e r p r e t i n g  t h e  ordered p a i r  o f  numerals a s  a b ina ry  i n t e g e r :  

t h u s  (+ , - I  = l o 2  = 2 .  

We adopt  t h e  convention t h a t  an i n d i v i d u a l  w i th  a 

p o s i t i v e  blood smear is in fec t ed  and t h a t  an i n d i v i d u a l  wi th  a 

nega t ive  blood smear is uninfected.  Sampling e r r o r s  and e r r o r s  

i n  d i agnos i s  a r e  d i scussed  by Holineaux and ~ r a m i c c i a  (1979, 

Ch. 5). Aside from t h e s e  sou rces  o f  e r r o r ,  an i n d i v i d u a l  wi th  

a nega t ive  blood smear may harbor  exoe ry th rocy t i c  forms o f  t h e  

ma la r i a  p a r a s i t e .  e.g.. i n  t h e  l i v e r ,  wi thout  p a r a s i t e s  i n  t h e  

p e r i p h e r a l  b lood.  Hence t h e  e s t ima ted  i n t e n s i t y  wi th  which an 

"uninfected" ind iv idua l  acqu i r e s  i n f e c t i o n  may o v e r s t a t e  t h e  

i n t e n s i t y  w i th  which a t r u l y  un in fec t ed  i n d i v i d u a l  acqu i r e s  

i n f e c t i o n ,  and  t h e  e s t ima ted  i n t e n s i t y  with which an  i n f e c t e d  

i n d i v i d u a l  appea r s  t o  "lose" i n f e c t i o n  may o v e r s t a t e  t h e  t r u e  -- - - -  

i n t e n s i t y  wi th  which an i n f e c t e d  i n d i v i d u a l  l o s e s  i n f e c t i o n .  

We r e f e r  t o  t h e  c o l l e c t i o n  o f  a l l  i n d i v i d u a l s  who were 

p re sen t  f o r  a t  l e a s t  one o f  t h e  8 b a s e l i n e  surveys  bu t  who were 

no t  p re sen t  a t  a l l  o f  them a s  populat ion 1. We r e f e r  t o  t h e  

2,785 i n d i v i d u a l s  who were p re sen t  a t  a l l  8 base l ine  surveys a s  

populat ion 2. We r e f e r  t o  t h e  combination of populat ions  1 and 

2 a s  populat ion 3 .  

Each i n d i v i d u a l  f a l l s  i n t o  one o f  7 age groups ,  

according t o  h i s  age  a t  survey 1. These age groups a r e :  

Range o f  ages  ( i n  yea r s )  

i n f a n t s  ( l e s s  t han  1 )  

1-4 

5-8 

9-18 

19-28 

29-43 

44 and o l d e r  

The i r r e g u l a r  boundar ies  o f  t h e s e  age groups minimize t h e  

e f f e c t  o f  age  rounding ( t h e  tendency o f  people who a r e  

unce r t a in  o f  t h e i r  own age  t o  pick round numbers l i k e  5 ,  10 ,  or 

20) and provide g r e a t e s t  d e t a i l  a t  t h e  younger ages ,  where 

inc idence  and prevalence a r e  changing most r ap id ly .  

Let u be t h e  number o f  any one o f  t h e  f i r s t  7 surveys .  

and v be t h e  number o f  any one o f  t h e  base l ine  surveys  l a t e r  

t han  survey u. There a r e  28 p a i r s  of surveys  ( u ,  v )  f o r  which 
- 
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u < v. For each p a i r  (u ,  v )  of basel ine surveys, fo r  each of  

the  3 populations j u s t  defined, f o r  each of the  7 age groups, 

the data of t h i s  study a r e  4 x 4 tab les  of t r a n s i t i o n  

frequencies. Each entry i n  such a t a b l e  gives t h e  number of 

people who had infect ion s t a t u s  i a t  survey u and who 

subsequently had infect ion s t a t u s  j a t  survey v. 

i = 0. 1, 2,  3;  j = 0, 1, 2 ,  3. For each of the  3 populations, 

there a r e  28 x 7 = 196 such 4 x 4 tables.  It is not feas ib le  t o  

present the da ta  here. We s h a l l  present i l l u s t r a t i v e  analyses 

of one 4 x 4 t rans i t ion  t a b l e  and summaries of p a r a l l e l  analyses 

of t h e  remaining t a b l e s .  

3. Mixed-Species In te rac t ions  

We conceptualize t h e  infect ion h i s t o r i e s  of persons i n  

each age c lass  a s  rea l iza t ions  of a 4-state continuous-time 

s tochas t ic  process { ~ ( t . w ) .  0 5 t 5 TI,  where 7 is the durat ion 

of the  basel ine surveys, here approximately 80 weeks, and w is 

a sample path. We define t h e  t r a n s i t i o n  r a t e s  

pi, = l i m  E(number of  i+j t rans i t ions  i n  X(u) during 

t+S [ s , t ) l ~ ( s ) = i ) / ( t - s )  (3.1) 

f o r  i # j ,  i , j  = 0.1,2,3. By suppression of P.m. by P.f., we 

mean Pol > P~~ and P~~ > PlO. On the  o ther  hand, we in te rpre t  

pol < p23 and p32 < p10 t o  mean t h a t  P.f. enhances P.m.: the  

r a t e  of acquisi t ion of P.m. is higher f o r  persons already 

posi t ive for  P.f. than f o r  those who a r e  negative f o r  P.f., and 

an individual pos i t ive  f o r  P.m. is more l i k e l y  t o  become negative 

f o r  P.m. in the  absence of P.f. than in  the presence of P.f. 

Similar in te rpre ta t ions  ensue f o r  comparisons of pop with p13 

and of  pZ0 with pal when t h e  r o l e s  of P.m. and P.f. a re  reversed. 

Since the  da ta  i n  t h i s  study do not allow us t o  observe 

{ x ( ~ . w ) ,  0 5 t 5 71, we cannot d i r e c t l y  measure (3.1). Our only 

recourse i s  t o  propose c lasses  of s tochast ic  models t o  describe 

the ava i lab le  da ta  

t..(uA,vA) = number of persons who a r e  i n  s t a t e  i a t  
11 

survey u t l  and i n  s t a t e  j a t  survey v t l .  (3.2) 

where 0 -i u < v 5 7,  and A i s  the  sampling i n t e r v a l  between 

successive surveys, here approximately 10 weeks. Next, we 

ascer ta in  whether any of the  proposed models could have 

generated (3.2). Then we estimate (3.1) and i n f e r  competitive 

or  cooperative behavior between malarial  species by appropriate 

comparisons of p.. estimated within a model t h a t  i s  not 
11 

rejected.  

The models we s h a l l  consider a r e  4-state homogeneous, 

continuous-time Markov chains with in tens i ty  matrices denoted 

by 

We w i l l  r e s t r i c t  a t t e n t i o n  t o  t h e  sub-set of R defined by - 

The zero elements on t h e  minor diagonal exclude the  p o s s i b i l i t y  

t h a t  both P.f. and P.m. would e i t h e r  be gained or  be l o s t  

simultaneously. In tens i ty  matrices of exactly t h i s  form a r e  

considered by Coleman (1964, p .  104, h i s  Fig. 4.5). Within 

t h i s  c lass  of models, t h e  t r a n s i t i o n  r a t e s  (3.1) a r e  the 

i n t e n s i t i e s  Q. . ,  i # j. We a l s o  introduce two a l t e r n a t i v e  and 
1 3  

more r e s t r i c t i v e  specif icat ions of t h e  t r a n s i t i o n  r a t e s  (3.4); 

namely, 

n = I! n {n : no,-nZ3 = n32-H10 and MO2-Ml3 = n31.H201 
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and 

U s p e c i f i e s  t h a t  t h e  difference i n  m t e s  of acqu is i t ion  - 
of a given species  o f  p a r a s i t e  without--in con t ras t  t o  with-- 

the presence of a second spec ies  is t h e  same a s  t h e  difference 

i n  r a t e s  of l o s s  of  t h e  given spec ies  with--in con t ras t  t o  

without-the presence of  t h e  second species .  L - is a 

mul t ip l i ca t ive  spec i f i ca t ion  of  t h e  same idea. The not ion of  a 

mul t ip l i ca t ive  formulation here is due t o  Rtkey ( see  Sdrenson. 

1975, p. 88) although no p r i o r  models coincide with 5. 
This kind of  balance between acqu is i t ion  m t e s  and l o s s  

r a t e s  appears i n  a Harkov chain analog o f  a l inea r ized  form o f  

the  Lotka-Volterra equat ions f o r  competition (Cohen, 1970). I n  

p a r t i c u l a r ,  f o r  a 4 - s ta te  continuous-time Harkov chain with an 

i n t e n s i t y  matr ix U E H, t h e  d i f f e r e n t i a l  equat ions t h a t  describe 

the expected f r a c t i o n  x l ( t )  of  people infected with P.m. and t h e  

expected f r a c t i o n  x 2 ( t )  in fec ted  with P.f. a r e  formally i d e n t i c a l  

t o  t h e  Lotka-Volterra equat ions 

when equations (3.5) a r e  l inea r ized  i n  t h e  neighborhood of t h e  

equilibrium where both spec ies  a r e  present .  

The cons t ra in t s  t h a t  de f ine  H and f: spec i fy  6-parameter .., 
famil ies  of  i n t e n s i t y  matr ices ,  i n  con t ras t  t o  t h e  8-parameter 

family defined by (3:4). The matr ices  i n  may be represented 

a s  

d e r e  Ai 2 0 ,  pi 2 0 ,  and Ai 2 r i  2 -pi, i = 1,2. The 

mi t r i ces  i n  - L may be represented a s  

w h e r e a . L O , b . L O , d . > O , i = l . 2 .  

In these  models, suppression of  P.m. by P.f. is 

represented by r l  > 0 i n  H and d > 1 i n  L. Suppression of  1 
P.f. by P.m. is represented by c 2  > 0 i n  H and d2 > 1 i n  L. 

I f  t h e  i n e q u a l i t i e s  a r e  reversed,  then the  two species  re in force  

or enhance one another. 

To t e s t  t h e  hypotheses underlying Q. H and L, we f i t  each - .. - 
of t h e  3 model types  t o  t h e  4 x 4 t a b l e s  of  counts f o r  each 

age c l a s s  

and measure t h e  goodness o f  f i t  of  members o f  a s ing le  model 

c l a s s  t o  t h i s  t ime-se r ies  o f  t r a n s i t i o n  counts. 

By modeling each o f  t h e  4 x 4 t a b l e s  o f  counts separa te ly ,  

we represen t  t h e  process  { ~ ( t  ,w), 0 S t S T I  i n  t h e  form 
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where Zk(t,w) is a homogeneous continuous-time llarkov chain t h a t  

describes t r a n s i t i o n s  only between surveys k and k t l .  Possible  

non-Markovian dependence between events  i n  X(t,w) separated by 

a t  l e a s t  one survey is not modeled i n  the  representat ion (3.7). 

The f u l l  p robab i l i ty  s t r u c t u r e  of  ( ~ ( t , w ) ,  0 S t 6 71 is not 

asce r ta inab le  from t h e  t ime-ser ies  o f  t a b l e s  of  counts (3.6). 

even when supplemented by t h e  t a b l e s  

Though our  ana lys i s  ignores possible  dependence among events  a t  

points  widely spaced i n  t ime,  it is t h e  f i r s t  ana lys i s  o f  

mixed-species i n f e c t i o n s  i n  which t h e  r a t e s  of acqu is i t ion  and 

of l o s s  of  one spec ies  when a second spec ies  is absent can be 

disentangled from t h e  corresponding r a t e s  when a second spec ies  

is present .  

