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1. Introduction. Let A = (a;;) be a non-negative » xn matrix, that is, a;; > 0,
t,j=1,...,m;n > 1. We write A > 0. Let r = r(4) be the spectral radius of 4; assume
r > 0 throughout to avoid trivial cases. Let d™r[da7; be the mth derivative of r with
respect to the element a,;, all other elements of 4 being held constant.

We give an explicit formula for dr/da,; in terms of principal minors of r1 - 4. We
show that 0 < dr/da;; < 1,and lim, _, . dr/da; = 1. We also obtain an explicit formula
for d?r [da?; in terms of minors of I — 4 and show that d?r[da?; > 0; that is, the spectral
radius of a non-negative matrix is a convex function of each element of the main
diagonal. When A4 is non-negative and irreducible, all the preceding weak inequalities

> concerning the derivatives are replaced by strict inequalities > .

When A is a non-negative matrix in Frobenius normal form

A Qg -0 Qg Gy
1 o ... 0 0
A=1!0 1 .. 0 0
0 0 1 0

with positive first row (and also under much weaker assumptions about the first row),
then d’r/da}, < 0. Since a non-negative matrix in Frobenius normal form is similar
to a so-called Leslie matrix used in demography, these results have immediate inter-
pretations. »

Kingman (4) shows that if, for all ¢, j and some fixed interval of the real variable
0, a;4(0) are positive and log a,,(6) are convex, then log r viewed as a function of @ is
also convex. Seneta ((8), pp. 82-83) extends this result to non-negative matrices 4(6)
in which certain elements are fixed at 0. Kingman ((4), p. 284) remarks that it is not
necessarily true that, if the a,; are convex functions of 6, then so is7. Thus risnot always
a convex function of each a,;, but we now see that it is a convex function when i = j.

Lax ((5), p. 182) shows that in a linear space {X} of real n xn matrices X each
having only real eigenvalues, the spectral radius r = 7(X) is a convex function of
every element of X.

In spite of the apparent similarity among the results, the methods of proof used
here and by Lax (5) and Kingman (4) appear distinct.

2. Notation. Let @, , be the collection of all strictly increasing sequences of k
positive integers less than or equal to n, where 1 < k < n. For example if Pe @y,



184 J. E. ComEN

P might be (2, 3, 4) with elements p, = 2, p, =3, and p; =4. @, , is void if k < 1
ork > n. :

The matrix formed from any real matrix M, ,, (where the subscript denotes the
order) by deleting both the rows and columns indexed by the elements of Pe@Q,,,
and retaining the remaining rows and columns in their natural order is denoted M(P).
The matrix formed from M by including only those elements which fall in both the
rows and columns indexed by P is denoted M[P]. Thus if M is 2 x 2, M(2) = m,, and
M[2] = myy. A matrix formed by deleting, or retaining only the intersection of, the
rows indexed by P, and the columns indexed by F, where P, + B, P, P,€@Q,,, is
written M (P,|P,), or M[P,|P,]. Thus if M is 2 x 2, M(2|1) = m,, and M[2|1] = my,.

The determinant of M is | M|, where M is n x n. The determinant of a scalar is the
scalar itself. Define |M(1,...,n)| = 1 and |[M(P)| = 0 if PeQg y where n < K < N,
in order to avoid discussing the cases n = 2 and n = 3 separately.

If P* is any permutation of P containing k distinct positive integers < % not in
strictly increasing order, then M[P*] is formed by applying the same permutation
to the rows and columns of M[P]. While M[P*] + M[P]ingeneral, | M[P*]| = |[M[P]|.
Similarly, if P} is a permutation of P, ¢ = 1,2, P} & P¥, then M[P}|P§] + M[P,|P,]
in general, and there may be a difference in sign between | M[P}|P¥]| and | M[P| F)]|.

Throughout 4,,,, = 0, D, , = rI,x,— A, and f(x, M) = |xI — M|. Thus

f(r,4) = lD| =0.

Without loss of generality, we shall prove results about d™r/da7; for ¢ = 1 only.

3. First derivative
LeMMA 1 ((7), p. 72). Let M be a fixed real n x n matriz, x a real scalar,
Sfle, M) = |«I - M|.
Fork=1,2,..., 0% (x, M)[ox* = k!EPEQk’n|(xI— M) (P)|. In particular
 offox = X0 |- M) ()| and &f/ox? = 23, | (=] — M) (G,5)].