' 4. F i t t i n g  Models t o  Data 

We assume a p r i o r i t h a t  t h e  in fec t ion  h i s t o r i e s  of 

individuals  in each age c l a s s  a r e  independent r e a l i z a t i o n s  o f  

sane 4-state  continuous-time s t o c h a s t i c  process. Thus, 

condit ional  on being i n  s t a t e  i a t  time kA, an individual  has 

an a p r i o r i  unknown, multinomial p robab i l i ty  p .(kA, (k t l )A) ,  
il 

j = 0.1.2.3, z iZO p i j ( * )  = 1, of being i n  s t a t e  j a t  the  next  

survey time, (kt1)A. We es t imate  p . . (* )  from t h e  t r a n s i t i o n  
13 

counts T(kA, (kt1)A) using t h e  maximum l ikel ihood est imator  

h e r e  t ( k ~ )  = z3 t .  . ( k ~ ,  ( k t l ) ~ ) ,  k = 0.1 ,..., 7. 
it j=O 11 

Since t h e  t r a n s i t i o n  matr ices  of  time-homogeneous Markov 

where 0 S s d t and R c 5 (Doob, 19531, we t e s t  our hypotheses 

about p a r a s i t e  i n t e r a c t i o n s  within t h e  c l a s s  o f  time-homogeneous 

llarkov chains by seeking t o  rep lace  R i n  (4.2) with a matrix 

of t h e  form Q,  H, o r  L,  f o r  t-s = A. We measure the  goodness 

of f i t  of a model R by 

G' = -2 Z (observed frequency) 
R 

log(frequency predicted by model/observed frequency) 

(4.3) 

where t h e  summation is over a l l  c e l l s  i n  t h e  4 x 4 t a b l e  

T(M, (kt1)A) with nonzero observed frequencies  (Bishop, 

Fienberg and Holland, 1975). The predicted frequencies  under 
AR models Q, and are given by (T 1 . .  = t .  (e  I i j  f o r  R i n  

R I] 1t 
Q, M and L, r e spec t ive ly .  - - - 

For each t a b l e  o f  t r a n s i t i o n  counts i n  each age c l a s s  

we compute a matr ix Q, M ,  and L t h a t  minimizes G2 G2 and G:, 
Q.2 H 

respec t ive ly .  These est imated minimal values of  G. and t h e  

corresponding est imated i n t e n s i t y  matr ices  a r e  given i n  Tables 

5, 6 and 7. The numerical methods used t o  compute G: and the  

i n t e n s i t y  matr ices  a r e  presented in Appendix 2. 
2 

Since G. has asymptot ical ly ,  f o r  l a r g e  predicted 

frequencies ,  t h e  d i s t r i b u t i o n  o f  a X2 v a r i a t e  with degrees of  

freedom (d.f .1  appropriate  t o  t h e  model being f i t t e d ,  we can 

f i n d  t h e  p robab i l i ty ,  f o r  each c l a s s  o f  models, t h a t  a rrorse 

agreement between observed and predicted frequencies  rrould 

have occurred by chance. These p r o b a b i l i t i e s  and an appra i sa l  

of t h e  performance of  t h e  models a r e  given i n  sec t ion  7. 

chains a r e  of the  form 
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5. A Detailed Example 

We now give an example of the analysis  of a s ingle 4 x 4 

t ab le  of data. 

Table 1 gives t h e  recorded number of  people aged 19 t o  

28 years old (age group 5) present a t  both surveys 4 and 5 

(population 3)  who made each t r a n s i t i o n  from s t a t e  i = 0, 1, 2, 

3 t o  s t a t e  j = 0, 1, 2,  3. These data are labe l led  T ( for  

t rans i t ions) .  

In  each c e l l  of Table 1, beneath each datum T, a re  5 

p e d i c t e d  frequencies f o r  t h e  same t rans i t ion .  The predicted 
frequencies labe l led  Q ,  U, and L a r e  computed, a s  described 

previously, from 

R 
ti+(e )ij,  where R = Q ,  U. L . 

The predicted frequencies labelled 1 and 2 are derived 

from models 1 and 2 of Holineaw e t  a l .  ( i n  pmss) .  Uodel 1 
assumes complete independence between species i n  the  

t rans i t ions  from one survey t o  t h e  next; i n  the  4 x 4 t a b l e ,  

the  model has 4 f i t t e d  parameters and 8 d.f. Hodel 2 
assumes condit ional  independence: the  t r a n s i t i o n s  of each of 

the 2 species of  malaria a r e  independent but occur a t  r a t e s  

t h a t  depend on the  presence o r  absence of  the  other  species of  

malaria. In  the  4 x 4 t a b l e ,  model 2 has 8 f i t t e d  parameters 

and 4 d.f. For d e t a i l s  of parameter estimation, see Uolineaw 

e t  a l .  ( i n  pmss) .  
2 Table 1 gives t h e  summary G measure of goodness of  f i t  

and d.f. f o r  each model. For these data (though not in 

general) ,  all 5 models a r e  acceptable. In the  absence of other  
information, one would prefer  models with the  fewest f i t t e d  

parameters o r  g rea tes t  d.f .  Holineaux e t  a l .  ( i n  press)  

&serve t h a t  model 1 is  not an adequate model in  general. In 
unpublished work, we f ind t h a t  i f  t h e  e n t i r e  s e t  of t r a n s i t i o n  

frequencies is viewed a s  a la rge  multidimensional contingency 

table.  model 2 is  a l s o  inadequate. We evaluate Q ,  U and L i n  

general i n  the  next sect ion.  

Certain comparisons o f  t h e  models i n  Table 1 are 

possible. Uodel 2 contains model 1 a s  a spec ia l  case. Q 

contains both H and L a s  spec ia l  cases. Because of these 

"hierarchical" r e l a t i o n s ,  it is  va l id  t o  subtract  values of G 
2 

and corresponding d. f .  t o  determine whether a model with fewer 

parameters f i t s  s ign i f ican t ly  worse. For example. G; - G: 
2 

= 7.483 - 3.764-  3.719 z Gn-Qwithd . f .n -Qz d . f . n - d . f . Q  

= 6 - 4 = 2. Thus, i n  t h i s  instance,  there is no evidence t o  

favor t h e  8-parameter Q over the  simpler 6-parameter 

H. However. G2 L-Q = 10.662 - 3.764 = 6.898 with d.f.L-Q = 2 is 

s ign i f ican t  a t  t h e  5% l e v e l ,  according t o  a t a b l e  of the  
2 X -distr ibution.  Some people would accept t h i s  r e s u l t  a s  

evidence t h a t  L might be worse than Q even though it is simpler 

and w e n  though t h e  f i t  of L is not s ign i f ican t ly  bad 

considered by i t s e l f .  

Table 2 gives the  elements of C = Reclog P), Q, I, and 

L. The imaginary p a r t  o f  l o g  P i n  t h i s  instance has every 

element l e s s  than 10-14. Thus here no infomat ion  has been 

l o s t  by disregarding t h e  imaginary p a r t  of log  P. 

Except i n  t h e  second row (corresponding t o  s t a t e  1) .  the 

elements on the  minor diagonal of C a r e  the smallest ( i n  

magnitude) elements of t h e  corresponding row. The requirement 

in  Q, I4 and L t h a t  t h e  minor diagonal elements be 0 is thus not 

Procrustean. 

The in te rva l  between surveys has been taken a s  the  unit  

of time. To convert t h e  e n t r i e s  i n  Table 2 t o  r a t e s  per day, 

divide by the  i n t e r v a l  between t h e  midpoints of surveys 4 and 

5, approximately 77 days. 

By comparing t h e  numerical values i n  Table 2 with the 

corresponding matrix elements i n  the def in i t ions  of the models 
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Q, n and L, one can f ind t h e  estimated parameter values. For 

example, X1 = MO1 = 0.U0 and r l  = MO1 - = - .218.  The same 

estimate of r l  is obtained from r l  = M32 - M10 = 3.086 - 3.304. 

The substantive surpr i se  here is t h a t  cl is  negative. The 

negative sign of r l  is  t h e  opposite of t h a t  expected from the  

l inear ized  Lotka-Voltema competition equations. However, 

c 2  = 0.179 is posi t ive a s  expected. 

Q d i f f e r s  from M cnly i n  t h a t  there i s  no requirement 

t h a t  QO1 - Q23 = Q32 - QlO, and no analogous requirement f o r  

r 2 .  Further insight  i n t o  r l  may be gained by comparing the 2 

unconstrained est imates of t h i s  in te rac t ion  parameter from 

Q. Since Q32 - - -1.405, t h e  r a t e  of l o s s  of P.m. Q10 - 
when P.f. is absent a t  t h e  i n i t i a l  survey exceeds the  r a t e  of 

loss  of  P.m. when P.f. is present; crudely speaking. the 

i n i t i a l  presence of P.f, helps P.m. remain present (a 

cooperative e f f e c t ) .  ALSO, since QO1 - Q23 = -0.090, the  r a t e  

of acquisi t ion of  P.m. when P.f. is present s l i g h t l y  exceeds 

the r a t e  of gain of P.m. when P.f. is absent (again a 

cooperative e f f e c t ) .  Thus t h e  i n i t i a l  presence of P.f. 

consistently promotes t h e  acquis i t ion  and reduces the  l o s s  of 

P.m. in t h i s  example. 

On the contrary, t h e  presence of  P.m. does not h a w  such 

a consistent  e f f e c t  on t h e  acquis i t ion  and loss  of P.f. in t h i s  

example. Since Q31 - QZ0 = -0.142, the  r a t e  of l o s s  of P.f. 

when P.m. is absent a t  t h e  i n i t i a l  survey exceeds the r a t e  of 

P.f. l o s s  when P.m. is present  ( a  cooperative e f fec t ) .  But 

Q,,2 - Q13 = +0.635, so  t h e  r a t e  of P.f. acquisi t ion when P.m. 

is present i n i t i a l l y  is l e s s  than the  r a t e  of P.f. acquisi t ion 

when P.m. is absent i n i t i a l l y  (a  competitive e f f e c t ) .  N has a 

posi t ive value of r 2  because here the  competitive e f f e c t  

dominates the  cooperative one. 

This discussion i l l u s t r a t e s  t h e  detai led information 

available from a comparison of t h e  parameter estimates of the 3 

Tahle 2. In tens i ty  matrices Q ,  n and L estimated from the t rans i t ion  frequencies 

in Tahle 1 for  a l l  19-28 year olds present a t  surveys 4 and 5; C = r e a l  part  of 

log P. 

State a t  Entry 

survey 4 

(30 June 1971) 

State a t  survey 5 (15 Sept. 1971) 
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fewer than 5 individuals .  So we continued adding age groups. 

stopping only when t h e r e  were no more age groups t o  add. In  

t h i s  case,  we added a l l  7 age groups toge ther  t o  obtain a 

s ing le  2 x 4 t a b l e  f o r  ind iv idua l s  who were i n i t i a l l y  (+,+) . 
To assess  homogeneity between populations 1 and 2 ,  we 

2 
computed t h e  G s t a t i s t i c  (4.3). In  t h i s  instance,  t h e  

predicted frequencies  a r e  those  t h a t  would be expected supposing 

the  t r a n s i t i o n  p r o b a b i l i t i e s  t o  be t h e  same i n  population 1 
2 

a s  in population 2. The numerical value of  G i n  t h i s  case was 

0.883, a s  shown i n  column 3. This s t a t i s t i c  has i n  theory t h e  
2 

d i s t r i b u t i o n  of  a X v a r i a t e  with ( i n  t h i s  ins tance)  3 d.f. as 

shown i n  column 4. The p robab i l i ty  of a g rea te r  departure f r a n  

homogeneity due t o  sampling var ia t ion  alone is 0.830, a s  shown 

i n  column 5. We f i n d  no evidence of a s t a t i s t i c a l l y  

s i g n i f i c a n t  d i f fe rence  between populations 1 and 2 i n  t h e  

d i s t r i b u t i o n  of  t h e  f i n a l  s t a t e  a t  survey 2 of t h e  ind iv idua l s  

who were (+.+I a t  survey 1. 