LeMMA 2((3), pp. 69-70). If A >0, r = r(4) > 0, PeQ,, for some k, 1 <k <mn,
then |D(P)| = |rI—A(P)| > 0. Here I isof order (n— k) x (n— k). If A is also irreducible,
then |D(P)| > 0.

TrEOREM 1. If A, ,, > 0isirreducible,r = r(4A) > 0, D = rI —A, then
0 < drfday; = | D(1)|/X7-.|DG)| < 1. (1)

Proof. Since f(r, 4) = 0, dr[da,, = — (0f [0a,,)/(8f|0z)|,~, by implicit differentiation.
Expanding |D| by the first row and differentiating with respect to a,, gives

—of [0ay, = |D(1)|-

Lemma 1 gives df/ox. Since 4 is irreducible, |D(¢)| > 0, ¢ = 1,...,n, by Lemma 2.
The strict inequalities in equation (1) follow.

From Theorem 1, it follows immediately that Y7 ,dr/da; =1 when 4 > 0 is
irreducible.
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COROLLARY 1. If A, 2 0,7 = r(4) > 0, then 0 < dr/da,, < 1

Proof. In the canonical form for reducible non-negative matrices ((3), p. 75), a,,
falls in an irreducible square submatrix 4, of 4 lying along the main diagonal of 4.
If »(A4,) < r(4) then dr(4)/da;, = 0. Otherwise r(4,) = r(4). If 4, is 1 x 1 containing
only the element a,, = r(4,) = r(4), then dr[da,, = 1.

COROLLARY 2. If 4 > 0, then lim, . dr[da;;, = 1.

Proof. First suppose 4 is irreducible. Then a,; = r(4[1]) < r = r(4) < maximal
row sum of 4 ((3), p. 63). When a,, is large enough, the maximal row sum of 4 is
37-14,;- Hence as a,, increases without limit, so does r = 7(4), but r —a,, does not ex-
ceed a constant 375 a,,. Thusfori = 2, ..., », and for large a,,, | D(3)| is dominated by
I1;+:(r —a;;) which increases as af;%, whereas for large @y, |D(1)] increases as afy .
Thus lim drfday, = lim 1/(1+ X7, (|D(?)]/|D(1)]))

Now suppose 4 is reducible. Then a,, < r < max1mal row sum = sum of the first
row when ay, is large enough. Also for a,, large enough, the expression for dr/da,, in
equation (1) has a non-zero denominator. Then the argument in the preceding
paragraph applies to the irreducible square submatrix 4, which contains a,, in the
canonical form of 4, proving the corollary.

It follows incidentally from a,, < 7 < maximal row sum of 4 that lim, _ r/ay; =1
for any 4 > 0. From Corollaries 1 and 2 it follows that d(r/a)/da,, < 0, for any
4 > 0, with strict inequality when 4 isirreducible,and lim,, ,.d™r/daft = 0form > 1.

4. Second derivative
THEOREM 2. If A,y = 0, then
d*[da%; > 0 and for © & j, dP[dad; = d*[da};, dr[da?; < O.
If Ay, > 0, the inequalities are strict.

Proof. Apply the standard formula for the second derivative obtained by implicit
differentiation to the characteristic equation. (The formula for d?r/da}, appears in
equation (2) below.)

The proof of Theorem 2 is both trivial and uninformative about the general case.
The lowest order in which the problems of full generality arise is 5 x 5. Moreover, the
concavity of r as a function of all off-diagonal elements does not generalize to matrices
A of higher order than 2 x 2, even when 4 > 0.

A crucial tool in the general case is the Law of Extensible Minors, due to Muir in
1881, as restated by Stouffer ((10), p. 165):

LemMa 3. If any identical relationship be established among a number of minors of a
general determinant (the determinant itself may be included as a ménor), the minors being
denoted by means of their principal diagonals, then a new relationship involving the
minors of a determinant with k additional rows and columns is always obtainable by
annexing the k new elements in the principal diagonal to the end of the diagonal of every
manor occurring in the identity, and then multiplying each term by such a power of the
principal minor of order k, consisting of new elements only, as will make the relationship
homogeneous in the elements.
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Levma 4. If A >0, i %4, and P is any strictly increasing sequence of length k
(0 < k < n—2) of positive integers < n and different from both i and j, then

| D[z, P|j, P]| < 0.
If A > 0,0rif A > 0isirreducible and k = n—2, then |D[3, P|j,P]| < 0.