Columns 6 ,  7 ,  and 8 show t h e  r e s u l t s  of t h e  same kind of 

homogeneity t e s t  f o r  ind iv idua l s  who were i n i t i a l l y  in s t a t e  2. 

(+ .-I,  t h a t  is,  in fec ted  with P.f. but  not  in fec ted  with P.m. 

In  t h i s  case. t h e r e  a r e  6 d.f . .  a s  shown i n  column 7. This 

means t h a t  it was poss ib le  t o  p a r t i t i o n  t h e  7 age groups i n t o  2 

c lasses ,  young and o ld ,  and t o  cons t ruc t  2 x 4 t a b l e s  f o r  each 

c l a s s ,  such t h a t  no frequency i n  e i t h e r  t a b l e  was l e s s  than 5. 

There were 3 d.f .  f o r  each t a b l e  separately,  and t h e  sum of  G 
2 

ca lcu la ted  separa te ly  f o r  each 2 x 4 t a b l e  was 10.632. a s  shown 
2 

i n  column 6. From t h e  d i s t r i b u t i o n  of  a X v a r i a t e  with 6 d.f. .  

we i n f e r  t h a t  t h e  p robab i l i ty  of a g r e a t e r  departure from 

homogeneity due t o  sampling f luc tua t ion  alone is 0.100, a s  

shown i n  column 8. 

Columns 9, 10.  11 present  t h e  corresponding r e s u l t s  f o r  

individuals  i n i t i a l l y  i n  s t a t e  1. ( - ,+I ,  t h a t  is, infected with 

P.m. but not P.f. Columns 12 ,  13, and 14 do t h e  same f o r  

ind iv idua l s  i n i t i a l l y  i n  s t a t e  0,  uninfected with e i t h e r  

species .  

Columns 15 ,  16. and 1 7  summarize t h e  homogeneity t e s t s  

f o r  all 4 i n i t i a l  s t a t e s .  The e n t r y  G~ = 11.766 i n  column 1 5  is  

t h e  sum of t h e  e n t r i e s  i n  columns 3, 6. 9 and 12. The 1 5  d . f .  

shown i n  column 16 i s  t h e  sum of  t h e  d.f.  i n  columns 4, 7, 10. 

and 1 3  and is ca lcu la ted  on t h e  assumption t h a t  the t r a n s i t i m s  

made by ind iv idua l s  with d i f f e r e n t  i n i t i a l  s t a r t i n g  s t a t e s  a r e  
2 

independent. The p robab i l i ty  t h a t  a X v a r i a t e  with 1 5  d.f. 

would exceed 11.766 is 0.697. given i n  column 17. 

From l i n e  1, we i n f e r  t h a t  t h e r e  is no s trong evidence 

t h a t  t h e  t r a n s i t i m s  observed i n  population 1 from survey 1 t o  

survey 2 were d i f f e r e n t  from t h e  t r a n s i t i o n s  observed i n  

population 2 i n  t h e  same in te rva l .  

The remaining l i n e s  o f  Table 3, except t h e  l a s t  l i n e .  

r epor t  p a r a l l e l  computations f o r  a l l  o the r  possible  p a i r s  o f  

surveys i n  t h e  base l ine  period. 

J u s t  a s  t h e  l a s t  3 columns o f  Table 3 are a summary of  

the  homogeneity t e s t s  according t o  i n i t i a l  and f i n a l  survey. 

the  l a s t  l i n e  o f  Table 3 is a summary according t o  i n i t i a l  

i n f e c t i o n  s t a t e .  In  column 3,  G~ = 91.330 is t h e  sum of  the  
2 

e n t r i e s  above it; s i m i l a r l y  f o r  t h e  values o f  G i n  columns 6, 

9, 12,  and 15 and f o r  t h e  d.f .  i n  c o l m s  4, 7, 13, and 16. 
2 

The p robab i l i ty  t h a t  a x v a r i a t e  with 87 d.f.  vould exceed 

91.330 is 0.354. shown i n  column 5. The p robab i l i ty  values i n  

columns 8,  U. 14 ,  and 1 7  a r e  ca lcu la ted  i n  t h e  same way. 

We now summarize t h e  conclusions drawn from Table 3. 

The en t ry  i n  t h e  lower r i g h t  corner o f  Table 3, P = 0.000, 

ind ica tes  t h a t  somewhere t h e r e  a r e  s i g n i f i c a n t  d i f fe rences  

between population 1 and population 2 i n  t h e  t r a n s i t i o n  

proport ions from an i n i t i a l  t o  a f i n a l  s t a t e .  A scan of  the  

columns 5, 8. 11, and 14 ,  which contain P values f o r  s p e c i f i c  

i n i t i a l  s t a t e s  and s p e c i f i c  p a i r s  o f  surveys, shows t h a t  a l l  P 
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values smaller  than 0.010 appear i n  column 14. noreover, i n  

column 14, only 6 o f t h e  28 P values for s p e c i f i c  p a i r s  of  

surveys a r e  l e s s  than 0.010. I n  5 of  these 6 p a i r s  of  surveys, 

the  f i n a l  survey i s  e i t h e r  survey 6 o r  survey 7. In  the  
remaining p a i r  o f  surveys, t h e  f i n a l  survey is number 5. Thus 

populations 1 and 2 d i f f e r  i n  t h e  t r a n s i t i o n  proport ions of 

individuals  wfio a r e  i n i t i a l l y  uninfected and who a r e  

subsequently observed during o r  near  the  end of  t h e  wet season 

(1971) o r  t h e  beginning of  t h e  dry season (1972). 

To show t h a t  t h e  t r a n s i t i o n  proportions o f  i n i t i a l l y  

uninfected ind iv idua l s  i n  populations 1 and 2 d i f f e r  only i n  
2 -  the  6 ins tances  with P < 0.01, we f i n d  the  sum o f  G and of d . f .  

f o r  t h e  28 - 6 = 22 remaining comparisons i n  columns 12 and 1 3  

of Table 3. With G~ = 149.99 and d.f. = 123, 

ue f ind  P = 0.049, which is no t  s i g n i f i c a n t  evidence of 

heterogeneity. 

I n  t h e  6 s e t s  o f  t r a n s i t i o n  frequencies where 

populations 1 and 2 d i f f e r ,  t h e r e  is a consis tent  pa t t e rn  t o  

the  difference (Table 4). I n  every case, a t  t h e  f i n a l  survey, 

the h i t i a l l y  uninfected members of  population 1 have a higher 

p robab i l i ty  of being in fec ted  with P.f. only (+ ,- ), a higher 

p robab i l i ty  of double in fec t ion  ( + , + I ,  and a lower p robab i l i ty  

of remaining uninfected ( - , - I ,  than do t h e  i n i t i a l l y  uninfected 

members of population 2. Compared t o  t h e  individuals  present  

a t  a l l  8 surveys, t h e r e  is an assoc ia t ion  between being absent 

fiom a t  l e a s t  one s w e y  and acquir ing in fec t ion  with P.f.  

( en te r ing  s t a t e s  2 o r  3 ) .  Put  d i f f e r e n t l y ,  i n i t i a l l y  uninfected 

individuals  wfio appear i n  a l l  8 surveys have a reduced 

p o b a b i l i t y  of  becoming in fec ted  with P.f. and an i n c ~ a s e d  

cbance of remaining uninfected,  compared t o  ind iv idua l s  who 

miss a t  l e a s t  one survey. For those  6 p a i r s  of surveys where 
t h i s  difference is  s t a t i s t i c a l l y  s i g n i f i c a n t ,  its magnitude is 

an tbe  o rder  o f  0.06 t o  0.10. The d i f fe rences  between t h e  2 

Table 4. Dis t r ibu t ion  of f i n a l  i n f e c t i o n  s t a t u s  i n  ind iv idua l s  i n i t i a l l y  uninfected. 

fo r  6 p a i r s  of  surveys i n  which population 1 ( ind iv idua l s  absent  from a t  l e a s t  one 

basel ine survey)  d i f f e r s  fiom population 2 ( ind iv idua l s  present  a t  a l l  8 basel ine 

surveys ) 

Survey Population Ropor t ions  with each f i n a l  in fec t ion  s t a t e  Total 

I n i t i a l  F ina l  (+,+I  t - )  t - -  individuals  

*Ages 0-28 (age groups 1-51 

+ ~ ~ e s  29t (age groups 6-7) 
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Table 6. Est imated parameters  and goodness o f  f i t  o f  models Q, M and L f o r  t r a n s i t i o n  f r equenc ies  from 
survey 1 t o  survey 8 and f o r  successive p a i r s  o f  surveys,  f o r  a l l  i nd iv idua l s  0-4 yr o l d  p resen t  a t  a l l  
8 b a s e l i n e  surveys.  The u n i t  o f  time is  t h e  i n t e r v a l  between t h e  i n i t i a l  and f i n a l  survey of each p a i r .  

( 1 )  

surveys 

1 t o  8 

1 t o  2 

2 t o  3 

3 t o  4 

4 t o  5 

5 t o  6 

6 t o  7 

7 t o  8 

Model RO1 

Q has  4 d . f . ,  M has  6 d . f . ,  L has 6 d . f .  *See Appendix 2. 

Table 7. Est imated parameters  and goodness o f  f i t  of  models Q,  H and L f o r  t r a n s i t i o n  f r equenc ies  from 
survey 1 t o  survey 8 and f o r  success ive  p a i r s  o f  surveys,  f o r  a l l  i n d i v i d u a l s  44t  yr o ld  p resen t  a t  a l l  
8 b a s e l i n e  surveys.  The u n i t  of time is t h e  i n t e r v a l  between t h e  i n i t i a l  and f i n a l  survey o f  each p a i r .  

( 1 )  ( 2 )  ( 3 )  ( 4 )  ( 5 )  ( 6 )  ( 7 )  ( 8 )  ( 9 )  (10 )  (11)  (12)  (13 )  

Surveys Model RO1 Ro2 R 1 O  R20 R32-R10 R01-R23 R31-R20 R02-R13 G' x2 FT' 

Q has 4 d.f. .  M has  6 d . f . ,  L has  6 d.f.  *See Appendix 2. 
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The youngest and o ldes t  age p u p s  were selected t o  make 

possible a comparison of estimated r a t e s  for  children, before 

they could acquire i m u n i t y ,  with estimated r a t e s  for  adul t s ,  

who had survived long exposure t o  infect ion and who had had a 

maximum opportunity t o  develop immunity. According t o  S. Cohen 

(1979, p. 3331, "Infants  born t o  inmune mothers are r e l a t i v e l y  

r e s i s t a n t  during t h e  f i r s t  th ree  months of  l i f e  and thereaf te r  

all children suf fe r  severe and recurrent  a t tacks  of the  

disease. Cl in ica l  malaria becomes infrequent i n  l a t e r  

childhood and among adul t s  is r a r e l y  seen i n  acute form." 

None of  the  t r a n s i t i o n s  i n  s e t s  A ,  B, ar C displayed any 

difference i n  proportions between populations 1 and 2 (Table . 

3). The r a t e s  estimated f o r  population 2 i n  s e t s  B and C 

therefore per ta in  t o  t h e  e n t i r e  population. However, i n  each 

o f t h e  23 s e t s  o f  t r a n s i t i o n  frequencies analyzed i n  Tables 5 ,  

6 and 7, there  were severa l  non-zero *ansition frequencies 

(absolute numbers of  people making a specif ied change o f  

infect ion s t a t u s )  l e s s  than 5. The *ansition proportions, o r  

estimated probabi l i t i es ,  and the  t r a n s i t i o n  i n t e n s i t i e s  o r  

r a t e s  given i n  Tables 5, 6 and 7 a r e  therefore not t o  be 

regarded a s  highly s tab le .  

We now explain the  columns o f  Tables 5, 6, and 7. 

Column 1 spec i f ies  from which age p u p  o r  from which p a i r  of  

surveys the  t r a n s i t i o n  frequencies a r e  taken. Column 2 

spec i f ies  t h e  model f i t t e d .  Q, U or L. In t h e  rows marked u, 
the s t a r t i n g  guesses f o r  t h e  parameters a re  obtained from t h e  

f i n a l  values o f t h e  Q parameters. I n  the rows marked Ha, the  

s t a r t i n g  guesses a r e  least-squares approximations t o  

C = Re(log P) ,  a s  described i n  Appendix 2. Let R stand f o r  any 

of t h e  fi'nal matrices Q, U, o r  L. Column 3 is RO1, the  

in fe r red  r a t e  of  acquis i t ion  of P.m. i n  t h e  absence of P.f. 

Column 4 is RO2. the  in fe r red  r a t e  of acquisi t ion of P.f. i n  

the absence of P.m. Column 5 is  RlO, the  inferred r a t e  of l o s s  

of infect ion with P.m. i n  the  absence of P.f. Column 6 is RZ0, 

the  inferred r a t e  of l o s s  of infect ion with P.f. i n  t h e  absence 

of P.m. Column 7 is  RS2 - RlO, t h e  inferred r a t e  of l o s s  of 

P.m. when P.f. is present minus t h e  m t e  of l o s s  of P.m. when 

P.f. is absent. In model H, column 7 gives cl. Column 8 is 

RO1 - RZ3, t h e  inferred r a t e  of acquisi t ion of P.m. when P.f. 

is absent minus t h e  r a t e  o f  acquisi t ion of P.m. when P.f. is 

present. In model H, t h e  en t ry  i n  column 8 would by def in i t ion  

be equal t o  t h a t  i n  column 7 and is therefore omitted here. 

Column 9 is R31 - RZ0, t h e  in fe r red  r a t e  of  l o s s  of P.f. 

infect ion when P.m. is present minus the  r a t e  of l o s s  of P.f. 

infect ion d e n  P.m. is absent. In model H ,  column 9 gives c2.  

Column 10 gives RO2 - R13, the ' inferred r a t e  of acquisi t ion of 

P.f. when P.m. is absent minus t h e  r a t e  of  acquis i t ion  of P.f. 

when P.m. is present .  For model H, the  en t ry  in column 10 

would be i d e n t i c a l  t o t h a t  i n  colunm 9 and is therefore 

omitted. 

A l l  of these r a t e s  assume t h a t  the  in te rva l  between 

surveys is one uni t  of time. Even the  in te rva l  from survey 1 

t o  survey 8 is t rea ted  a s  one un i t  of  time. The time sca le  

has no effect  on t h e  goodness of f i t  of the  models. But t h e  

numerical values i n  Tables 5 ,  6 and 7 must be divided by the  

appropriate number of days between surveys before they can 

be in te rpre ted  a s  t r a n s i t i o n  i n t e n s i t i e s  per day. 

Columns 11, 12 and 1 3  give 3 measures of goodness of  f i t  

of t h e  predicted t r a n s i t i o n  frequencies t o  the  observed 

t rans i t ion  frequencies. These are not  measures of  the  goodness 

of f i t  of  t h e  constrained parameters of t h e  models t o  
2 

Re(log P). G f o r  each model has been defined e a r l i e r .  

2 2 X = X(observed - expected) /expected, 

where t h e  sum is over a l l  c e l l s  of the  4 x 4 tab le ,  and terms i n  
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A i c h  t h e  expected frequency is  0 a r e  taken a s  0. FT r e f e r s  t o  

meman-Tukey deviates and is calculated a s  

2 1/2)2 
FT = ~(abserved' '~ t (observed t 1I1l2 - ( 1  t 4 x expected) . 
Bishop. Fienberg and Holland (1975) show t h a t  when the 

underlying model is cor rec t  and t h e  expected frequencies are 

estimated i n  any "reasonable" way (including. as i n  t h i s  
2 

instance, by maximm likel ihood via minimum G 1, the  3 goodness 

of f i t  s t a t i s t i c s  a l l  have t h e  same d is t r ibu t ion  in the  l i m i t  

as the  number of observations i n  each c e l l  becomes large.  A 

cursory comparison of columns 11, 12, and 1 3  confirms the  

general numerical s imi la r i ty  of the  3 measures. Our remaining 
2 

discussion of goodness of  f i t  w i l l  be based e n t i r e l y  on G . 
To summarize t h e  performance of the  3 models Q. H, L, we 

2 
add the  values o f  G corresponding t o  each model for  the  7 age 

groups i n  Table 5 and f o r  t h e  7 p a i r s  of  successive surveys n 

t o  n t l  i n  Tables 6 and 7. ( In  Tables 6 and 7, we omit from 

t h i s  sum the  t r a n s i t i o n s  from survey 1 t o  survey 8.) The 

corresponding d.f. f o r  Q is 7 x 4 = 28 and for I4 and L is 

7 x 6 = 42. The r e s u l t s  are:  

Data s e t  G~ f o r  model 

Q n L 

A. A l l  age groups, survey 4 59.408** 88.079*** 95.452*** 

t o  survey 5 (Table 5)  

B. Ages 0-4, a l l  p a i r s  of  39.867 155.197*** 89.149** 

surveys n t o  n t l  (Table 6)  

C. Ages 44t ,  a l l  p a i r s  o f  35.934 86.374*** 78.068** 

surveys n t o  n t l  (Table 7)  

Degrees of freedom 2 8 42 42 

means > p > *** means l o m 4  > P 

Model Q performs admirably with the  longitudinal  

h i s t o r i e s  of s e t s  B and C (Tables 6 and 7). Table 5 shows that  
2 

G is la rge  enough t o  give 0.001 < P < 0.01 f o r  only one of 
Q 

the 7 age groups, age group 6 ,  29-43 years old. A comparison 

of observed frequencies with predicted frequencies f o r  each 

individual c e l l  i n  t h i s  4 x 4 tab le  shows tha t  only one of the 

fieeman-Tukey deviates 

t (observed + 1 )  - ( 1  t 4 x e~pec ted) ' '~  

is grea te r  in  magnitude than 2.0. The number, 8,  of 

individuals  observed making t h e  t r a n s i t i o n  from s t a t e  0 ( - , - I  
t o  s t a t e  3 (+ ,+I ,  was considerably l e s s  than the  number, 18.6, 

predicted by Q. Otherwise, predicted and observed frequencies 

were close,  c e l l  by c e l l .  

Subtracting t h e  poor f i t  of  Q i n  t h i s  age group y ie lds  

G; = 41.120 with 24 d . f .  f o r  t h e  remaining 6 age groups and 

P > 0.01. Therefore. Q provides an acceptable descript ion of 

the t rans i t ion  da ta  f o r  22 of the  23 s e t s  of data in  Tables 5, 

6. and 7. I t  is not surprising t o  f ind one of 23 signif icance 

t e s t s  s ign i f ican t  a t  the  0.01 leve l .  We conclude tha t  there is 

l i t t l e  evidence against  Q. For more formal ways of carrying 

out such mult iple comparisons, see M i l l e r  (1966). I f  the 

t rans i t ions  i n  in fec t ion  s t a t u s  r e s u l t  from the operation of a 

time-homogeneous Markov chain, one may assume t h a t  the 2 

po ten t ia l ly  present species of  malaria do not change s t a t u s  

simultaneously. 
2 

The value of  G obtained f o r  age group 6, 29-43 years, 
Q 2 

in  Table 5 is not  the  global  minimum, because G is lower for  
L 

these t r a n s i t i o n  data.  Since L is a spec ia l  case of Q ,  t h i s  
2 

could not happen i f  G were a global minimum. Comparison of G 
2 

2 2 Q Q 
with G and G shows t h a t  t h i s  anomaly, which r e s u l t s  from M L 
l imi ta t ions  of t h e  numerical minimization procedure, a r i s e s  
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nowhere e l s e  i n  t h e  da ta  analyzed. 

nodel n describes acceptably 18  of t h e  23 s e t s  of data  

in Tables 5, 6  and 7 ,  i f  one abandons the  cons t ra in t s  on the  

s igns of c l  and c 2  suggested by t h e  canpe t i t ive  Lotka-Voltema 

i n t e r p r e t a t i m  of M. 
2  

In  Table 5 ,  i f  t h e  values of G associated with t h e  2 n 
s i g n i f i c a n t l y  bad f i t s  ( i n  age groups 6 and 7 )  a r e  subtracted 

2 2 
from t h e  t o t a l  G, f o r  Table 5. t h e  remaining Gn = 39.789 

2 
with 30 d.f. is acceptable .  In Table 6,  i f  the  values of Gn 

associated with t h e  2 s i g n i f i c a n t l y  bad f i t s  (in t h e  

t r a n s i t i o n s  fiom survey 3 t o  survey 4 and from survey 7 t o  
2 

survey 8 )  a r e  subtracted from t h e  t o t a l  Gn f o r  Table 6 (which 

a n i t s  t h e  t r a n s i t i o n  from survey 1 t o  survey 8 ) .  t h e  remaining 

G: = 39.387 with 30 d.f .  is a l s o  acceptable. However, in  
2 

Table 7, i f  t h e  value of G associated with t h e  only n 
s i g n i f i c a n t l y  bad f i t  ( i n  t h e  t r a n s i t i o n  f i a n  survey 3 t o  

2 
survey 4 )  is subtracted from t h e  t o t a l  Gn f o r  Table 7, t h e  

2 
remaining Gn = 58.645 with 36 d.f .  has  0.001 < P < 0.01. This 

ind ica tes  a  general ly poor f i t  among t h e  remaining s e t s  of  data  

i n  Table 7, even though they  a r e  not  s i g n i f i c a n t l y  bad 

individual ly.  Since age group 7 (44 t  years  o ld )  i s  poorly 

described by n i n  Table 5,  which describes the  t r a n s i t i o n s  fiom 

survey 4 t o  survey 5 ,  it is indeed not  su rpr i s ing  t h a t  the  

t r a n s i t i o n  fiom survey 4 t o  survey 5 i n  Table 7, which 

describes the  t r a n s i t i m s  of  individuals  44 t  years  old,  i s  not 
2  

very well described by M ,  even though Gn does not qu i te  

a t t a i n  t h e  P = 0.01 c r i t i c a l  value. Because of these  f a i l u r e s  

of n, we must f i n a l l y  admit t h a t  t h i s  model is not i n  general  

an adequate desc r ip t ion  of t h e  i n t e r a c t i o n s  i n  continuous time 

between P.f. and P.m. i n  t h i s  human population i n  Nigeria ,  

though it may describe many individual  t r a n s i t i o n  t a b l e s  

economically. 