Proof. 1t k=0, |DIi Plj,P) = |Dlilj] = dy = ~ay < 0. 1f k=1, P=(p)
then |D[4,p|j,p)| = di;d,, —dy;d, = —ay(r—a,,) —a, aw < 0, since r—a,, > 0 by
Lemma2,and 4 > 0. If k > 1, let P be the first element of P and P’ be the remammg
k— 1 elements, so that P = (p, P’). By a general relation of Muir and Metzler ((7),
p- 372, section 387), rediscovered by Stouffer ((10), p. 166) we have

| Dli, P|j, P1|| DIF']| = | DL, P'|j, P')||DIP)| ~ | DLP|j, P')|| DL, P'| ).
For example, if t =2, =38, k=2, n =35, P = (4,5), then p = 4, P’ = (5) and this
identity becomes |D[245|345]|-|D[5]| = |D[25|35]|-|D[45]| — |D[45|35]|-|D[25|45]],
which may readily be verified directly. By Lemma 2, | D[P’]| > 0 and |D[P]| > 0. By
the hypothesis of induction | D[z, P’|4, P']| <0, |D[P|j,P']| < 0,and |D[3,P’|P}| < 0

Hence |D[¢, P|j,P}| < 0. If 4 > 0, all the inequalities in the proof become strict. If
k = n— 2, then, again from (7), p. 372,

|DLi.4, P||DIP]| = D[, P\ DLj. P1| - | DI, Plg, P1|| DIj, PLi, P

Applying, if necessary, the same permutation to both rows and columns of D%, j, P],
|D[3,4, P1| = |D| = 0. Therefore, assuming 4 > 0 irreducible and using Lemma 2,
\DLi, P13, PJ| | DL, Pli, P1| = | DL, PJ|| DU Pl > 0, so |DGi, P, PY| < 0.

Lemma 4 and Lemma 1 readily provide the explicit formula, for 1 < ¢ < j < n and
an irreducible 4 > 0, dr/da;; = — | D[], P|i, P]|/X}-.|D(k)| > 0, where P is the strictly
increasing sequence of n — 2 positive integers from 1 to n left after deleting both ¢ and j.

TEEOREM 3. If 4 > 0, r = r(4) > 0, then for ¢ = 1,...,n, d*[da%;> 0. If A is also
trreducible, d®r/da?; > 0

Proof. Since all elements of 4 except a,, are fixed, we write the characteristic equation
of 4 as a function of 7 and a,, only: f(r,a,;) = |D| = 0. Assume 4 is irreducible. Then

drfdaly = — (2f (o)~ (2% [0ak) (2f [or) — 2(2f [or) (of Joay;) (8% [or dasy)
+ (&% [or®) (0f [0ary)),  (2)

a standard formula. Lemma 1 gives of [or = of [0x|,_, explicitly. Lemma 2 guarantees
that af [or > 0 since A > 0 is irreducible, so the quotient on the right of equation (2) 3
is defined. Since [D| is linear in each element of 4, 6% [0a2, = 0, so the first term in the
square brackets on the right of equation (2) vanishes. As in Theorem 1, :

offoa,, = —|D(1)] < 0
Thus d?r/da?, > 0if and only if
3(e2f [or®) (of [0ay,) — (% Jor day,) (2f for) = b > 0. (3)
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Lemma 1 implies 6%f [6a,, or = — ¥, -;<,|D(1,9)| and by substitution

b= = (EicicsenDENN DD + (Zrcical DL, 8)]) (Zr<ical DE))
= Ty <ican| DO Znciza DL 8] = [ D) Zacicicn| DG )
= 21<i<nlD(i)HD(1’i)l
+ Zi<icy<al |DO)||D(1,5)] + | D(5))| D(1, 8)| - | D(1)[| DG, j)]).
In this last expression for b, the first sumnmation is strictly positive by Lemma 2.
(When n = 2, the first summation reduces to 7 —a,, and the second vanishes, so
b = r—ay;, which may be verified directly.) To show d?r/da3; > 0 it suffices to show
that for all ¢, ] satisfying 1 < ¢ < j < n we have
DG D) + [ DGNID, )] ~ D)D) = g5y 3 0
In terms of the included rows and columns, rather than the excluded rows and
columns, g, = |D[1,5, P1||D[z, P]| +|D[1,3, P1||Dj, P1| - | D[3,5, P1||D[1, P]|, where
P is the strictly increasing sequence of all positive integers < » and different from 1, i
and j. Now a form due to Stouffer ((9), p. 358), without his restriction that d

= 2,...,n, gives
DI, .1 = DU 71+ DD + [DEF 261
+dydy; dy + dyydydiy - 2| D[1]| | DL | DLS] -
Applying Lemma 3 and noting that |D[1,3,j, P]| = |D| = 0 gives
|DLPl\g, = 21DL1, PY|| DL, P1| [ DLj. P
—2(D[1, P]||D[s.j, P1||DLPY| ~ | DL, PJi, PY| | DE, PJj, PY| DI, PI1, P
— |D{1, P|4, P1|| D3, P|i, P}}| Dis, P|4, Pj.
By n, p. 372
|DLs.j. PYIDIP)| = |Dfi, PIl| DL, Pl| ~ | D, PLj, P1||DIj. P, P,
Hence - | DLP]|g;; = 2| D[z, P|j, P1|| D4, P|i, P)|| D{1, P)|
~ |DLt, P, PJ|| DG, P13, P1|| D5, P, PY
— |D[1, P|j, P1|| D[4, PJs, P1|| D[, P|1, P]|.
By Lemma 2 |D[P]| > 0 and D[1,P] > 0. By Lemma 4, if i  j, | D[4, P|j,P]| <0
Hence g,;; > 0. Thus d?r/da?, > 0 when 4 > 0 is irreducible.

When 4 > 01is reducible, let 4, be the irreducible square submatrix on the main
diagonal in which a,, falls in the canonical form of A4 ((3}, p. 75). As in the proof of
Corollary 1, there are three cases. If 7(4,) < r(4), then dr/da,; = 0 and d?r[da}, = 0.
Ifr(4,) = r(4)and A,isof order 1 x 1,thendr/da,, = 1andd?[da?, = 0.Ifr(4,) = r(4)

and 4, is of order 2 x 2 or larger, d*/da?, > 0 by applying the proof for the irreducible
case to A,. This proves the theorem.

1m

CororLaRY 3. If A > O is irreducible, an upper bound for d2r/da?, in terms of the
principal minors of D = rI — A is

2(XI| DED DM (Bi<scal DO (Bicical D19
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Let 4 > 0 be primitive, that is, for some m, A™ > 0. Form = 1,2, ...,let
Tr (4™) = 2 1aP,

where a{) is the ith diagonal element of 4™, and let g,,(a,;) = (Tr (4™))¥". Kingman (4)
uses the fact that r = lim,,, ., g,,. Since d2g,/da}, = 0 and dr/da}, > 0 by Theorem 3,
one might hope that d?%,/da3 < d?g,,.,/da%,, or at least that d?g,/da}, > O for

m=1,2,.... However, it is readily checked that there exist 3 x 3 matrices 4 > 0
such that d%g;/da}, < 0.

The proof of Theorem 3 by direct calculation yields little insight into why the
main diagonal elements of a non-negative matrix play a special role. It may be
relevant to note that Tr(4™)is a polynomial of degree m in a;;, all other diagonal
and off diagonal elements of 4 held constant, in which the coefficient of a7% ! is 0,
m = 1,2,.... As a function of a;;, i # j, all other elements held constant, Tr(4%") is
a polynomial of degree m and Tr(42m-1)is a polynomial of degreem —1,m = 1,2,....

5. Frobenius normal form

THEOREM 4. Let A be a non-negative matrix in Frobenius normal form,i.e.ay; = a; 2 0,
t=1,..,m, a;,;,=1, i =1,...,n—1, and all other elements 0. Assume that a, > 0,

@, > 0and if n > 2, then also a; > 0 where k < n—1 and ged(k, n—1) = 1. Then
d*r/da} > 0 and d?r[da? < O.

Proof. We calculate d?r/da? for i = 1,...,n, using equation (2) with a, replacing a,,,
and show the claimed inequalities when ¢ = 1 and ¢ = n. The assumptions about the
first row of A ensure that 4 and 4(n) are irreducible, in fact, primitive. Since

0=f(r,a,)=|r[-A| =rm—a,r*1—a,r"2—...—a,,
we have of Jor = nrnt = n~j)a;rm 1,
ffort = n(n—1) -2 -3 (n—j) (n—j—1)a;rm2,
offoa; = —rm—t, 8%f/da? = 0, &*f[orda, = —(n—1i)r"=t-1,
Since r is the largest real root of fand lim__, ., f(, a;) = + o0, wehave df[or > 0. Because
of|oa; < 0, the sign of d*r[da? is the opposite of the sign of
o = 2(of [or) (8% or bu) — (2% [r®) (f 0as).