To determine whether t h e r e  was a  cons i s ten t  pa t t e rn  i n  

t h e  discrepancies  between t h e  observed f iequencies  and those 

predicted by n ,  we examined t h e  freeman-Tukey res idua l s  c e l l  by 

c e l l  f o r  each of t h e  f i v e  4 x 4 t r a n s i t i o n  t a b l e s  with a  
2 

s ign i f i can t ly  l a r g e  value of Gn. The freeman-Tukey dev ia tes  

exceeded 2.0 i n  t h e  following cases.  In Table 5. age group 6. 

fewer t r a n s i t i o n s  from s t a t e  0 t o  s t a t e  3 were observed than 

predicted ( t h e  same discrepancy was observed previously with 

Q). In  Table 5,  age group 7 ,  t h e  same discrepancy was 

observed; in add i t ion  more t r a n s i t i o n s  fiom s t a t e  3 t o  s t a t e  1 

were observed than p red ic ted ,  bu t  here both the  observed and 

predicted f iequencies  were small  (5  vs .  1 .2 ) .  In  Table 6,  the  

t r a n s i t i o n s  from survey 3 t o  survey 4 and fiom survey 7 t o  

survey 8 had an i d e n t i c a l  p a t t e r n  of  discrepancies ,  d i f f e r e n t  

fiom t h e  above: t h e r e  were more t r a n s i t i o n s  from s t a t e  0 t o  

s t a t e  0 observed than predicted,  and fewer t r a n s i t i o n s  fiom 

s t a t e  0 t o  s t a t e  3 and from s t a t e  2 t o  s t a t e  0 observed than 

predicted.  F ina l ly ,  i n  Table 7, t h e  t r a n s i t i o n s  Prom survey 3 

t o  survey 4 had y e t  another  p a t t e r n  of discrepancies:  t h e r e  

were more t r a n s i t i o n s  from s t a t e  1 t o  s t a t e  1 observed than 

predicted. 

Because t h e  l a r g e  res idua l s  between observed and 

predicted frequencies  d id  not  conform t o  a  cons i s ten t  pa t t e rn .  

we a r e  unable t o  i d e n t i f y  a  s p e c i f i c  point  a t  which t h e  

assumptions of I4 a r e  inadequate. 

Though t h e  d e t a i l s  a r e  s l i g h t l y  d i f f e r e n t ,  L s u f f e r s  

the  same f a t e  a s  M. L  describes acceptably 16 of the 23 s e t s  

of da ta  i n  Tables 5,  6 ,  and 7. I f  t h e  s i g n i f i c a n t l y  bad data  

s e t s  i n  Table 5 (age groups 2, 6  and 7 )  and Table 7 ( the 

t r a n s i t i o n  fiom survey 3 t o  survey 4 )  a r e  removed, the  

remaining data  s e t s  do not  r e j e c t  model L. In Table 6, t h e  

t r a n s i t i o n s  fiom survey 1 t o  8,  1 t o  2, and 4 t o  5 a r e  not 

described acceptably (0.001 < P < 0.01 i n  each case )  by 

L. I f  t h e  values of G~ associated with the  l a t t e r  2  
L 
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2 t r a n s i t i o n s  a r e  removed from t h e  t o t a l  G f o r  Table 6, the  L 
remaining G: = 52.104 with 30 d . f .  s t i l l  bas 0.001 < P < 0.01. 

In a sense. L here s u f f e r s  from double jeopardy. s ince t h e  

re jec t ion  of L by age group 2 i n  t h e  t r a n s i t i o n  from survey 4 

t o  survey 5 appears once i n  Table 5 and once i n  Table 6. 

Nonetheless, t h e  d a t a  fo rce  us  t o  admit t h a t  t h i s  model, too. 

is not i n  general  an adequate desc r ip t ion  of t h e  i n t e r a c t i o n s  

i n  continuous t ime between P.f. and P.m. in t h i s  study. 

Given t h a t  only Q survives,  we now examine i n  d e t a i l  the 

estimated values of  t h e  parameters of  Q i n  each of t h e  3 s e t s  

of  da ta  in Tables 5 ,  6 and 7. 

8. Effec t s  of  Age and Season on I n t e n s i t i e s  of 

Acquiring and Losing In fec t ions  

The est imated Q parameters vary a s  a funct ion of age 

group a t  the  t r a n s i t i o n  from survey 4 t o  survey 5 (Fig. 1. 

based on Table 5)  and a s  a funct ion of  season within t h e  

youngest age groups (Fig.  2 ,  based on Table 6 )  and within 

t h e  o ldes t  age group (Fig. 3, based on Table 7) .  

Throughout these  f igures ,  o denotes t h e  i n t e n s i t y  of 

acqu is i t ion ,  and * t h e  i n t e n s i t y  of  l o s s ,  of in fec t ion  with a 

p a r t i c u l a r  species .  

In  Figs. 1. 2 and 3, panels ( a ) ,  (b ) ,  ( c )  and (d )  
a r e  organized i n  t h e  same way: 

panel  elements t a b l e  desc r ip t ion  

of Q columns 

(a )  QO1,Ql0 ~ 0 1 . 3 .  Rates f o r  P.m. when P.f .  is 

c o l .  5 absent a t  f i r s t  survey of p a i r  

(b) Q23, Q32 c01. 4 ,  Rates f o r  P.m. when P.f. is 

c o l .  6 present  a t  f i r s t  survey of p a i r  

(c) Q02, Q20 c01. 3 - co l .  8 Rates f o r  P.f. when P.m. is 

c o l .  5 t co l .  7 absent a t  f i r s t  survey of p a i r  

(d) Q13,Q31 ~ 0 1 . 4 - c o l .  10 R a t e s f o r P . f , w h e n P . m .  is 

co l .  6 t co l .  9 present  a t  f i r s t  survey of p a i r  

When P.f. is no t  present  a t  t h e  beginning of t h e  

t r a n s i t i o n  from t h e  d ry  season t o  t h e  wet season, the  r a t e s  of 

l o s s  of  P.m. a r e  f a r  more var iab le  a s  a function of age than 

a r e  t h e  r a t e s  of acqu is i t ion  of P.m. (Fig l ( a ) ) .  I n t e n s i t i e s  

of both acqu is i t ion  and l o s s  appear t o  peak i n  t h e  middle age 

groups and t o  dec l ine  i n  t h e  youngest and o ldes t  age groups. 

The presence of  P.f. a t  t h e  beginning of t h e  t r a n s i t i o n  (Fig. 

l ( b ) )  markedly a l t e r s  t h i s  p a t t e r n :  t h e  r a t e s  of l o s s  of P.m. 

increase monotonically with age t o  a high l e v e l  i n  t h e  o ldes t  

groups. The concomitant presence of P.f. is associated i n  sane 

important way with t h e  inc reas ing  a b i l i t y  of older  ind iv idua l s  

t o  lose  P.m. in fec t ions .  As before,  t h e  v a r i a b i l i t y  by age 

in r a t e s  of l o s s  f a r  exceeds t h e  v a r i a b i l i t y  i n  r a t e s  of 

acqu is i t ion .  

When P.m. i s  not  present  a t  t h e  beginning of the 

t r a n s i t i o n  from t h e  dry season t o  t h e  wet season, the re  is 

s u b s t a n t i a l  v a r i a t i o n  by age i n  t h e  r a t e s  of both acqu is i t ion  

and l o s s  of P.f.  (Fig.  l ( c ) ) ,  Rates of acqu is i t ion  drop from 

high l e v e l s  among ind iv idua l s  up t o  8 years  old (age woups 1. 
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2, 3) t o  l e v e l s  half  a s  l a r g e  i n  the  older  population. Rates 

of l o s s  of infect ion a r e  low among individuals  up t o  18 years 

old (age groups 1-4) and increase monotonically thereaf te r .  

The presence of P.m. a t  t h e  beginning of the t rans i t ion  (Fig. 

l ( d ) )  leaves the increase i n  r a t e s  of l o s s  of P.f. with age 

qua l i ta t ive ly  unchanged, but d i l u t e s  o r  reverses the  decline i n  

Fates of acquisi t ion of P.f. with increasing age. 

In Figs. 2 and 3, an annual seasonal cycle corresponds 

t o  abscissae labe l led  4 t o  8,  tha t  is, from the  t rans i t ion  from 

survey 3 t o  4 up t o  t h e  t r a n s i t i o n  from survey 7 t o  8. Surveys 

3 t o  8 include subs tan t ia l ly  more people than t h e  f i r s t  2 

surveys, which we do not discuss here. 

In individuals up t o  4 years old a t  survey 1, ra tes  of 

loss  of P.m. a r e  generally f a r  more variable during an annual 

cycle (Figs. 2(a,b))  than r a t e s  of  acquisi t ion,  while f o r  P.f., 

r a t e s  of acquisi t ion a r e  f a r  l a r g e r  and more variable than 

r a t e s  of l o s s  (Figs. 2(c.d)). The complementarity between P.f. 

and P.m. t h a t  has of ten  been noted c l i n i c a l l y  acquires 

quanti tat ive d e t a i l  from a comparison of Fig. 2(a)  with 2(c) 

and of Fig. 2(b) witb 2(d). In both cases, the  t rans i t ion  

with the  grea tes t  r a t e  of P.f. acquisi t ion corresponds t o  the 

t rans i t ion  with t h e  l e a s t  o r  close t o  l e a s t  r a t e  of P.m. 

acquisi t ion.  What is surprising i s  t h a t  the  peak r a t e  of 

acquisition of e i t h e r  species i n  a l l  4 panels of Fig. 2 occurs 

during the  dry season t r a n s i t i o n  f r w  survey 3 t o  survey 4 in  

Fig. 2(d) ,  one s t e p  ahead of  the  peak r a t e  of acquisi t ion i n  

Fig. 2(c) .  The t r a n s i t i o n  from survey 3 t o  survey 4 is one of 

the t r a n s i t i o n s  where model H f a i l s  most egregiously. 

Comparison of each panel of Fig. 3 with the 

corresponding panel of Fig. 2 reveals  d e t a i l s  of how adul t s  (44 

years and older)  resist malaria in fec t ions  b e t t e r  than very 

young children. In most cases,  r a t e s  of l o s s  a re  

l a r g e r  i n  the older  age group. The increase in  l o s s  m t e s  

CAPTIONS FOR FIGURES 1, 2 AND 3 

Fig. 1. Estimated t rans i t ion  i n t e n s i t i e s  for  model Q by 

age groups, based on a l l  individuals  present a t  survey 4 (end 

of dry season 1971) and survey 5 (beginning of wet season 

1971). The abscissa i s  the  number of  the  age group: 1 = 
in fan t .  2 = 1-4 yr. 3 = 5-8 yr, 4 = 9-18 yr, 5 = 19-28 yr. 6 = 
29-43 yr, 7 = 44t yr. 

Fig. 2. Estimated t rans i t ion  i n t e n s i t i e s  f o r  model Q by 

season, based on a l l  individuals  not more than 4 yr old  a t  

survey 1 who were present a t  a l l  8 surveys. Abscissa 1 = 

t rans i t ion  from survey 1 t o  survey 8; f o r  n = 2, 3, . . . . 8, 

abscissa n = t r a n s i t i o n  from survey n-1 t o  survey n. 

Fig. 3. Estimated t rans i t ion  i n t e n s i t i e s  f o r  model Q by 

season, based on a l l  individuals  a t  l e a s t  44 yr o ld  a t  survey 1 

who were present a t  a l l  8 surveys. Abscissae a r e  the same a s  

in  Fig. 2. 

o = In tens i ty  of  acquis i t ion  of infect ion.  

* = In tens i ty  of  l o s s  o f  infect ion.  

( a )  Rates f o r  P. malariae i n  individuals not infected 

with P. falciparum a t  t h e  f i r s t  survey of the pair .  

( b )  Rates f o r  P. malariae i n  individuals infected with 

P. falciparum a t  t h e  f i r s t  survey of t h e  pa i r .  

( c )  Rates f o r  P. falciparum i n  individuals  not infected 

with P. malariae a t  t h e  f i r s t  survey of  the pair .  

(d l  Rates f o r  P. falciparum i n  individuals  

infected with P. malariae a t  t h e  f i r s t  survey of  the pa i r .  
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with age i s  accompanied by a  pronounced decrease i n  r a t e s  of 

acqu is i t ion  only f o r  P.f. when P.m. i s  absent (compare Fig. 

3 (c )  with Fig. 2 (c ) ) .  Thus a d u l t s  a r e  general ly b e t t e r  than 

very young chi ldren i n  el iminat ing es tab l i shed  in fec t ions  from 

peripheral  blood, b u t  appear t o  be b e t t e r  than chi ldren a t  

avoiding in fec t ion  only with P.f.  when P.m. is absent. 

9. Are Transi t ions of  In fec t ion  S ta tus  Uarkovian? 

We have assumed s o  f a r  t h a t  the  p r o b a b i l i t i e s  of fu tu re  

changes i n  in fec t ion  s t a t u s  depend on present  in fec t ion  s t a t u s ,  

but a r e  independent of p a s t  in fec t ion  s t a t u s .  In assuming t h a t  

t r a n s i t i o n s  of in fec t ion  s t a t u s  a r e  Uarkovian, we joined 

Uolineaw and Gramiccia (1979). We now wish t o  t e s t  t h a t  

assumption. 

We mention a t  t h e  o u t s e t  t h a t  p rec i se  s t a t i s t i c a l  

methods a r e  lacking t o  evaluate  t h e  hypothesis t h a t  t r a n s i t i o n s  

a r e  Uarkovian, using t h e  d a t a  ava i l ab le  fo r  t h i s  study. But 

there is evidence t h a t  t r a n s i t i o n s  a r e  not Uarkovian. 

What does t h e  Uarkovian assunption imply? Let s, t, u 

be the  numbers o f  any 3 of  t h e  first 8 surveys ordered s o  t h a t  

s  < t < u. Let P (s . t )  be t h e  estimated t r a n s i t i o n  p robab i l i ty  

matrix from survey s  t o  survey t. I f  t h e  t r a n s i t i o n s  were 

Harkovian and each P(s . t )  were p rec i se ly  equal  t o  t h e  

underlying t r a n s i t i o n  p r o b a b i l i t i e s ,  i .e..  i f  the re  were no 

sampling v a r i a b i l i t y ,  t h e  Chapman-Kolmogorov equations would 

imply 

P ( s , ~ ) P ( ~ . u )  = P(s.u), f o r  a l l  1 s < t < u 8, 

For a l l  57 increasing t r i p l e s  s  < t < u we computed a  

matrix of res idua l s  

Wc used all individuals  present  a t  both surveys s and t t o  

est imate P(s ,t ) , regard less  of whether those individuals  were 

p e s e n t  a t  survey u, and s imi la r ly  f o r  P ( t , u )  and P(s ,u) .  We 

added t h e  raw t r a n s i t i o n  frequencies  f o r  a l l  7  age groups 

together  t o  g e t  a  s i n g l e  P(s . t )  f o r  each p a i r  s,t. 

In  every one of t h e  57 cases. DO0(s.t.u), D22(s , t ,u) ,  

and ~ ~ ~ ( s . t . u )  were negative and DO3(s.t.u) and D30(s.t.u) were 

pos i t ive .  DU(s.t.u) were negat ive i n  47 of 57 cases. 

Individuals  who were i n  any of  s t a t e s  0 (uninfected) ,  2  

( in fec ted  with P.f. only) ,  o r  3  ( in fec ted  with P.f.  and P.m. ) 

a t  any survey s always appeared i n  t h a t  same s t a t e  a t  any 

l a t e r  survey u more o f ten  than predicted by t h e  Markovian 

assumption. Fewer ind iv idua l s  a c t u a l l y  changed from doubly 

in fec ted  t o  uninfected o r  vice versa between any surveys s and 

u than uere predicted from t h e  Markovian assumption. 

This s t r i k i n g  pa t t e rn  might r e s u l t  from adding together  

the  t r a n s i t i o n  frequencies  of age groups, which have d i f f e r e n t  

t r a n s i t i o n  p r o b a b i l i t i e s .  

To remove t h i s  poss ib le  a r t i f a c t ,  D(4.5.6) was computed 

f o r  each age group separa te ly .  However, the  t r a n s i t i o n  

*equencies of age groups 1 and 2 ( ind iv idua l s  up t o  4 yr o l d )  

were combined. In a l l  6 cases .  DO0(4,5,6) and D33(4,5,6) were 

negat ive and DO3(4,5,6) were pos i t ive ,  a s  before. Da0(4,5,6) 

were p o s i t i v e  except i n  t h e  youngest (0-4 yr) age group. I f  

one uere t o  suppose naively t h a t ,  under the  Uarkovian 

assumption, the  s ign  of an element of t h e  r e s i d u a l  matrix 

D(4.5.6) would be p o s i t i v e  o r  negat ive with equal p robab i l i ty  

(we do not aff i rm t h a t  t h i s  supposi t ion is c o r r e c t ) ,  then t h e  

p robab i l i ty  t h a t  t h e  r e s i d u a l  would have the  same sign i n  6 of 

6 cases is f a i r l y  low: 2-6. We lack  a  s t a t i s t i c a l  t e s t  of 

the  hypothesis t h a t  D(s,t.u) = 0, which can allow f o r  t h e  

dependence among t h e  observations used t o  construct  P ( s , t  1, 
P(t ,u)  and P(s ,u) .  
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The predominantly negat ive diagonals  i n  D(s.t.u) may 

be sumar ized  by saying t h a t  t r a c e  D(s , t ,u)  < 0. A wide v a r i e t y  

of panel  surveys in sociology and econmics  (Singer  and 

Spilerman, 1977) have a s i m i l a r  p a t t e r n  of r e s i d u a l s ,  

t r a c e  P ~ ( o , A )  - t r a c e  P(0,kA) < 0. 

This kind of dev ia t ion  from time-homogeneous Markov chains has 

o f t e n  been accounted f o r  by modeling t h e  panel  da ta  with mix tu re s  

of Harkov chains .  It remains f o r  a f u t u r e  inves t iga t ion  t o  

determine whether i n f e c t i o n  h i s t o r i e s  i n  t h e  Garki base l ine  

surveys can be represented by a simple, i n t e r p r e t a b l e  mixture 

of inhomogeneous Harkov chains .  

The evidence we have presented aga ins t  t h e  Uarkovian 

hypothesis is not  a d e f i n i t i v e  disproof .  Holineaw and 

&amiccia (1979. 15.2.1.3. 14.6) observe t h a t  d i f f e r e n t  

v i l l a g e s  d i f f e r  i n  pa ras i to logy  and i n  entomology. The 

non-Harkovian behavior  might disappear  with f i n e r  disaggregat ion 

of t h e  da ta ,  f o r  example, by age and v i l l a g e  or by t h e  presence 

or absence o f  P. ovale. 

The non-Harkavian behavior might a l s o  disappear i f  a 

f i n e r  s t a t e  space were used. The s t a t e  "infected" includes 

d e n s i t i e s  of i n f e c t i o n  ranging from low t o  high. An individual  

u i t h  a high d e n s i t y  o f  in fec t ion  might have a lower chance of 

becoming uninfected than an ind iv idua l  with a low dens i ty  o f  

in fec t ion .  The dichotomous s t a t e  space we have used t r e a t s  

all "infected" ind iv idua l s  a s  homogeneous. 

These p o s s i b i l i t i e s  cannot be resolved by 4 X 4 t a b l e s  of 

t r a n s i t i o n  frequencies defined by age and survey only.  

Progress awai ts  examination o f  more d e t a i l e d  underlying da ta .  

10.  Discussion--What Has Been Accomplished? 

We have def ined 4 i n f e c t i o n  s t a t u s e s :  uninfected,  s ing ly  

infected u i t h  e i t h e r  P. malariae o r  P. fa lc iparum, and j o i n t l y  

in fec ted  u i t h  both.  We have s t u d i e d  t h e  4 x 4 est imated 

t r a n s i t i o n  p robab i l i ty  matr ices  P(s . t )  from survey 6' t o  survey 

t during t h e  8 surveys o f  t h e  base l ine  per iod o f  t h e  Garki 

s tudy.  Our p r i n c i p a l  r e s u l t s  p a r t l y  concern m l a r i a  and p a r t l y  

concern methods f o r  s tudying l o n g i t u d i n a l  panel  da ta .  Ye 

summarize these  r e s u l t s  here .  

The t r a n s i t i o n  proport ions from one survey t o  t h e  next 

of ind iv idua l s  who were p resen t  a t  a l l  8 surveys were t h e  same 

as t h e  t r a n s i t i o n  proport ions o f  t h e  ind iv idua l s  who were 

absent  from a t  l e a s t  one survey. The except ion t o  t h i s  general  

p a t t e r n  is t h a t  i n i t i a l l y  uninfected ind iv idua l s  who appear i n  

all 8 surveys have a reduced p r o b a b i l i t y  o f  becoming in fec ted  

with P.f.  and an increased chance o f  remaining uninfected,  

compared t o  ind iv idua l s  who m i s s  a t  l e a s t  one survey, when t h e  

second survey a t  which t h e  ind iv idua l s  a r e  observed is near  t h e  

end o f  t h e  wet season o r  t h e  beginning o f  t h e  dry season. 

New computer a lgori thms were developed f o r  ob ta in ing  

from two-wave panel  d a t a  t h e  maximum l ike l ihood  es t ima tes  o f  

t h e  i n t e n s i t y  parameters i n  3 models, named Q, M and L, of a 

time-homogeneous continuous-time Markov chain.  Freviously,  

t h e  i n t e n s i t i e s  o f  acqu i s i t ion  and l o s s  o f  each species  of 

ma la r i a  were est imated from a t ime-ser ies  o f  two-wave panel  

surveys modeled by 2 - s t a t e  continuous-time Markov cha ins  

without regard t o  t h e  poss ib le  e f f e c t  o f  t h e  simultaneous 

presence o r  absence o f  another  spec ies  o f  malar ia  (Bekessy e t  

al., 1976; Molineaux and Gramiccia, 1979). The methods 

developed here  make it poss ib le  f o r  t h e  f i r s t  time t o  

d i sen tang le  t h e  t r a n s i t i o n  i n t e n s i t i e s  o f  one spec ies  when a 

second spec ies  is absen t  from t h e  t r a n s i t i o n  i n t e n s i t i e s  of t h e  

f i r s t  spec ies  when t h e  second spec ies  is present .  
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The signs of  in te rac t ion  parameters i n  model U were 

frequently contrary t o  t h e  sign predicted by an in te rpre ta t ion  

of the model i n  terms of Lotka-Volterra competition equations. 

The observed signs of t h e  in te rac t ion  parameters suggested 

cooperative e f fec t s  between malarial  species r a t h e r  than 

competitive ones. 

When the  3 models were f i t t e d  t o  23 s e t s  of t r a n s i t i o n  

frequencies, Q performed admirably. Q excludes the p o s s i b i l i t y  

tha t  both P.f. and P.m. would e i t h e r  be gained o r  be l o s t  

exactly simultaneously: t h e  elements on the  minor diagonal of Q 

a re  0. Though both n and L ,  which a r e  spec ia l  cases of  Q, 

described the  observed t r a n s i t i o n  frequencies in a m j o r i t y  o f .  

the 23 s e t s  well, they d id  not describe a considerable number 

of oases acceptably and a r e  therefore considered i n f e r i o r  t o  Q 

here. 

The estimated parameters of Q vary a s  a function of age 

a t  the t r a n s i t i o n  from t h e  end of t h e  dry season t o  t h e  

beginning of t h e  wet season 1971 and, within the youngest and 

oldest  age gmups, a s  a function of season from the end of  

April 1971 (dry season) t o  t h e  beginning of May 1972 (dry 

season 1. 
A s  a function of age, whether P.f. i s  present or absent ,  

the v a r i a b i l i t y  of r a t e s  of l o s s  of P.m. f a r  exceeds t h e  

v a r i a b i l i t y  of r a t e s  of gain of P.m. The presence of P.f. 

appears t o  be associated with a monotonic increase in  the r a t e  

of l o s s  of P.m. with increasing age of individuals. 