(If a,, is replaced by a, in the definition of b in equation (3), then a = —2b.) After
substitution and rearrangement

a = n(—n—1+20)r2n-0-t 4 T2 Un — j) (n + 1 +j — 2i) a; r¥n-D-1-, 4)
When ¢ = 1,

a=—r2nn—1)r1=-32 N n—j) (n—1+j) a;r" 11 = —r2n(n—1) F(r),

where

F(r) = m—[nn- 1] i (n—j) (n - 1+§) ;7" = |rI_yxia-v—B]-
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Here B = (b;;) > 0is a matrix of order (n — 1) x (n— 1) in Frobenius normal form with
with by; = [n(n—1)]7} (n—j) (r—1+§)a;j = 1,...,n— 1. Since
0 < (n—j)(n—1+j) < nfn—1)

for j=1,..,n—1, B < A(n), B+ A(n), so r(B) < r(4(n)) < r =r(A). Therefore
F(r) > 0, a < 0, and d?r[da% > 0.
When i = n, @ = +n{rn— 1)r"1G(r) where
G(r) = r*t—[n(n— DI TpHn—§) (n—1~j)a;r 17 = |1l _pyx-p—C|.

Here C' = (¢;;) > 0is a matrix of order (n— 1) x (n— 1) in Frobenius normal form with
¢y = [n(n— 1) (n—j)(n-1-j)a; Forj=1,..,n—1,0 < (n—j) (n—1-j) < n(n—1)
80 C<A(n), C+ A(n) and r(C) < r(d(n)) < r. Therefore G(r) >0, « >0, and
d*r[da? < 0. This proves Theorem 4.

COROLLARY 4. Under the assumptions of Theorem 4, d*r|daZ_, < O for n =3 and
n = 4.

Proof. Whenn = 3andn = 4,7 = n—1, @ > 0 in equation (4).

6. Demographic applications. Demographic models often employ the Leslie (6)
matrix

b, by ... b, b,

$ 0 ... 0 0
L=4{0 s .. 0 0,,

0o 0 .. s,, O

where s; is the proportion of individuals in age class ¢ who survive from one discrete
time-point to the next, and b, is the birth rate per individual in age class ¢, adjusted
for the survival of newborn individuals to the next time-point.

CoROLLARY 5. Let L be a Leslie matrizof ordern xn,m > 2,withs; > 0,1 =1,...,n—1
and b; > 0 satisfying the assumptions made in Theorem 4 regarding the a,, i = 1,...,n
Then (L) is a strictly convex function of by, all other elements of L held constant. r(L)
is a strictly concave function of (s,_,b,), all other elements of L held constant. When
n =3 and n = 4, r(L) is a strictly concave function of b,,_,, all other elements of L held
constant.

n—1»

Proof. By the Danilevsky algorithm ((2), p. 167) L is similar to a matrix 4 in
Frobenius normal form with a,=by, a;=b;[Iiz1s;, i =2,...,n. This matrix 4
satisfies the assumptions of Theorem 4, and has the same spectrum as L.

Some interpretations of Corollary 5 are immediate. 7(L) is the long-run growth
rate per unit time of a closed age-structured population with constant vital rates
given by L. If a population adjusts its vital rates, equal successive increments in b,
will yield successively increasing increments in r(L), while equal successive increments
in s, ;b, will yield positive but successively decreasing increments in r(L). Con-
versely, each successive reduction by a fixed amount in b, will result in successively
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smaller reductions in (L), while each successive reduction by a fixed amount in
8,_; b, will result in successively larger reductions in 7(L). These observations do not
bear on comparing the effect on 7(L) of a given change in b, with a given change in
8, 10,.

Corollary 5 also provides useful bounds in the framework of a stochastic population
model. If, at each point in discrete time, a population’s vital rates are given by one of
k Leslie matrices L®, 7 = 1,..., k, chosen with probability 7, ¥_, 77, = 1, independently
of the Leslie matrix occurring at any other time, and if each L® satisfies the assumptions
of Corollary 5, then the long-run rate of growth 7* of the population is(1)

r* = r(Shym, L),

If the L® are all identical except for b{"), then by Corollary 5 and Jensen’s inequality,
r* < 3% 7, r(L®). If the L® are all identical except for {2, b, then7* > 3¥_, 77, r(L®).

This work was supported in part by the U.S. National Science Foundation grant
BMS74-13276.
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