Except possibly f o r  infants ,  m t e s  of l o s s  of P.f. a l s o  

appear t o  increase monotonically with age. Rates of gain of 

P.f. a re  higher f o r  individuals  up t o  18 yr old than f o r  o lder  

individuals when P.m. is absent ,  but  no such clearcut  pa t te rn  

is evident when P.m. is present. 

Among very young children (up t o  4 yr o l d ) ,  seasonal 

variat ion i n  P.m. is associated primarily with variat ion i n  

r a t e s  of loss .  Seasonal var ia t ion  i n  P.f. is associated 

primarily with var ia t ion  i n  r a t e s  of acquisi t ion.  

Among a d u l t s  (44+ yr o l d ) ,  seasonal variat ion i n  P.m. 

is, a s  with young children,  associated primarily with variat ion 

in  r a t e s  of loss .  Unlike young children,  seasonal variat ion in  

P.f.,  in the  absence of  P.m., is a l s o  associated primarily with 

variat ion in  r a t e s  of  l o s s .  When P.m. is present, m t e s  of 

both acquisi t ion and l o s s  of infect ion with P.f. vary widely 

and over comparable ranges. 

Adults a r e  general ly b e t t e r  than very young children i n  

el iminating infect ions from peripheral  blood, but appear t o  be 

b e t t e r  than children a t  avoiding infec t ion  only with P.f. when 

P.m. is absent. 

Model Q, l i k e  many malaria models before - it, assumes 

t h a t  t h e  process of change i n  infect ion s ta tus  is Uarkovian. 

S t r i c t l y  speaking. Q a l s o  assumes t h a t  the  Uarkovian process is 

time-homogeneous. Since t h e  parameters of Q change with 

season, one can piece together a time-series of homogeneous 

Uarkov models by assuming, a s  a f i r s t  approximation, t h a t  the  

parameters a r e  constant during the  i n t e r v a l  between surveys. 

The question of whether t h e  f u l l  baseline process is 

hrkovian  seems r a r e l y ,  i f  ever, t o  have been confmnted with 

data.  Precise s t a t i s t i c a l  metbods a r e  lacking t o  evaluate the 

hypothesis t h a t  t r a n s i t i o n s  a r e  Uarkovian, using the  data 

available f o r  t h i s  study. But some evidence suggests tha t  

t r a n s i t i o n s  a r e  not Uarkovian. In general, i n i t i a l l y  

uninfected individuals  tend t o  remain uninfected with higher 

frequency, and i n i t i a l l y  doubly infected individuals  tend t o  

remain doubly infected with higher frequency, than would be 

predicted from the  Uarkovian assumption. 

In conclusion, we remark b r i e f l y  on the  re la t ion  of t h i s  

work t o  ecological  models of t h e  e n t i r e  transmission cycle of 

malaria, t o  previous s tud ies  of mixed-species infect ions of 
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malaria i n  human populations, and t o  previous analyses of  these 

same data. 

The present analysis  concentrates on one d e t a i l  of 

a a l a r i a l  transmission: the  i n t e n s i t i e s  of  acquisi t ion and 

loss  o f  malaria species when other  species of  malaria may o r  

may not be present i n  t h e  same people. The methods presented 

make it possible t o  separate overa l l  i n t e n s i t i e s  of t r a n s i t i o n  

of P.f., f o r  example, i n t o  i n t e n s i t i e s  of t rans i t ion  for  P.f. 

i n  the  presence of P.m. and i n t e n s i t i e s  of t r a n s i t i o n  f o r  P.f. 

in the  absence of P.m. Such d e t a i l s  could be valuable f o r  

ecological models o f  t h e  e n t i r e  malaria transmission cycle t h a t  

sought t o  apply t h e  t rans i t ion  i n t e n s i t i e s  obsemed f o r  P.f. i n  
the Garki project  t o  loca les  o r  times when the  prevalance of  

P.m. might be subs tan t ia l ly  d i f fe ren t .  (See Dietz e t  al., 1974 

and Bailey, 1975 f o r  examples of  ecological  models of malaria.) 

These d e t a i l s  a b w t  i n t e n s i t i e s  of  acquisi t ion and l o s s  may 

lead t o  more nearly cor rec t  in te rpre ta t ions  of  age-prevalence 

curves, which a r e  of ten  of  i n t e r e s t  t o  ecological modelers ( see  

Fig. 1 and accompanying t e x t ) .  The present study is thus 

complementary t o  e f f o r t s  t o  model overa l l  transmission 

dynamics. 

Model H was or ig ina l ly  proposed a s  a means of t e s t i n g  

the Lotka-Voltema competition equations empirically (Cohen. 

1970). A t  t h a t  time. no longitudinal  data comparable t o  those 

of t h e  Garki project  existed for  malaria. Analysis of the  
prevalence of single-species and mixed-species malarial 

infect ions in  human populations suggested t h a t  

phenomenologically something l i k e  competition between malarial 

species might occur. There were fewer than ~ n d o m  

mixed-species infect ions i n  humans who had enlarged spleens, a 

c l i n i c a l  sign of immunological arousal  (Cohen, 1973 ) . 
The prevalences of single-species and mixed-species 

infect ions in  the  Garki project  have ye t  t o  be analyzed by 

l e v e l  of h u n e  response (e.g., t i t e r  of imunoglobulin). But. 

contrary t o  the  surveys analyzed by Cohen (19731, there are 

overa l l  -mixed-species infect ions than expected a t  random 

from the  prevalences of the  species separately. Without doubt. 

the  microscopic technique of t h e  Garki project  was &re t i g h t l y  

control led and of  higher qua l i ty  than t b a t  of any malaria 

survey before it. Nevertheless, when the frequency 

d is t r ibu t ion  of t h e  pos i t ive  ( infected) blood films was 

analyzed by t h e  number of  pos i t ive  microscope f i e l d s ,  there 

were more films with 2 f i e l d s  posi t ive than with one f i e l d  

posi t ive.  "A plausible explanation is t h a t ,  once a pas i t ive  

f i e l d  is found, t h e  remaining f i e l d s  a r e  examined more 

carefully1' (Holineaux and Graniccia, 1979. 55.1.4.3). I f  t h i s  

explanation were cor rec t ,  it might a l s o  explain a m r e  than 

mndom prevalence of mixed-species infect ions.  

I f  one takes  a t  face value the  estimates of the 

interact ion parameters el ,  c 2  for  H where t h a t  model 

succeeds in predict ing t h e  observed t r a n s i t i o n  frequencies 

(Tables 5, 6 ,  71, t h e  high frequency of negative signs a l s o  

argues against  competition. 

Since M does not succeed very well overa l l ,  the 

Linearized Lotka-Volterm equations, with o r  without t h e  

competitive in te rpre ta t ion ,  should not be regarded a s  a general 

model f o r  t h e  in te rac t ion  of malarial  species in  human 

populations. 

Incidental ly,  t h e r e  is  a remark, which has been 

a t t r i b u t e d  t o  Joseph Bertrand, t o  t h e  e f f e c t  t h a t  Itif you give 

m e  n parameters. I w i l l  f i t  an elephant; and i f  you give me n+l  

parameters, I w i l l  make him wave h i s  trunk," where n is usually 

4 or  5. This remark, frequently and often jus t ly  aimed a t  

s t a t i s t i c i a n s ,  is t r u e  only i f  one looks a t  few data--a s m a l l  

elephant. Here we haw rejected the  6 parameter models H and L 

by evaluating t h e i r  performance against  a l a rge  number of s e t s  
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of data. 

Final ly,  ve r e l a t e  our r e s u l t s  t o  some findings of 

Holineaux and Gramiccia (1979). which are based on independent 

analyses of the same data.  We confirm i n  general t h e i r  

inference (55.2.1.1) "that  the  main e f f e c t  of h u n i t y  is t o  

increase recovery and/or t o  decrease de tec tab i l i ty ,  ra ther  than 

t o  decrease susceptibi l i ty."  We in te rpre t  "recovery" a s  

in tens i ty  of l o s s  of infect ion and "susceptibi l i ty1 '  a s  

in tens i ty  of gain of infect ion.  Holineaux and Gramiccia (1979. 

Figs. 5 . U  and 5.12) graph t h e  i n t e n s i t i e s  per day of  acquiring 

and of losing infect ion with P.f.. P.m. and P. ovale a s  a 

function of age. Our r e s u l t s  i n  Fig. 1 suggest t h a t  these 

pat terns by age may depend s ign i f ican t ly  on the simultaneous 

presence o r  absence of  malarial  species other  than the  one of 

in te res t .  The same point a r i s e s  from comparing our Figs. 2 and 

3 with t h e i r  Fig. 5.13, a p lo t  f o r  each age group of the  

estimated da i ly  in tens i ty  of  acquiring infect ion with P.f. by 

season. O w  panels ( c ) ,  showing t h e  in tens i ty  of P.f. 

acquisi t ion i n  t h e  absence of P.m., agree very well 

qua l i ta t ive ly  with t h e  shape of  the  seasonal d i s t r ibu t ions  from 

survey 3 t o  survey 8 shorn i n  t h e i r  Fig. 5.13. The very 

d i f fe ren t  pat tern i n  our panels (d l  has no counterpart i n  Fig. 

5.13. I f  a subs tan t ia l  f rac t ion  of a population were jo in t ly  

infected with P.m. and P.f.,  the.margina1 in tens i ty  of 

acquisi t ion of P.f. might have a d i s t r ibu t ion  by season quite  

d i f fe ren t  from t h a t  shown i n  Fig. 5.13. 

In  of fe r ing  our own analysis  of the  r e s u l t s  of the  Garki 

p m j e c t .  w asp i re  only t o  take one more s tep  down the road 

Holineaux and Gramiccia (1979) pioneered. 

~ p ~ e n d i x  1. Row Sums of log P 

The following theorem is basic t o  t h e  computational 

algorithms in  Appendix 2. 

Theorem: Over the  f i e l d  of complex numbers, l e t  H be an 

n x n matrix whose minimal polynomial (Gantmacher, 1960, I :  89) 

has only simple roo ts  A1, A 2 ,  . .. , A m ,  m I; n. Let A 

be  one of these roo ts  with corresponding r i g h t  eigenvector x 

(so t h a t  Hx = Ax), and l e t  f be a complex-valued function of a 

complex number such t h a t  f(A) = 0. I f  f(W) is defined by the  

Lagrange-Sylvester interpolat ion formula (Gantmacher, 1960, p. 

1011, then f(H)x = 0. 

Pmof.  By d e f i n i t i o n ,  i f  I i s  the  n x n ident i ty  matrix 

The j u s t i f i c a t i o n  f o r  using ll without indicat ing t h e  sequence of 

fac tors  is t h a t  f o r  any complex z and w. (H-zI)(H-wI) 

= (H-wI)(H-21). Labelling t h e  roo ts  so  t h a t  A1 = A ,  we have 

f(A = 0, so 
1 

where A is defined by t h e  l a s t  equali ty.  Then f&)x  = A ( H ~ - A ~ x )  

= 0. 

Corollary. I f  P is a non-negative stochast ic  matrix 

whose minimal polynomial has only simple roots ,  then both 

Re(log P) and Im(log P) have 0 mw sums. 

Proof. Such a P has eigenvalue 1 with corresponding 

r i g h t  eigenvector 1 i n  which each element is 1. Now log 1 = 0. - 
By t h e  theorem, ( log P)? = 0, and each element of the vector .. 
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(log P): is j u s t  t h e  sum of the  corresponding r o w  of log  P. The 

corol lary is proved. 

Empirically, the  eigenvalues of  the t r a n s i t i o n  matrices 

estimated from observed t r a n s i t i o n  frequencies were d i s t i n c t  

in every case, s o  t h e  coro l la ry  is relevant  t o  the  data. 

Appendix 2 .  Computational Algorithms 

We describe procedures f o r  finding the  mi t r ices  i n  

Q, H ,  and L t h a t  give t h e  best  f i t  of predicted frequencies - - 2 
t o  observed frequencies. By minimizing G , we obtain the  

maximum l ikel ihood est imates o f  the parameters of  each 

m d e l  (Bishop, Pienberg, and Holland, 1975). 

The f i t t i n g  procedure cons i s t s  of 2 par t s :  f i r s t .  

cbtain initial parameter est imates;  second, perturb these 

est imates,  subject  t o  t h e  cons t ra in t s  of the  p a r t i c u l a r  
2 

model, t o  minimize G . 
The second p a r t  of  the  f i t t i n g  procedure is the 

same f o r  a l l  3 models and w i l l  be explained f i r s t .  The i n i t i a l  
2 value of G i s  minimized using t h e  method of successive 

adjustment of var iab les  (Lance, 1960, p. 130). O w  algorithm 

f o r  minimizing a function 

ILXIIIN(FWfCT. X,  N ,  DELTA. EPS, UAXFN. IER, CTFN, CTITR, F) 

is a double-precision PL/1 subroutine. 

NNCT i s  t h e  name o f  t h e  function t o  be minimized; it 

must have 2 arguments, (X.F), where X,  a vector of length N ,  is 

the  input t o  FUNCT, and F i s  t h e  s c a l a r  r e s u l t  o f  evaluating 

NNCT a t  X. 

X ,  as input ,  c a r r i e s  t h e  i n i t i a l  est imate of t h e  argument 

of NNCT t h a t  minimizes F; a s  output, c a r r i e s  t h e  f i n a l  

est imate of the  argument of  PUNCT t h a t  minimizes F. 
N is t h e  l eng th  of t h e  vector  X .  For model Q. N : 8; 

f o r  Hand L, N = 6. 

DELTA is a vector  of  length N .  On input. DELTA informs 

AXHIN of t h e  i n i t i a l  est imate of t h e  perturbat ion t o  be used 

f o r  each element of X ;  here we s e t  DELTA(1) = max(0.1, 0.1 x 

absolute value o f  X ( I ) ) ,  f o r  I : 1.. ... N. 

EPS, a s c a l a r  input t o  AXUIN,  i s  the convergence 

c r i t e r i o n .  Each f i n a l  X(1) should be within EPS o f  the  ac tua l  

minimizing argument of FUNCT when AXMIN s tops  (unless  IER = 1 

or t h e  minimum obtained i s  not  g loba l ) ;  we s e t  EPS = 0.0005. 

UAXFN, a s c a l a r  in teger  input ,  is the maximum number 

of times AXUIN i s  permitted t o  evaluate FUNCT; we s e t  W F N  = 
600. 

IER, an output  e m r  parameter, is 0 if convergence 

occurs with not more than UAXFN function evaluat ions,  and i s  1 

otherwise. 

CTFN, on output ,  counts t h e  ac tua l  number of evaluat ions 

of FUNCT. 

CTITR, on output ,  counts t h e  number of  i t e r a t i o n s  o f  the  

main loop i n  AXHIN. 

F, on output ,  gives t h e  value o f  FUNCT a t  t h e  f i n a l  

Value of X. 

In operat ion,  AXHIN increments the  index I cyc l ica l ly  

through 1, 2, ..., N. Each complete cycle counts a s  one 

i t e r a t i o n  of  CTITR. For each I ,  X(1) is increased by DELTA(1). 

I f  t h i s  increment increases F. X(1) is decreased by DELTA(1). 

I f  t h i s  decrement a l s o  increases F, then DELTA(1) may be too 

la rge  t o  de tec t  t h e  minimum. So DELTA( I )  is replaced by 

1/2 x DELTA(1); t h e  increment and decrement t e s t s  are then 

repeated, continuing i f  necessary u n t i l  DELTA(1) becomes l e s s  

than o r  equal t o  0.6 X EPS. 

If the i n i t i a l  cbange of X(1) by DELTACI) decreases F, 

DELTACI) may be too  m a l l  t o  l o c a t e  t h e  minimum mpid ly .  So 

AXHIN mul t ip l ies  DELTAU) by 1, 2, 4,  8, and 16 successively, 
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increases the  previous DELTA(1) by t h i s  amount, and eva lua tes  F 

with X(1) replaced by X(I) t DELTA(1) u n t i l  t h e  adjustment i n  

DELTA(I) no longer  decreases F. Using t h e  l a t e s t  DELTA(I), t h e  

i n t e r n a l  between X(I) and X(I) t DELTA(1) is then repeatedly 

bisected t o  see i f  t h e  previous lowest value of F can be 

lowered fu r the r ;  t h e  old value of  X(1) is then replaced by t h e  

new value t h a t  g ives  t h e  lowest F. 

In  t h i s  app l ica t ion ,  FUNCT takes  the  6 o r  8 parameters 

i n  X ,  cons t ruc t s  an i n t e n s i t y  matrix of  appropriate  form (Q, M.  

or L) s a t i s f y i n g  t h e  corresponding cons t ra in t s ,  exponentiates  

t h a t  i n t e n s i t y  matr ix,  mul t ip l i es  each row of the  r e s u l t  by t h e  

corresponding rov sun of  T i n  order  t o  obtain expected 
2 

t r a n s i t i o n  frequencies ,  and then computes G . 
We now describe procedures for obtaining i n i t i a l  

parameter es t imates  f o r  Q ,  M,  and L. We take P a s  t h e  

t r a n s i t i o n  p robab i l i ty  matr ix estimated by (4.1). Because 

all r o w  sums of P a r e  1, P has one eigenvalue equal  t o  1. P 

has 3 o ther  r e a l  o r  complex eigenvalues of  smaller  modulus. 

We assume henceforth t h a t  these  3 other  eigenvalues a r e  

d i s t i n c t .  In  t h e  computations t o  be described, we always 

computed t h e  eigenvalues and confirmed t h a t  they were d i s t i n c t .  

In  t h e  context of panel  surveys, whenever P is estimated 

from frequencies  l a r g e  enough t o  be of s c i e n t i f i c  i n t e r e s t ,  

repeated eigenvalues a r e  extremely unl ikely.  

A 4 x 4 matr ix log  P is any matrix t h a t  s a t i s f i e s  

exp(1og P) = P. 

Following Singer and Spilerman (1976a). l e t  z = a t b i  
2 2 1/2 

be any non-zero complex number with modulus lzl = ( a  t b ) 

and argument 0 = tan-' b/a. For each value of k = 0 ,  5, t 2 ,  - . . ., log  z = l o g  lzl t i(Ot2nk) i s  a branch of the  

logarithm of  z ,  and t h e  branch with k = 0 is t h e  p r i n c i p a l  

branch. Since log  l z (  is t h e  logarithm of a r e a l  number, it is 

unique. Clearly,  arg(1og z )  = tan-' [ ( O  t 2nk)/log IzI]. 

We say t h a t  a branch of  log  z is admissible i f  it s a t i s f i e s  

(For 4 X 4 matr ices ,  t h i s  is a necessary condit ion f o r  an 

eigenvalue of a s t o c h a s t i c  matrix P t o  be generated by a 

continuous-time Markov process; see  Singer and Spilerman. 

1976a, p. 12,  eq. 3.3.) 

Numbering t h e  eigenvalues so t h a t  1 = X > I X  ( 2 ( X 2 1  0 1 
t I X 3 1 ,  we def ine  l o g  P by t h e  Lagrange-Sylvester in te rpo la t ion  

formula (Gantmacher, 1960, I:101): 

where I is t h e  4 X 4 i d e n t i t y  matr ix,  and log  X is an 

admissible branch of  t h e  logarithm. 

I f  any eigenvalue of P is such t h a t  its logarithm has 

more than m e  admissible branch, then each possible  combination 

of the admissible  branches, one f o r  t h e  logarithm of each 

eigenvalue, y i e l d s ,  by d e f i n i t i o n ,  an admissible branch of 

log  P. A t  most a f i n i t e  number of branches of log  z can 

s a t i s f y  the  i n e q u a l i t i e s  above, s o  log  P has a t  most a f i n i t e  

number of admissible branches. I n  t h e  s e t s  of data  analyzed 

here,  l o g  P never had more than one admissible branch. We 

henceforth assume l o g  P is unique. For a de ta i l ed  discussion 

of the  prohlem of  choosing among t h e  admissible branches of 

log  P when more than one branch is admissible, see Singer and 

Spilerman (1976a.b). 

An admissible  branch is not  necessa r i ly  an i n t e n s i t y  

matrix. An i n t e n s i t y  matrix is a square r e a l  n n t r i x  with 

zero row rums and nonnegative elements o f f  the nnin diagonal. 

The matrix Reclog P), which has i j t h  element equal t o  

the r e a l  p a r t  of ( log  P). . , has r o w  sums equal t o  0 ( fo r  
13  
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proof, see Appendic 1 )  but may have some negative elements t h a t  

a r e  not on the main diagonal. Let C = Re(1og P) be a 4 x 4 

matrix with elements C. . .  
11 

For Q ,  we seek t h e  minimum of the  sum of squared 

deviations 

3 3 2 3 
min I: I: (c..-Q. .)  = I: min I: (Cij-Q. .12, 

i.0 j=o '3 '1 i = o  j:o 11 

subject t o  t h e  cons t ra in t s  t h a t  Q be an i n t e n s i t y  matrix with 0 

minor diagonal. The above equali ty holds because the elements 

of d i f fe ren t  rows of Q a r e  independent. Thus it suf f ices  t o  

minimize the  sum of  squared deviat ions for  each i 

independently. We i l l u s t r a t e  with i = 0. Since 

we have 

3 2 2 
min (cOj-Qoj) = Co3 + min ~ ( Q ~ ~ , Q ~ ~ )  

j-0 

where 

f (Pol .Qo2) = (-(Col+Co2+Co3) + ( Q ~ ~ + Q ~ ~ )  l2 

2 2 
+ (col-Qol) + (Co2-Po,) . 

Then s e t t i n g  af/aQol = af/aQo2 = 0 y ie lds  

QO1 = COl + c /3; Qo2 = Cop + c o p  . 03 

The other  rows of  Q a r e  obtained by an appropriate 

rearrangement of  indices.  Q obtained t h i s  way provides a 

reasonable s t a r t i n g  value f o r  numerical minimization. 

For W, we again seek a least-squares approximation t o  C. 

We no longer have independence among rows because the  same 

parameters occur i n  d i f fe ren t  rows. Let 

Then we obtain 6 l i n e a r  equations 

Expl ic i t ly ,  these equations may be wri t ten 

where 

To ensure t h a t  QO1 2 0,  Q02 2 0, we take 
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and then ue s e t  t o  0 any Xi o r  lii f o r  which a negative 

estimate is obtained. r i  may be e i t h e r  posi t ive o r  negative, 

and we impose Ai 2 c i  2 -Vi . A v i r tue  of t h i s  

method is t h a t  A-l needs t o  be computed only once. The f i n a l  

value of t h e  i n t e n s i t y  matrix obtained using these least-squares 

i n i t i a l  values is ca l led  U*. 

Another obvious way of obtaining i n i t i a l  guesses for  U 

is t o  r i d e  piggyback on t h e  f i n a l  values of  Q a s  follows: 

We s h a l l  r e f e r  t o  the  f i n a l  numerical values obtained by 

minimizing G~ s t a r t i n g  from these piggybacked i n i t i a l  estimates 

as U. We computed both M and M* and chose whichever 
2 

r e s u l t  gave the  lower G . 
For L, we obtain i n i t i a l  estimates by again r id ing  

piggyback on Q. From t h e  def in i t ion  of L ,  we have 

These i d e n t i t i e s  become i n i t i a l  est imates of  the parameters a i' 

bi, di i f  each L on t h e  r i g h t  is replaced by Q... 
i j 1 3  
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